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Abstract

The paper is devoted to 2-local higher derivations on some algebras. It is shown that continuous 2-local higher
derivations on B(H), for an infinite dimensional separable Hilbert space H are higher derivations and each 2-local
inner higher derivation on §(#) (the ideal of all finite-dimensional operators from B(H)) is a higher derivation. Also
we prove that every 2-local higher derivation from a commutative *-subalgebra of the matrix algebra M, over C is a
higher derivation.
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1 introduction

Let A and B be algebras. A higher derivation of rank k (k might be co) is a family of linear mappings {d,,}%,_,
from A into B such that

dyp(ab) = idj(a)dm_j(b), (abe A, m=012..). (1.1)

j=0

It is obvious that for a higher derivation {d,,}*,_,, do is a homomorphism. Higher derivations were introduced by
Hasse and Schmidt [5], and algebraists sometimes call them Hasse-Schmidt derivations. They are also studied in other
contexts. In [I7] higher derivations are applied to study generic solving of higher differential equations. The reader
may find more about higher derivations in [2] [l [6] [7, @] [12] 13} 15l [16].

A higher derivation {d,,}¥ _, is said to be continuous if each d,, is continuous. If B = A and dy = id4, where id 4
is the identity map on A, then d; is a derivation and {d,,}¥,_, is called a strongly higher derivation. A standard
example of a higher derivation of rank k is {?1 :,L Mk o where D : A — A is a derivation. A strong higher derivation
{dm}¥,_o on A is called inner if there are ug,us,---,ur € A such that dp,(a) = auy — > im | Upm—idi(a), for all
a€ Aand 1 <m < k. A family {d,,}*,_, of linear mappings from an algebra A into an algebra B is called 2-local
higher derivation (res. 2-local inner higher derivation) if for all a,b € A there exists a higher derivation (res. an
inner higher derivation) {D%"}k _ from A into B such that d,,(a) = D%’(a) and d,,,(b) = D%P(b). In the context

of derivations, the relation between 2-local derivations and derivations is studied by Several authors. Semrl in [14],
shows that every 2-local derivation on B(?), for an infinite dimensional separable Hilbert space H is derivation. Also
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Og Kim and Seon Kim in [10, TI] proved that 2-local derivations on M,, and AF C*-algebras are derivations. Ayupov
and Kudaybergenov in [I] proved that every 2-local derivation on B(H), for a Hilbert space H, is a derivation.

In the present paper, we generalize some results of [14] [, [0, [IT] for 2-local higher derivations. We prove that
continuous 2-local higher derivations on B(#), for an infinite dimensional separable Hilbert space H and 2-local inner
higher derivations on §(#) is a higher derivation. Furthermore we show that every 2-local higher derivation from a
commutative x-subalgebra of the matrix algebra M,, over C is a higher derivation.

2 2-local higher derivations

Before stating our results we fix some notation. Let H be a separable Hilbert space and let B(H) be the algebra
of all linear bounded operators on H. We denote by F(#), the ideal of all finite-dimensional operators from B (#) and
by tr the canonical trace on B(H). For each x,y € H, xy* denotes the rank one operator given by (x ®y)z =< z,y >
x (2 € H). Also idy denotes the identity operator on H.

Theorem 2.1. Let H be an infinite dimensional separable Hilbert space and let {d,,}¥,_, be a 2-local strong higher
derivation on B(H) such that d,,(idy) commutes with idy, for all 1 <m < k. Then {d,,}¥,_, is a higher derivation.

Proof . By employing the similar way of the proof of [I4, Theorem 2|, let {e,} be an orthonormal basis of H. We
define the operators a, 8 in B(H) as follows

oo

1 *
a= Z 276”6” , Ber=0 and fBe,=¢€,_1, (n>2).

n=1

Now, since {d, }¥,_, is a 2-local strong higher derivation on B(#H), hence there is a higher derivation { D%} such that
dm(a) = DA (a) and d,,(B) = D%P(B). By replacing d,, with d,,, — D%? we can assume that d,,(a) = d,,(8) = 0.
Hence it is enough to prove that d,,(T) = 0, for all T € B(H) and for all 1 < m < k. If kK = 1, the proof of [14,
Theorem 2] shows that di(T") = 0, for all T € B(H). Now, assume that d,,(T) = 0, for all T € B(H) and for all
1 <m <k — 1, we show that d(T) = 0. Suppose S,T € B(H), since {d,,},_, is a 2-local strong higher derivation,
so there is a higher derivation {D5:T}E _ such that d,,,(S) = D27 (S) and d,,,(T) = D5T(T) forall 1 <m < k — 1.
On the other hand each 2-local higher derivation is a local higher derivation, hence there exists a higher derivation
{D5T}k _ o on B(H) such that d,,,(ST) = DSF(ST) for all 1 < m < k — 1. We have

k—1
DT (ST) = SDIT(T) + Y DT (S)Di%,(T) + D (S)T
m=1
k—1

= Sdk(T) + dm(S)dk_m(T) + dk(S)T = Sdk(T) + dk(S)T
=1

3

Therefore DT (ST) — D" (ST) = dy(ST) — Sdi(T) + dy(S)T. Now by replacing S with idy,, we get
DT (7Y — DI T(T) = dy(T) — di(T) + dy(idyy)T.
O

With the help of [I Lemma 2.2, Theorem 2.3], the following result can be derived for a 2-local strongly higher
derivation.

Lemma 2.2. Let {d,,}¥,_; be a 2-local strongly higher derivation on B(H) such that dp, |33 = 0, for all 1 <m < k.
Then d,,, =0, for all 1 <m < k.

Proof . For each S,T € B(H) there exists a strongly higher derivation { D27}k _  such that d,,(S) = D57 (S) and
dm(T) = D5T(T) for all 1 < m < k. By [Il, Theorem 2.3], d; is a derivation. But by [I, Lemma 2.2] we know that
d; = 0so DT"Y(z) = DT"Y(y) = 0. Hence ds is a 2-local derivation and [I, Lemma 2.2] implies that ds = 0. Continuing
this process we conclude that d,, =0, for 1 <m < k. O

In the following theorem, we consider 2-local strongly inner higher derivations on B(H), for a separable Hilbert
space H.
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Theorem 2.3. Let H be a separable Hilbert space and let {d,, }X,_, be a 2-local strongly inner higher derivation on
B(H). Then the restriction of {d,,}*,_, on F(H) is a higher derivation.

Proof . Let S,T € B(H), then there exists a strongly inner higher derivation { DT} _ “such that d,,(S) = D57 (S)
and d,,,(T) = D37 (T) for all 1 <m < k. Since {D5:T}F _ is inner there exist ug = 1,u1, ..., Uy, in B(H) such that

m—1
D5T(ST) = STt — umST — Y tm—i D" (ST).
i=1

But

DET(ST) =Y Dy ($)DIT (T de il
i=1
Hence

m—1

ST, = g ST = > i DY (ST) de i

1=1

[1, Theorem 2.3] implies that dy is a derivation. Now let S, T € F(H), since the trace tr accepts finite values on §(H)
and §(H) is an ideal in B(H) we have

tr(dy(ST)) = tr((diS)T) = tr(T(d1S)) = tr((Td1)S) = tr(S(Tdy)) = tr((ST)dy),

hence tr(d;(ST)) = 0. Similarly it is deduced that
(3 d-(S)(T)) = (DT (ST)) = 0
for 1 <m < k. Hence
tr(Sdy(T)) = —tr(dm, —tr( Z dm—i(9)d;(T)). (2.1)

Now for V,W,Z € F(H),set X =V + W, T = Z, then we have

m—1
tr(V+W)dn(Z)) = —tr(dn(V+W)Z)— Z tr(dp—i(V +W)di(Z))
= —tr(d,(V+W)Z) - - [tr(dm—i(V)di(2)) + tr(dm—:(W)d;i(2))],
and so
tr(Vd,(2)) + tr(Wd,(2)) = —tr(d,(V+W)Z "i di(Z2)) + tr(dm—i(W)d;(2))].
=1
By we obtain

tr(Vdm(Z)) + tr(Wdm(Z) = —tr(dn(V)Z) — Z [tr(dm—i(V)d;(Z))
m—1
—tr(d Z )di(Z))

= —t’l“(dm V + W Z (Z)) + tr(d7n—i(W)di<Z))]>
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hence tr([d,(V + W) —

dm Ay (W)]Z) =0 for al VW, Z € F(H). Now if a = dp,(V + W) — di (V) — din (W)
and Z = A*, then tr(AA*)

(V) -
= 0, since the trace t¢r is faithful, it follows that AA* = 0 and so A = 0. Therefore
Ay (V+W) =dp, (V) + dpy (W),

that is d,, is an additive map on F(#H). Now let S € B(H) and A\ € C, there exists an inner higher derivation
{D5ASYE o such that d,(S) = D5A9(S) and d,,(\S) = DSA(AS) for 1 < m < k, then for 1 <m < k

dm(AS) = DM (AS) = ADZA9(S) = A, (S).

Consequently d,, is a linear operator. Now, for each S € B(H) there exists an inner higher derivation {D5:5" .
such that d,,(S) = DS:5°(S) and d,,(S2) = D557 (52) for 1 < m < k. Then

dm(S%) = DS:5° (52) ZD352 Df’s2(5):idm_i(5)d (S)

Therefore, the restriction {d,,}*,_,
Theorem 1.2] implies that {d,,}*,_, on F(H) is a higher derivation on F(#). This completes the proof. [J

|g(#) is a linear Jordan higher derivation on §(#). Since §(H) is semi-prime, [3,

Now we consider 2-local higher derivations on M,,. For this we need the following theorem which is proved in [8]
Theorem 3.5].

Theorem 2.4. Let 9t be a W*-algebra and {dm}fﬁnzo a strongly higher derivation on 9t. Let A be a commutative W*-
subalgebra of 9. Then for each m € N there are ug = 1,uy, ..., U, in M such that d,,(a) = au,, — Z?lBl Upm—idi(a)
for all @ € A and

[l < fldml + llum—rl[lldill + - + lJua [l dm-1]-

Theorem 2.5. Let M,, be an n X n matrix algebra over C. Then every 2-local higher derivation from a commutative
x-subalgebra of M,, into M, is a higher derivation.

Proof . Let {d,,}¥,_, be a local higher derivation on a commutative *-subalgebra N of M,, and let {e, ez, - ,e,}
be the standard basis for C™. We consider two matrices A and B in M, as follows

01 0 - 0
10 0
2 0 () 1 ()
0 5 0
A= . . ) B = . . N N .
: 00 -~ 0 1
1
O 0 2m 0 O 0 O

It is easy to see that T' € M,, commutes with A if and only if it is diagonal, and U € M,, commutes with B if U is of
the form

k
Uep = ZAI@—&-l—iei (k=1,2,---,n)

i=1
for some {A1,--- , Ak| Ap € C}
By assumption there is a higher derivation { DA} on M, such that d,,(A) = DAB(A), d,,(B) = DAB(B) (m €N).
Replacing d,,, by d,,, — D:»B | if necessary, we can assume that d,,(A) = d,,(B) = 0. It is enough to show that for each
TeM,, d,(T)=0. By [10, Theorem 3], it follows that d(7") = 0. Suppose that d; =0 (1 <i < m —1). Since D;»B
is a higher derivation Theorem implies that for any 7' € M,,, there exist diagonal elements {V.2*T} and {UZT}
of the above form, depending on T, such that

m—1
DAT(T) =TV = VAT = N vAT DL (1) = TV - VAT,

k=1
m—1
DET (1) =TUST —URTT - > Ut D (T) = TUST —USTT.

k=1
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But DAT(T) = d,,(T) = DET(T), hence TV,AT — VATT = TUBT — UBTT. Let {I;;}ij=1... n be the system of
matrix units of M,. Then for any ¢ and j we have

dm (i) = 1V = VMO Iy = 1,080 — Ui T

R
A1Iij . B,Ii]‘ .
for some V,;, = diag(A1m, -, Anm) and Up, ™ of the above form. Since

LV = Vit 9 Ly = (Ajm = Xim) i

17
and (i, 7)-entry of IijUn%’I” B ij is zero, it follows that d,,(I;;) = 0. But I;; is the rank one operator e; ® e;,
for any T' € M,, we have

Izjdm(T)IU = Dg,ilj’T(IijTIij) =< Tel', €; > D{ViLj’T(IZ‘j) =< Tel', €; > dm(Iw) =0.

Consequently < d,,(T)e;, e; > (I;;) = 0 and hence d,,(T") = 0, completing the proof. [

Employing the similar way as in [I1], Prposition 3], we get the next corollary for a 2-local strongly higher derivation.

Corollary 2.6. Let A= M;® M@ --® M, where M, is a k(i) x k(i) matrix algebra for some k(i) € N. If {d,,}*,_,
is a 2-local strongly higher derivation from a commutative x-subalgebra B of A into A, then {d,,}¥ _, is a higher
derivation.

Proof . By [I1, Prposition 3] it follows that d; is a derivation. Suppose that A, B € A, then there exists a higher
derivation {DB} on A such that d,,,(A) = DAP(A) and d,,,(B) = D»B(B). Theorem (2.4) implies that for every
A, B € A there exist Uy = 1, U{L"B, ..., UAB in A such that

dm(A) = AUNE —USPA— Z U 5D P (A),

dp(B) = BUAB —UABB — Z UtB DAB(B).
k=1

Suppose that di, = d,, |, then {di,} is a 2-local higher derivation of M;. By Theorem., {d¢ } is a higher derivation
and hence it is inner. Let

di(A;) = A;SE — St A, Z Wdi(Ag) AL S SEeM; (1<k<m).

Let A= (Ay,---,A,) and UMB = (UM, .- ,U™), Since
dm(Aly"'aAn) = A177A7L)(UimaaU'rT)_(UfnaaU'rT)(Ala7An)
m—1

- Ok, UMD (A A)

k=1
= dL(A) @@ dr(Ay)
e, (AisSy, S%Az—nfsfn ki (A7)
i=1 k=1
= A17 7An)(Sima ’S;’Lnl) (Sina ’S;,n)(Alv 7An)
- mil(S;nikv 751T7k)D1?’B(A1» ,An),
k=1

it follows that {d,,}* _, is a higher derivation. OJ
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