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Abstract

Motivated by definitions of countable completely regular spaces and completely below relations of frames, we define
what we call a c-completely below relation, denoted by <<, in between two elements of a frame. We show that a <<, b
for two elements a,b of a frame L if and only if there is @ € RL such that coz(a) Aa = 0 and coz(a — 1) < b where

the set {r € R: coz(a —r) # 1} is countable. We say a frame L is a c-completely regular frame if a = \/ =z for any
r=<<Lca
a € L. It is shown that a frame L is a c-completely regular frame if and only if it is a zero-dimensional frame. An ideal

I of a frame L is said to be c-completely regular if a € I implies a <<, b for some b € I. The set of all c-completely
regular ideals of a frame L, denoted by ¢ — CRegld(L), is a compact regular frame and it is a compactification for
L whenever it is a c-completely regular frame. We denote this compactification by S.L and it is isomorphic to the
frame [gL, that is, Stone-Banaschewski compactification of L. Finally, we show that open and closed quotients of a
c-completely regular frame are c-completely regular.
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1 Introduction

As usual, let C(X) be the ring of all continuous real-valued functions on a completely regular space X. In [12],
the authors introduced and studied the subalgebra C.(X) of C(X) consisting of elements with a countable range.
In that paper, a Hausdorff space X is called countable completely regular (briefly, c-completely regular) if whenever
F C X is a closed set and = ¢ F', then there exists f € C.(X) with f(F) =0 and f(x) = 1. Equivalently, a Hausdorff
space X is c-completely regular if whenever F C X is a closed set and = ¢ F, then there exist g,h € C.(X) with
x€ X\ Z(h)C Z(g) C X\ F. Therefore, a Hausdorff space X is c-completely regular if and only if for any open set
V of X, there is {(Ui’fi)}iel C O(X) x C.(X) such that U; Ncoz(f;) = 0, coz(fi —1) €V and V = {J,;.,;Ui. The
frame of open subsets of a topological space X is denoted by D(X).

a/\\/S: \/a/\s

seS

A frame is a complete lattice L in which
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for any a € L and S C L, A and \/ implicating meet and join in L, as usual. We use 0 and 1 for the bottom element and
the top element of L, respectively. Let RL be the ring of all continuous real-valued functions on a completely regular
frame L (see |2 B] for details). For any o € RL, let Ry = {r € R: coz(a—r) # 1} (see [9]). The authors in [10} 111 [15]
study the set R.(L) = {@ € RL : R, is countable} as a sub-f-ring of RL (also, see [6, [7, [§]). When we study the ring
Rc(L), we can assume that L is a zero-dimensional (c-completely regular) frame because, in [15], it is shown that for

any frame L there exists a zero-dimensional frame M which is a continuous image of L and R.(L) = R.(M). In [10],
it is shown that Coz.L = {coz(a) : « € R.(L)} is a sub-o-frame of L.

As usual, the rather below and the completely below relations denoted by < and << , respectively. Let L be a frame.
Recall that a < b in case there is an element ¢ € L such that a A ¢ =0 and ¢V b = 1. Motivated by this definition,
in Definition [3.1] a c-rather below relation of L is defined. Some lattice-theoretic properties of this relation are given
in Theorem [3.2] Recall that a << b in case there are elements (z,) indexed by the rational numbers [0,1] N Q such
that a = 9, b = 21 and z, < x4, for p < ¢. In Definition @ we define a c-completely below relation of L and we
summarize the lattice-theoretic properties of this relation in Theorem We show that the relations of <, <<, <,
and <<, are equal for compact c-regular frames (Corollary

The main interest of the completely below relation, however, lies in its connection with continuous L£(R)-valued
maps, as indicated by the following theorem (see [2, Poroposition 2.1.4 | and [I4] IV 1.4]).

Theorem 1.1. The following are equivalent for any a,b € L.

(1) a =<b.
(2) There is @ € RL such that coz(a) Aa =0 and coz(aw — 1) < b. Such a map can be chosen to satisfy 0 < o <1
when it exists.

(3) There is some ¢ € CozL such that a < ¢ < b.

This theorem is extended to the c-completely below relation in Theorem

We define and study c-completely regular frames in the last section. For any frame L, the assignment a — {x €
L : 2 <<, a} defines a map r. : L — ¢ — CRegld(L) such that r. is a right adjoint to \/. Some properties of this
map are given in Lemma We show that ¢ — CRegld(L) is a compact regular frame and \/ : ¢ — CRegld(L) — L
is a compactification of L if it is a c-completely regular frame (Lemma . In Theorem 5.8, it is shown that for
any frame L, ¢ — CRegld(L) is a c-completely regular frame if and only if ¢ <<. a implies that r.(t) <<, r.(a) in
¢ — CRegld(L) for any a € L and t € Coz.L. Finally we show that any frame map preserves <. and <<., and hence,
any homomorphic image of a c-completely regular frame is a c-completely regular frame (see Lemma .

2 Preliminaries
2.1 Frames

For a general theory of frames and locales, we refer to [13, [14]. A frame or locale L is a complete lattice in which
finite meets distribute over arbitrary joins.

A frame L is said to be compact if whenever 1 = \/ S, for S C L, then 1 = \/T for some finite subset T C S.
A frame homomorphism (or frame map) is a map between frames which preserves finite meets and arbitrary joins.
Frame homomorphisms which are onto will frequently be referred to as quotient maps. In particular, for any a € L,
the open and closed quotients are defined by | a = {z € L : z < a} and T a = {z € L : a < z}, respectively. A
homomorphism is called dense if it maps only the bottom element to the bottom element. A compactification of L is
a dense onto homomorphism A& : M — L with compact regular domain.

An ideal, in any bounded distributive lattice A, is a subset I C A such that \/ J € I for any finite J C I, and x € [
whenever z < y and y € I. The set Id(A) of all ideals of A is a frame, with < as inclusion and the ideal generated by
UIs as \V Iy, and A I, = () 1s. Also, for every I,J € Id(A)

1.INJ=InJ={aAb:acl,be J}.
2.IvJ={aVvb:acl be J}.

The pseudocomplement of an element a in a frame L, denoted by a*, is the element

a*:\/{xEL:a/\sz}.
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An element a € L is called complemented if a V a* = 1. We write
BL={aeL:aVa =1}

for the set of all complemented elements of L and, clearly, it is a sublattice of L.

2.2 The ring R (L)

The ring R.(L) = {a € RL : R, is countable}, where R, = {r € R : coz(a — r) # 1}, has been studied as a
sub- f-ring of RL (see [10} [15] for details).

Recall that a o-frame is a bounded distributive lattice in which every countable subset has a join and binary
meet distributes over these joins, and regularity ( complete regularity) of a o-frame is the countable counterparts of

regularity ( complete regularity) of frames, that is, a =\/, _, an (a =V, _,an) for each element a.

In [10], it is shown that Coz.L = {coz(a) : @ € R.(L)} is a sub-o-frame of L such that

o0
s € Coz.L & s = \/ Sn, Where s, € BL.

n=1

This is to say that Coz.L is a regular sub-o-frame of L and hence, by [5], we deduce that it is normal (that is, given
a an b with a Vb =1, we can find ¢ and d such that cAd =0and aVc=1=bVd). So, in Coz.L, we have <==<.
We note that BL C Coz.L for any frame L.

3 c-completely below relation

Recall that a < b in case there is an element ¢ € L such that a A ¢ =0 and ¢V b = 1. This motivates the following
definition.

Definition 3.1. Let L be a frame and a,b € L. We define the order <. on L by
a <. b< there exists x € Coz.L such that aAx =0and x Vb =1.

If a <. b we say that a is c-rather below b.

We note that 0 <. a and a <. 1 for any a € L. It is clear that if a,b € Coz.L, then a <. b if and only if a < b in
Coz.L. We collect some lattice-theoretic properties of the c-rather below relation in the next theorem.

Theorem 3.2. Let L be a frame and a,b,c,d € L.

(1) If a <. b, then a < b.

(2) If a <. b, then there exists © € Coz.L such that a < * < b.
(3) a <. a if and only if a is complemented.

(4) fa <c¢=<.d<b, then a <. b.

(5) If @ < b and b is complemented, then a <. b.

(6) Ifa <. band ¢ <. d, thenaVe <. bVdand aAc=<.bAd.
(7Y avVb<.ce a=<.cb<.c
(8) c<caAbs c<ca,c<.b.

Proof . The proof of (1) is obvious.

(2) Let a,b € L with a <. b be given. Then there exits € Coz.L such that a Az = 0 and z Vb = 1. The latter
implies that
l=zVvb<z*™* Vb

This means that z* < b. By the former case, we have a < x*. Thus a < z* < b with x € Coz.L.

(3) We have a € BL if and only if a* Va =1 and a* A a = 0. On the other hand, if a € BL, then a,a* € Coz.L.
Thus it is clear that a <. a if and only if a is complemented.
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(4) Since ¢ <. d, then there exits x € Coz.L such that cAz =0 and zVd = 1. But a < ¢ and d < b imply that
aNrx<cANx=0andl=zVvVd<zVb HenceaAx=0and xVb=1 with x € Coz.L. This means that a <. b.

(5) Let a < b and b be complemented. Then by (3), b <. b. So by (4), a <. b.

(6) Let a <. b and ¢ <. d. Then there exist z,y € Coz.L such that aAz=0,cAy=0,bVae=1,anddVy=1.
Now,
(aVeoN(zAhy)=(ahzAy)V(cAzAy)=0V0=0

and
Gvd)V(zAny)=0BVdVz)ANbVdIVYy)=1A1=1

imply that a V¢ <. bV d since z Ay € Coz.L. Also,
(anc)N(zVy)=(aNcAhz)V(aAcAy)=0vV0=0
and
AV (zVy)=bVaVvy Aldvavy) =1A1=1
imply that a A ¢ <. b Ad since z Vy € Coz.L.

(7) Since a,b < a Vb, by (4), we get that if a Vb <. ¢ then a <. ¢ and b <. ¢. The converse follows by (6).
(8) Since a Ab < a,b, by (4), we get that if ¢ <. a A b then ¢ <. a and ¢ <. b. The converse follows by (6). O

Corollary 3.3. Let L be a frame, a € L and T be a finite subset of L. Then
(VT <,aet=<ca,foralteT.
(2)a<c AT < a< .t forallteT.

In a frame L, a scale from a to b is a subset
{zq:q€[0,1]NQ} C L,

indexed by the rational interval [0,1] N Q such that a = zg, b = z1, and z, < x, whenever p < ¢ in [0,1] N Q.

Definition 3.4. Let a and b be two elements of a frame L. A c-scale from a to b is a subset
{zq:q€[0,1]NQ} C L,

indexed by the rational interval [0,1] N Q such that a = zg, b = x1, {24 : ¢ € (0,1) N Q} C Coz.L and z, <. zq4
whenever p < ¢ in [0,1] N Q.

In the following definition, as stated in the abstract, we shall use definitions of countable completely regular spaces
and completely below relations of a frame L to define a c-completely below relation of L which will be the subject of
study in this paper.

Definition 3.5. Let L be a frame and a,b € L. We say that a is c-completely below b, and write a <<, b, if there is
a c-scale from a to b.

Clearly, 0 =<, a and a <<, 1 for any a € L. Clearly, a <<, b implies a << b. The following theorem gives some
lattice-theoretic properties of the c-completely below relation.

Theorem 3.6. Let L be a frame and a,b,c,d € L.

(1) If a << b, then a <. b.
(2) a <<¢ a if and only if a is complemented.

(3) If a < ¢ =<.d<c, then a <<, b.

(4) Ifa <.band ¢ <. d, then bVd <. aVcand bAd <<.aAc.
(5) If @ <<, b then there exists s € Coz.L with a <<, s << b.

(6) aVb=<.ce a—=<.c,b=<.c.

(7)

7) ¢c<<kc.aNb& c <<, a,c=<.b.
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(8) The set {x € L : x << a} is an ideal of L.

Proof . The proof of (1), (2) and (3) is clear.

(4). Let a << b and ¢ <<, d. Let {z; : ¢ € [0,1] N Q} be a c-scale from a to b, and {y, : ¢ € [0,1] N Q} be a
c-scale from ¢ to d. Then Theorem (6) shows that {z, Vyq : ¢ € [0,1] N Q} be a c-scale from a Vb to ¢V d, and
{24 ANyq:q€[0,1]NQ} be a c-scale from a AbtocAd. Hence bVd <<, aVcand bAd <<, aAec.

(5). Let {zq : q € [0,1] N Q} be a c-scale between a and b. Then we can take z1 to be s, and use the c-scales
{za:¢€]0,1]NQ} and {x%l :q €[0,1] N Q} to show a <<, s and s <<, b, respectively.

(6). By (3) and (4) is obvious.
(7). By (3) and (4) is obvious.
(8). By (6) is obvious. O

An immediate corollary to the foregoing lemma is the following.

Corollary 3.7. Let L be a frame and a,b € L. Then a <<, b if and only if there exists s € Coz.L such that
a=<<. 8 =<.b.

The main interest of the << relation, however, lies in its connection with continuous £(R)-valued maps, as indicated
by the following theorem. We begin with the next lemma. This lemma was also proved in [I] although it was stated
slightly differently there. Here we state it in a manner we shall find useful.

Lemma 3.8. Suppose coz(yp) <. coz(d).

(1) If ¢,8 € RL, then there exists an invertible element p € RL such that ¢ = ¢pd?.
(2) If p € RL and 6 € R.(L), then there exists an invertible element p € R.(L) such that ¢ = ppd?.

Proof . (1). Since coz(yp) <. coz(d), we can find o € R.(L) such that coz(p) A coz(a) = 0 and coz(«a) V coz(d) = 1.
The latter implies that
1 = coz(a) V coz(8) = coz(a?) V coz(8?) = coz(a? + §?),

this means that a? + §2 is invertible. By the former case, we have coz(pa) = 0, that is, pa = 0. Putting p = %—réz’

we then have 2, 5 52
o + %2 2
fr— = = 5 .
® Sﬁag T2 ozl Pp

(2). Similar to (1). O
Recall from [3| Lemma 6] that for any o« € RL and any p, ¢ € Q,

a(p,q) = coz((a —p)t A(q—a)).

So, a(p, q) € Coz.L whenever o € R.(L). We shall use this fact in part of the proof below.

Theorem 3.9. The following are equivalent for any a,b € L.

(1) a =<¢b.

(2) There are ¢,d € Coz.L such that a < ¢ <. d <b.

(3) There are ¢ € CozL and d € Coz.L such that a < ¢ <. d < b.

(4) There is a € R.(L) such that coz(a) Aa =0 and coz(aw — 1) < b. Such a map can be chosen to satisfy 0 < o <1
when it exists.

Proof . (1) = (2). By Theorem (5) is clear.

(2) = (3). Since Coz.L C CozL, it is obvious.
(3) = (4). Take ¢ € RL and 6 € R.(L) such that ¢ = coz(¢) and d = coz(d). Then Lemma (2) shows that
© = ppd? for some invertible element p € R.(L). Putting o = 1 — pd?, then we have o € R.(L) such that

coz(a) A a < coz(a) A e = coz(a) A coz(p) = coz(ap) =0
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and
coz(a — 1) = coz(—pd?) = coz(—p) A coz(6?) = 1 A coz(d) = coz(8) = d < b.

(4) = (1). Let « satisfies (4). Define g = a, 1 = b, and z, = a(—, q) for ¢ € (0,1) NQ. We claim that the subset
{z4:¢€[0,1]NQ} C L is a c-scale between a and b. That is because:

a: x4 = a(—,q) € Coz.L for g € (0,1) N Q.

b: z, <. x4 whenever p < ¢ in (0,1) N Q since a(p, —) € Coz.L with z, A a(p,—) = a(—,p) A a(p,—) = 0 and
zqVa(p, =) = a(=,q) Valp,—) =1

¢ 29 <c xq whenever 0 < ¢ since coz(a) € Coz.L with z¢ A coz(a) = a A coz(a) = 0 and z4 V coz(a) =
a(—q)Va((—0)Vv(0,-)) =1

d: x4 <c z1 whenever ¢ < 1 since a(g, —) € Coz.L with z4 A (g, —) = a(—,¢) A a(g,—) = 0 and z1 V a(g, —)
bv a(Qz _) 2 COZ(Of - 1) \% Ol(q, _) = O[((—, 1) \ (17 _)) \% Oé(q7 _) =10

An immediate corollary to the foregoing lemma is the following.

Corollary 3.10. Let L be a frame and a,b € Coz.L. Then a <<, b if and only if a <. b if and only if a < b in Coz.L.
For the following, recall that if ¢ << b in a frame L, then b* << a* in L.
Corollary 3.11. Let L be a frame and a,b € L. If a <<. b in L, then b* <<, a* in L.

Proof . Let a <<, b in L. Then Theorem shows that there is some o € R.(L) such that a A coz(a) = 0 and
coz(a — 1) < b. Take 8 =1 — a. Then we would have

b* A coz(B) =b" Acoz(l —a) =b* Acoz(ae—1) <b* Ab=0,

and
coz(f — 1) = coz(l — a— 1) = coz(—a) = coz(a) < a™.

Since 8 =1 — a € R.(L), Theorem [3.9] shows that b* << a* in L. O

4 c-regular frames

A frame L is called regular if for every a € L we have a = \/ x. This motivates the following definition.
r<a

Definition 4.1. A frame L is called c-regular if for every a € L we have

a = x.

r<ca

Lemma 4.2. Let L be a compact c-regular frame and z < @V b in L. Then there exists an element ¢ in L such that
r<aVcandc=<.b.

Proof . Since x < a Vb, we have 2% V (a Vb) = 1. Since L is c-regular, b=\/__ , 2. Now

1::r*\/(a\/b):(;v*\/a)\/b:(x*\/a)\/\/z: \/(x*\/a)\/z
z=<b z=<b

But L is compact, so there exist z1,..., 2, in L such that z; <. b (1 <i <n) and
l=(x*VaVz)V---V(@VaVz,)=x"VaV(z1V-Vz).
Hence x < aV (21 V-V z,) and by Theorem [3.2[ (6), 21 V -+ V 2z, < b. Thus z; V -+ V z, is the desired ¢. O

Corollary 4.3. Let L be a compact c-regular frame. Then, the following statements are true.

(1) If < bin L, then there exists an element ¢ in L such that z < ¢ <. b.
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(2) If x < bin L, then there exists an element s in BL such that <. s <. b.
(3) The relations of <, <<, <. and <<, are equal.

Proof . (1). Take a = 0 and apply the above lemma.

(2). By (1), there exists an element ¢ in L such that < ¢ <. b. Hence, there exists an element ¢ in Coz.L such
that cAt=0and ¢tV b= 1. Hence, there exists {t, }nen € BL such that t =\/, _\ t,, which implies that there exists
an element n in N such that cAt, =cAt=0and t, Vb=tVb=1 Then x < c <t} <.t <b, which implies that
x <t < b

(3). It is obvious by (1) and (2). O

5 c-completely regular frames

Let X be a topological space. Then in the frame O(X) we have U <<, V if and only if there exists a continuous
map f : X — [0,1] with countable image such that f(U) = 0, f(X — V) = 1. So, if we assume that for every

V e O(X) we have V.= \/ U then X will be a c-completely regular space; since for every closed subset F' and
U<V

x & F, by applying the above assumption for V = X — F, we obtain U € O(X) with x € U <<, V, and hence we get

a continuous map f : X — [0, 1] with countable image such that f(z) =0 and f(F) = 1.Therefore, a Hausdorff space

X is c-completely regular if and only if for any open set V of X, V = \/ U. In addition, recall that a frame L is
U=R.V
called completely regular if for every a € L we have a = \/ . These motivate the following definition.
r<<a

Definition 5.1. A frame L is called c-completely regular if for every a € L we have

a = \/x

r=<<ca

It is clear that a topological space X is c-completely regular if and only if O(X) is a c-completely regular frame.
Also, any c-completely regular frame is completely regular since a <<, b implies a << b.

Recall that a frame L is called zero-dimensional if each of its elements is a join complemented elements. In [15],
the authors show that the set Coz.L is a base for a frame L if and only if L is a zero-dimensional frame. Now, since
a € BL implies a << a, and a <<, b implies a <<, s <<, b with s € Coz.L, the following theorem is immediate.

Theorem 5.2. The following are equivalent for any frame L.

(1) L is a c-completely regular frame.
(2) Coz.L is a base for L.
(3) L is a zero-dimensional frame.

Recall from [4] that a strong inclusion on a frame L is a binary relation < on L such that

(1) If x <a<b <y then xy.

(2) < is a sublattice of L x L; that is ,0<0, 1<1 and if z<a, y<b then xVy<aVb, zAy<aAb.
(3) If a<b then a < b.

(4) If a < b then there exists ¢ with a <c<b (say < interpolates).

(5) If a < b then b* <a*.

(6) Foreacha€ L, a =\ =.

x<da

Remark 5.3. By Theorem and Corollary [3.11] we get that <<, is a strong inclusion on a c-completely regular
frame.

Definition 5.4. An ideal I of a frame L is said to be c-completely regular if a € I implies a << b for some b € I.
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We denote the set of all c-completely regular ideals of L by ¢ — CRegld(L). Then ¢ — CRegld(L) C BL, the
Stone-Cech compactification of L.

Lemma 5.5. For any frame L, the assignment a — {x € L : * <<, a} defines a map r. : L — ¢ — CRegld(L) such
that

(1)  <<¢ a if and only if r.(z) < rc(a) in ¢ — CRegld(L).
(2) For each a, r.(a) = \/ rc(x).

r<<ca
(3) For each a, re(a) = V{I € ¢ — CRegld(L) : I < r.(a)}.
(4) rc is a right adjoint to \/.
(5) For any a € L, we have r.(a*) = (rc(a))*.
(6) For any a,b € Coz.L, we have r.(a V b) = r.(a) V r.(b).

Proof . First, by conditions (1), (2), (4) of <<, we get that for each a, r.(a) € ¢ — CRegld(L). Hence, r. is a map.
Further

(1) Let <<, a be given. Then, by Theorem there are u,v € Coz.L such that r <<, u <. v <. a. So
vEr.(a)andr <. aandu <v=1=u" Vv €r.(z") Vrea)

On the other hand, we get that r.(z) Nr.(z*) = {0}. Hence, r.(x) < rc(a).

Conversely, let r.(z) < rc(a) in ¢ — CRegld(L). Then there exists a c-completely regular ideal J such that
re(z) ANJ = {0} and r.(a) VJ = L. So, \/ (re(x) A J) =0, that is, 2 A\/J =0, and 2z V¢ = 1 for some z € r.(a), t € J.
Thusz At=0andsoz=xzAl=zA(z2Vt)=(xAz)V(zAt)=xAz Hence x < z and z . a. So, z <<, a.

(2) Let a € L. Then for z <<, a, by (1), r.(z) < r.(a). Hence, r.(x) C r.(a). So \/ r.(z) Cr.(a). On the other

r=<<ca

hand, for each x € r.(a) we have x <<, a, and so, by the property (4) of <<., there exists y with x <<, y <<, a. So,
xe€r(y) C V re(x). Thus, re(a) C \ ro(x). Hence, re(a) = \/ re(z).

r=<<ca r<<ca rT=<<ca
(3) Let a € L. By (2), rc(a) = \/ re(x). But, by (1), if © <<, a then r.(z) < r.(a). So,
r=<<ca
re(a) = \/ re(z) C \/ re(z) C \/{I €c—CRegld(L) : I <rc(a)}
r=<<ca re(z)<re(a)

But, \/ I Cr.(a)is true since I < r.(a) implies I C r.(a). Thus, r.(a) = \/{I € ¢ — CRegld(L) : I < r.(a)}.
I<r.(a)

(4) r. is a right adjoint to \/, since for every c-completely regular ideal J and a € L, we have
\/JSa@JQrC(a)

because if \/J < a and z € J then z <<, z for some z € J and hence x <<, \/ J, which implies * <<, a, and if
J Cre(a) then \/ J < Vre(a) <a.

(5) Since r. preserves zero and arbitrary meets, we would have
re(a) Are(a®) =re(a Aa™) =r.(0) = {0},

showing that r.(a*) < (rc(a))*. This establishes the inclusion C. Next, since

0= \/{0} = \/ (rc(a) A (rc(a))*> = \/rc(a) A \/ (rc(a))* =aA \/ (rc(a))*,

we have \/ (rc(a))* < a*. Thus, by (4), (rc(a))* < re(a*), proving the other inclusion.

(6) First note that <. a V b implies that x <. u Vb for some u € Coz.L such that u <. a. For this, let ¢ € Coz.L
such that t At =0and tVaVb=1. Since Coz.L is normal, take u,v € Coz.L such that aVv=1=tVuVband
uAv =0 to obtain x <. u Vb, u € Coz.L, and u <. a. It follows now that x <<, a V b implies x < u V v for suitable
u,v € Coz.L such that u <. a and v <. b, showing that r.(a V b) C r.(a) V r.(b) since <.==<. in Coz.L. The revers
inclusion is immediate, and so 7.(a V b) = r.(a) V r.(b). O
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Lemma 5.6. For any frame L, the following statements are true.

(1) ¢ — CRegld(L) is a compact regular frame.
(2) If L is c-completely regular, then \/ : ¢ — CRegld(L) — L is a compactification for L.

Proof . (1). First we show that ¢ — CRegld(L) is a subframe of Id(L). Since 0 <<, 0 and 1 <<, 1, we get that {0}
and L are c-completely regular. Now, let I,J € ¢ — CRegld(L). Then, for £ € I N J there exist y € [ and z € J
such that ¢ <<, y and = <<. z. Hence z <<, y A z (since <<, is a sublattice of L x L), where y A z € I N J. Thus,
INJ € c¢c— CRegld(L). Also, forx =yVze IVJ withy €I, z € J there exist s € T and ¢t € J such that y <<, s and
2z <<ct. Thus z =yV 2z <. sV, where sVt eIV J. Hence IV J € ¢c — CRegld(L). Finally, if D C ¢ — CRegld(L)
is directed then \/ D = |J D € ¢ — CRegld(L). Therefore, ¢ — CRegld(L) is a subframe of Id(L).

Now, since Id(L) is a compact frame, we conclude that ¢ — CRegld(L) is compact. Also, for every J € ¢ — CRegld(L),

we clearly have J = \/ r.(a). So, using part (3) of for each J € ¢ — CRegld(L), we have
re(a)CJ

J= "V rda) = V (V{I€c—CRegld(L):1I=<1r.a)})
re(a)CJ re(a)CJ

=V {I €c—CRegld(L): I < J}.

Thus ¢ — CRegld(L) is a regular frame.

(2) Since for each a € L, a = \/r.(a), we conclude that \/ : ¢ — CRegld(L) — L is onto, and hence it is a
compactification for L. [J

We note that for any a and z in a frame L, if r.(z) << 7c(a) in ¢ — CRegld(L), then part (1) of Lemma 5.5 implies
that £ <<, a. For the converse, we give the next lemma.

Lemma 5.7. For any frame L, if ¢ — CRegld(L) is a c-completely regular frame, then for any a and z in a frame L,
x <<, a implies that r.(z) <<, r.(a) in ¢ — CRegld(L).

Proof . Let z <<, a be given. Then, by part (1) of Lemmal[5.5] r.(z) < rc(a) in ¢ — CRegld(L). Since ¢ — CRegld(L)
is a compact c-completely regular frame, we conclude from Corollary |4.3[ that r.(z) <<. rc(a) in ¢ — CRegld(L) O

Theorem 5.8. For any frame L, ¢ — CRegld(L) is a c-completely regular frame if and only if ¢ <<. a implies that
re(t) =<c 7¢(a) in ¢ — CRegld(L) for any a in a frame L and t € Coz.L.

Proof . The ‘if’ part is true by the forgoing lemma. To prove the ‘only if’ part, let I € ¢ — CRegld(L) and « € I. Then
there is an element y in I such that z <<, y, and hence, by Corollary T <<t =<,y for some t € Coz.L. Hence
x € 1.(t) and by the present hypothesis , r.(t) <. r.(y). But y € I and hence 7.(y) C I. Thus r.(t) <. r.(y) C I
which implies r.(t) <<, I. Therefore, I = \/ J as required. O
J<RcI

Let L be a c-completely regular frame. We write 8.L for the compactification ¢ — CRegId(L). It is known that the
coreflection map \/ : Id(BL) — L is a compactification for a frame L if and only if L is zero-dimensional. We denote
this compactification by By L. Now, by [4, Page 110], we can infer that 8.L = SyL.

We now move to open and closed quotients. That is, we aim to show that if L is a c-completely regular frame and
a € L, then |a and 1 a are c-completely regular frames. We begin with the following lemma.

Lemma 5.9. Let f: L — M be any frame map. Then

(1) f preserves <,.

(2) f preserves <<..

(3) If I is a c-completely regular ideal of L, then < f(I) > is a c-completely regular ideal of M.
(4) If L is c-completely regular, then f(L) is c-completely regular.

Proof . (1). Let a,b € L with a <. b be given. Then there exists € Coz.L such that a Az =0 and Vb= 1. Then
there exists a family {zy, }nen € BL such that © = \/,_; z,,. Since {f(zn)}nen € BL, f(z) = V,—, f(zn) € Coz.(L),
fla) A f(z) =0 and f(x)V f(b) =1, we conclude that f(a) <. f(b).
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(2). Let a,b € L with a << b be given. Then there exists a c-scale {z, : ¢ € [0,1] N Q} between a and b. By part
(1), {f(zq) : ¢ € [0,1] NQ} is a c-scale between f(a) and f(b). Hence, f(a) <<. f(b).

(3). Let I be a c-completely regular ideal of L and x €< f(I) >. Then there exists a € I with < f(a). Since
a € I, there exists z € I with a <<, z. Now, using (2), z < f(a) <. f(z). Hence <<, f(z), where f(z) e< f(I) >,
which shows that < f(I) > is a c-completely regular ideal.

(4). By part (2), it is evident. O

The above lemma allow us to obtain the following theorem.

Theorem 5.10. Let L be a c-completely regular frame and a € L.Then Ja and 1 a are c-completely regular frames.
We close this section by the following proposition.

Proposition 5.11. If L is compact c-completely regular, then J = r.(\/ J) for every J € ¢ — CRegld(L).

Proof . For x € J, there exists z € J such that z <<, z < \/ J, which implies that = € r.(\/ J). Hence, J C r.(\V J).
Let € r.(\/ J) be given. Then

<. VJ =z<.\VJ
=1l=a"Vv\VJ=\,,2"Vz
=3JzeJl=2a%Vz)
=3Jze J(x<2)
= dze J(x < 2)
=z el

Consequently, J =r.(\/ J). O

Acknowledgements: Thanks are due to the referee for helpful comments that have improved the readability of this
paper.
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