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Abstract

Let M(X,A ) be the ring of all real measurable functions on a measurable space (X,A ). We

show that for every measurable space (X,A ), there exists a T -measurable space (Y,A ′) such

that MK(X,A ) ∼= MK(Y,A ′) and M∞(X,A ) ∼= M∞(Y,A ′), where MK(X,A ) is the ring

of real measurable functions f ∈M(X,A ) for which coz(f) is a compact element of A , and

M∞(X,A ) is the ring of real measurable functions vanishing at infinity on (X,A ). Then, we

introduce σ-compact and locally compact measurable spaces. We prove that a T -measurable

space (X,A ) is compact (σ-compact) if and only if the set X is finite (at most countable)

and A = P(X). Next, we obtain several equivalent conditions for M∞(X,A ) to be a regular

ring. Finally, we show that if (X,A ) is a T -measurable space and M∞(X,A ) 6= {0}, then
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there exists a locally compact measurable space (Y,A ′) such that M∞(X,A ) ∼= M∞(Y,A ′)

and MK(X,A ) ∼= MK(Y,A ′).

Keywords: Real measurable function, Compact measurable space, σ-compact
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1 Introduction

The mathematical notion of measure represents some of the concepts which are of use

in the physical world, such as length, area, volume, mass and electric charge. Measurable

spaces have been studied by many authors. By a σ-algebra on a non-empty set X we mean

a non-empty subset A of P(X) which is closed under countable unions and complement.

A pair (X,A ) is called a measurable space if A is a σ-algebra on X. Let (X,A ) be a

measurable space and M(X,A ), abbreviated as M(X,A ), be the set of all f ∈ RX such

that for every open subset U of R, f−1(U) ∈ A . Then, M(X,A ) is a subring of RX , when

equipped with the pointwise operations of addition and multiplication.

As Viertl proved in [21], when X is a topological space and A is the set of all Borel

subsets of X, every maximal ideal of M(X,A ) is real if and only if A contains only a finite

number of elements, if and only if every ideal is fixed. Another result, established by Hager

in [16], says that if (X,A ) is a measurable space, then M(X,A ) is a regular ring in the sense

of von Neumann. Moreover, as shown by Azadi et al. in [5], M(X,A ) is an ℵ0-self-injective

ring for any measurable space (X,A ).

In [4], Amini et al. simultaneously generalized the ring of real-valued continuous functions

and the ring of real-valued measurable functions. Also, Momtahan in [19] studied essential

ideals, socle, and some related ideals of rings of real-valued measurable functions. He also

studied the Goldie dimension of rings of measurable functions.

Throughout the paper, C(X) stands for the set of all real-valued continuous functions

defined on X, with the pointwise operations of addition and multiplication (see [17] and

[14]). For any completely regular Hausdorff space X, C∞(X), the subring of all functions

in C(X) which vanish at infinity, was introduced by Kohls in [18] (also, see [2], [7] and

[6]). A result obtained by A.R. Aliabad et al. (2004) says that for any completely regular

Hausdorff space X, if C∞(X) 6= {0}, then there exists a locally compact space Y such that

C∞(X) ∼= C∞(Y ) (see [3]).

As usual, let RL denote the ring of real-valued continuous functions on a completely

regular frame L (see [8] and [9]). R∞L, the ring of real continuous functions vanishing at

infinity on a frame L, was first discussed by Dube [10] (also, see [1] and [15]). In [12], Estaji
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et al. proved, under some conditions, the existence of a locally compact frame M such that

R∞(L) ∼= R∞(M).

The present paper is devoted to placing these results in a measurable space context. It

is organized as follows.

Section 2 presents the prerequisites needed for the rest of the paper. The definitions and

results of this section are taken from [20] and [13].

In Section 3, we prove that if (X,A ) is a T -measurable space, then the measurable

space (X,A ) is a compact (σ-compact) measurable space if and only if the set X is a finite

(at most countable) set and A = P(X) (see Propositions 3.2 and 3.6). Next, for every T -

measurable space (X,A ), we show that (X,A ) is a compact T -measurable space if and only

if M(X,A ) = M∗(X,A ), where M∗(X,A ) is the set of all bounded elements of M(X,A )

(see Proposition 3.7).

In Section 4, we prove that for every measurable space (X,A ), there exists a T -measurable

space (Y,A ′) such that M∞(Y,A ′) ∼= M∞(X,A ) (see Proposition 4.3).

In Section 5, we show that for every measurable space (X,A ), the ring M∞(X,A ) is an

ideal of M∗(X,A ) (see Proposition 5.4). Also, we obtain several equivalent conditions for

M∞(X,A ) to be an ideal of M(X,A ) (see Proposition 5.9). Next, we prove that if (X,A )

is a T -measurable space, then MK(X,A ) is a regular ring (see Proposition 5.12). Also, we

obtain several equivalent conditions for M∞(X,A ) to be a regular ring (see Proposition

5.14).

Finally, in Section 6, we obtain for every T -measurable space (X,A ) several equivalent

conditions for M∞(X,A ) to be a free ideal of M∗(X,A ) (see Proposition 6.4). Also, we

show that when (X,A ) is a T -measurable space and M∞(X,A ) 6= {0}, there exists a locally

compact measurable space (Y,A ′) such that M∞(X,A ) ∼= M∞(Y,A ′) and MK(X,A ) ∼=
MK(Y,A ′) (see Proposition 6.6).

2 Preliminaries

We recall from [20, Theorem 1.10] that if A is any collection of subsets of X, there exists

a smallest σ-algebra A ∗ in X such that A ⊆ A ∗. This is called the σ-algebra generated

by A, and denoted by < A >. Since the intersection of any family of σ-algebras in X is

a σ-algebra in X, we conclude that < A > is the intersection of all σ-algebras in X which

contain A. Hence, < A >=< Ac >=< A ∪ Ac >, where Ac := {Ac : A ∈ A}. Also, if

A,B ⊆ P(X) with A ⊆ B, then < A >⊆< B >.

Given f ∈ RX , the set f−1(0) will be called the zero-set of f . We shall find it convenient
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to denote this set by Z(f), or, for clarity, by ZX(f):

Z(f) = ZX(f) = {x ∈ X : f(x) = 0}.

For any subsetA ofM(X,A ), we write ZA [A] = {Z(f) : f ∈ A} and ZA [X] = ZA [M(X,A )].

Also, the set X \ Z(f), denoted by coz(f), will be called the cozero-set of f .

Proposition 2.1. [13] If (X,A ) is a measurable space, then ZA [X] = A .

Definition 2.2. [13] Let I be any ideal in M(X,A ). If
⋂

f∈I Z(f) is non-empty, we call I

a fixed ideal; if
⋂

f∈I Z(f) = ∅, then I is a free ideal. Also, if K ⊆ A with
⋂
K non-empty,

we call K a fixed subset of A ; if
⋂
K = ∅, then K is a free subset of A .

Let (X,A ) be a measurable space. Throughout this paper we let

Mx := {f ∈M(X,A ) : f(x) = 0},

for every x ∈ X. It is evident that Mx is a fixed ideal of M(X,A ) for every x ∈ X.

An element a of a bounded lattice L is said to be compact if a =
∨
S, S ⊆ L, implies

a =
∨
T for some finite subset T of S. A bounded lattice L is said to be compact whenever

its top element > is compact (see [11]). A measurable space (X,A ) is called a compact

measurable space if A is a compact lattice.

Proposition 2.3. [13] Let (X,A ) be a measurable space. Then, the following statements

are equivalent.

(1) (X,A ) is compact.

(2) Every proper ideal in M(X,A ) is fixed.

(3) Every maximal ideal in M(X,A ) is fixed. In fact, for every maximal ideal M of

M(X,A ), there exists an element x of X such that M = Mx.

Definition 2.4. [13] A measurable space (X,A ) is said to be T -measurable if, whenever

x and y are distinct points in X, there exists a measurable set containing one and not the

other.

Let (X,A ) be a measurable space and Y ⊆ X. Then (Y,AY ) is a measurable space, where

AY = {Y ∩ A : A ∈ A }. This notation will be used throughout the paper. If (X,A ) is a

T -measurable space, then so is (Y,AY ).

Proposition 2.5. [13] Let (X,A ) be a measurable space. Then, the following statements

are equivalent.
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(1) The measurable space (X,A ) is a T -measurable space.

(2) If x and y are distinct points in X, then Mx 6= My.

(3) For every maximal ideal M in M(X,A ), |
⋂

f∈M Z(f)| ≤ 1.

Corollary 2.6. [13] For every compact measurable space (X,A ), there exists a compact

T -measurable space (Y,A ′) such that M(X,A ) ∼= M(Y,A ′), as rings.

3 Compact measurable spaces

In this section, we characterize compact measurable spaces and σ-compact measurable

spaces. We begin with the following lemma.

Lemma 3.1. If (X,A ) is an infinite T -measurable space, then there exists an infinite count-

able subset {Bn}n∈N of A \{∅} such that X =
⋃

n∈NBn and Bn∩Bm = ∅ for every n,m ∈ N
with n 6= m.

Proof . Consider {xn : n ∈ N} ⊆ X with distinct elements. For every n,m ∈ N with

n 6= m, there exists an element Dnm in A such that xn ∈ Dnm and xm 6∈ Dnm. Then,

xn ∈ Dn :=
⋂

m∈NDnm and {xm : m ∈ N with n 6= m} ∩ Dn = ∅ for every n ∈ N. Now,

we let Bn := Dn \
⋃

n 6=m∈N
m6=n

Dm for any n ∈ N. If X =
⋃

n∈NBn, this completes the proof.

Otherwise, we let B0 := X \
⋃

n∈NBn. Then {Bn}n∈N∪{0} ⊆ A \ {∅}, X =
⋃

n∈N∪{0}Bn

and Bn ∩Bm = ∅ for every n,m ∈ N ∪ {0} with n 6= m. �

In the following proposition, a compact measurable space (X,A ) is characterized in

terms of the cardinality of X.

Proposition 3.2. Let (X,A ) be a T -measurable space. Then, the measurable space (X,A )

is a compact measurable space if and only if the set X is a finite set and A = P(X).

Proof . Necessity. Let (X,A ) be a compact measurable space. Assume, to the contrary,

that X is not finite. By Lemma 3.1, there exists an infinite countable subset {Bn}n∈N of

A \ {∅} such that X =
⋃

n∈NBn and Bn ∩ Bm = ∅, for every n,m ∈ N with n 6= m. This

contradicts the fact that (X,A ) is a compact measurable space. Hence, X is a finite set. We

assume that X = {x1, x2, . . . , xk}, where k ∈ N. For every 1 ≤ n,m ≤ k with n 6= m, there

exists Dnm ∈ A such that xn ∈ Dnm and xm 6∈ Dnm. Then, {xn} =
⋂

1≤m≤k
n 6=m

Dnm ∈ A .

Hence, A = P(X).

Sufficiency. This is evident. �

As an immediate consequence, we obtain the following corollary.
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Corollary 3.3. If (X,A ) is a compact measurable space, then M(X,A ) ∼= Rn for some

n ∈ N.

Proof . By Corollary 2.6, there exists a compact T -measurable space (Y,A ′) such that

M(X,A ) ∼= M(Y,A ′) as rings. Hence, by Proposition 3.2, there exists an element n in N
such that

M(X,A ) ∼= M(Y,A ′) ∼= RY ∼= Rn.

�

Definition 3.4. A measurable space (X,A ) is σ-compact provided that there exists a

subset {An}n∈N of A such that for every n ∈ N, An is a compact element of A , and

X =
⋃

n∈NAn.

Remark 3.5. If (X,A ) is a σ-compact measurable space, then there exists a collection

{An}n∈N of A with An ⊆ An+1 for n ∈ N such that for every n ∈ N, An is a compact

element of A , and X =
⋃

n∈NAn.

Now, we are able to characterize a σ-compact measurable space (X,A ) in terms of the

cardinality of X.

Proposition 3.6. Let (X,A ) be a T -measurable space. Then, (X,A ) is a σ-compact

measurable space if and only if |X| ≤ ℵ0 and A = P(X).

Proof . Necessity. Let {An : n ∈ N} be a family of compact elements of A such that A =⋃
n∈NAn. Since (An,AAn

) is a compact T measurable space, we conclude from Proposition

3.2 that An is a finite set and AAn
= P(An) for every n ∈ N. So, |X| ≤ ℵ0.

Consider a ∈ X. Then, there exists an element n in N such that a ∈ An. By Proposition

3.2, we deduce from AAn
= P(An) that there exists an element A of A such that {a} =

A ∩An ∈ A . Therefore, A = P(X).

Sufficiency. This is evident. �

Let (X,A ) be a T -measurable space. We consider the bounded part M∗(X,A ) of

M(X,A ) consisting of all f ∈ M(X,A ) such that there exists a natural number n with

|f(x)| < n for every x ∈ X. The subset M∗(X,A ) of M(X,A ) is also closed under

the algebraic and order operations of M(X,A ). Therefore, M∗(X,A ) is a sub-f -ring of

M(X,A ).

The next result is a new characterization of compact T -measurable spaces in terms of

the bounded part M∗(X,A ) of M(X,A ).
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Proposition 3.7. Let (X,A ) be a T -measurable space. Then, M(X,A ) = M∗(X,A ) if

and only if (X,A ) is a compact T -measurable space.

Proof . Necessity. Suppose that M(X,A ) = M∗(X,A ), and that X is an infinite set.

Then, by Lemma 3.1, there exists an infinite countable subset {Bn}n∈N of A \{∅} such that

X =
⋃

n∈NBn and Bn ∩ Bm = ∅ for every n,m ∈ N with n 6= m. We define g : X → R by

g(x) = n if x ∈ Bn. It is clear that g ∈ M(X,A ) \M∗(X,A ), which is a contradiction.

Hence, by Proposition 3.2, (X,A ) is a compact T -measurable space.

Sufficiency. Consider f ∈M(X,A ). Since

X =
⋃

n∈N f
−1(−n, n) and {f−1(−n, n)}n∈N ⊆ A ,

we conclude that there exists a natural number n such that f−1(−n, n) = X. Hence,

M(X,A ) = M∗(X,A ). �

4 On the subring of all functions in M(X,A ) which vanish at infinity

In this section, we show that when an algebraic or lattice property holds for M∞(X,A )

with (X,A ) being a T -measurable space, it also holds for M∞(X,A ) with arbitrary (X,A ).

To begin with, we need to define M∞(X,A ).

Definition 4.1. Let M∞(X,A ) denote the family of all functions f ∈M(X,A ) for which

the set {x ∈ X : |f(x)| ≥ 1
n} is a compact element of A for every n ∈ N.

Proposition 4.2. If (X,A ) is a measurable space, thenM∞(X,A ) is a subring ofM(X,A ).

Proof . Consider f, g ∈M∞(X,A ). Since{
x ∈ X : |f(x) + g(x)| ≥ 1

n

}
⊆
{
x ∈ X : |f(x)| ≥ 1

2n

}
∪
{
x ∈ X : |g(x)| ≥ 1

2n

}
,

we find that {x ∈ X : |f(x)+g(x)| ≥ 1

n
} is a compact element of A for every n ∈ N. Hence,

f + g ∈M∞(X,A ). Also, we deduce from{
x ∈ X : |f(x)× g(x)| ≥ 1

n

}
⊆
{
x ∈ X : |f(x)| ≥ 1

[
√
n] + 1

}
∪
{
x ∈ X : |g(x)| ≥ 1

[
√
n] + 1

}
,

that {x ∈ X : |f(x)g(x)| ≥ 1

n
} is a compact element of A for every n ∈ N. Thus,

fg ∈M∞(X,A ). Therefore, M∞(X,A ) is a subring of M(X,A ). �

The next proposition shows that there is no need to consider rings of real measurable

functions other than T -measurable spaces.
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Proposition 4.3. For every measurable space (X,A ), there exists a T -measurable space

(Y,A ′) such that

M∞(Y,A ′) ∼= M∞(X,A ).

Proof . Define x ∼ x′ in X to mean that f(x) = f(x′) for every f ∈ M(X,A ). For each

f ∈ M(X,A )), define a function hf ∈ RX/∼ by hf ([x]∼) = f(x). Let A ′ be the weak

measurable space induced by {hf : f ∈ M(X,A )} on X/ ∼. Consider Y := X/ ∼. Then,

(Y,A ′) is a T–measurable space. Define θ : X → Y by θ(x) = [x]∼. The function θ is onto,

and hf ◦ θ = f for any f ∈M(X,A ). We define η : M(Y )→M(X,A ) by g 7→ g ◦ θ. Then,

η is an isomorphism.

Consider g ∈ M∞(Y,A ′) and n ∈ N. We show that An := {x ∈ X : |η(g)(x)| ≥ 1

n
} is a

compact element of A . Since

An =

{
x ∈ X : |g([x])| ≥ 1

n

}
and θ(An) =

{
[x]∼ ∈ Y : |g([x])| ≥ 1

n

}
is a compact element of A ′, we conclude that θ−1θ(An) is a compact element of A . Since

An ∈↓ θ−1θ(An), we deduce that An is a compact element of A . Therefore, η(g) ∈
M∞(X,A ).

Consider f ∈M∞(X,A ) and n ∈ N. We show that

Bn :=

{
[x]∼ ∈ Y : |η−1(f)([x])| ≥ 1

n

}
is a compact element of A ′. That θ−1(Bn) = {x ∈ X : |f−1(x)| ≥ 1

n
} is a compact

element of A allows us to conclude that Bn = θ(θ−1(Bn)) is a compact element of A ′.

Hence, η−1(f) ∈ M∞(Y,A ′). Accordingly, η|
M∞(Y,A ′) : M∞(Y,A ′) → M∞(X,A ) is an

isomorphism. �

By Proposition 4.3, to study M∞(X,A ), we can assume that X is a T -measurable space.

Proposition 4.4. Let (X,A ) be a T -measurable space and A ∈ A . Then, (A,AA) is a

σ-compact measurable space if and only if there exists an element f in M∞(X,A ) such that

coz(f) = A.

Proof . Necessity. Let {An : n ∈ N} be a family of compact elements of AA such that

A =
⋃

n∈NAn and An ⊆ An+1 for every n ∈ N. We let B1 := A1 and Bn = An \ An−1 for

every 2 ≤ n ∈ N. It is clear that Bn is a compact element of A for every n ∈ N. Define

f : X → R by

f(x) =


1

n
if x ∈ Bn

0 otherwise,
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for every x ∈ X. From

f−1([r,∞) =


∅ if r > 1

X if r ≤ 0⋃
m∈N
m≤n

Bm if 1
n+1 < r ≤ 1

n for some n ∈ N,

we infer that f ∈M(X,A ) and coz(f) = A. Since{
x ∈ X : |f(x)| ≥ 1

n

}
=

{
x ∈

⋃
m∈N

Bm : |f(x)| ≥ 1

n

}
=
⋃

m≤n

Bm,

we conclude that {x ∈ X : |f(x)| ≥ 1
n} is a compact element of A for every n ∈ N.

Therefore, f ∈M∞(X,A ).

Sufficiency. Consider f ∈M∞(X,A ) and A = coz(f). Then,

An :=

{
x ∈ X : |f(x)| ≥ 1

n

}
is a compact element of A , for every n ∈ N. From An ⊆ coz(f) we conclude that An is a

compact element of AA for every n ∈ N. Since coz(f) =
⋃

n∈NAn, we deduce that (A,AA)

is a σ-compact measurable space. �

Proposition 4.5. Let (X,A ) be a T -measurable space and

C =
⋃
{A ∈ A : A is compact}.

Then, the following statements are true.

(1) A ⊆ X \ C if and only if f(A) = {0} for every f ∈M∞(X,A ).

(2) M∞(X,A ) ⊆
⋂
{M∗x : x ∈ X \ C}, where M∗x = {f ∈ M∗(X) : f(x) = 0} for every

x ∈ X.

Proof . (1). Necessity. By the definition of M∞(X,A ), f(X \ C) = {0} for every f ∈
M∞(X,A ).

Sufficiency. Otherwise, there exist an element a in A ∩ C and a compact element B

of A such that a ∈ B, showing that χB ∈ M∞(X,A ) and χB(A) 6= {0}, and this is a

contradiction.

(2). By the first statement, this is evident. �

In the second statement of Proposition 4.5, the inclusion may be proper. This is the

content of the following example.

Example 4.6. Consider (X,A ) := (N, P (N)). This is a locally compact T -measurable

space, and the function f : X → R defined by x 7→ x+1
x is not in M∞(X,A ). Therefore,

M∞(X,A ) (M∗(X,A ) =
⋂
{M∗x : x ∈ X \ C}, since X \ C = ∅.
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5 When is M∞(X,A ) a regular ring?

In this section, we observe that M∞(X,A ) is a regular ring if and only if it is an ideal

of M(X,A ).

Example 5.1. Consider (X,A ) := (N, P (N)). This is a σ-compact T -measurable space,

and the function f : N → R defined by x 7→ 1

x
is a unit element of M(X,A ) such that

f ∈ M∞(N). Since M∞(X,A ) ⊆ M∗(X,A ) ⊂ M(X,A ), we conclude that M∞(X,A ) is

not an ideal of M(X,A ).

Definition 5.2. Let (X,A ) be a measurable space. A subset U of X is called relatively

pseudocompact if f(U) is a bounded subset of R for all f ∈M(X,A ).

The next result is a new characterization of compact elements of a T -measurable space

in terms of relatively pseudocompact measurable subspaces.

Proposition 5.3. Let (X,A ) be a T -measurable space and A ∈ A . If (A,AA) is a σ-

compact measurable subspace of X, then the following statements are equivalent.

(1) A is a relatively pseudocompact measurable subspace of X.

(2) A is a compact element of A .

(3) A is a finite subset of X.

Proof . (1) ⇒ (2). If A is σ-compact, and not compact, then (A,AA) ∼= (N,P(N)) by

Propositions 3.2 and 3.6. Hence, the function f : N → R defined by x 7→ x is an element

of M(A). Since A ∈ A , there exists an element f̄ in M(X,A ) such that f̄ |A = f . By

statement (1), f(A) = f̄(A) is bounded, which is a contradiction.

(2) ⇒ (1). By Proposition 3.2, A is a finite set. So, A is a relatively pseudocompact

measurable subspace of X. �

Proposition 5.4. Let (X,A ) be a measurable space. Then, the ring M∞(X,A ) is an ideal

of M∗(X,A ).

Proof . Consider f ∈ M∞(X,A ). Then A := {x ∈ X : |f(x)| ≥ 1} is a compact element

of A , and hence f [A] is a bounded subset of R, from which it follows that f ∈ M∗(X,A ).

Therefore, by Proposition 4.2, M∞(X,A ) is a subring of M∗(X,A ). Now, we assume that

f ∈ M∞(X,A ) and g ∈ M∗(X,A ). Hence, there exists an element n0 in N such that

|g(x)| ≤ n0 for all x ∈ X. Since {x ∈ X : |f(x)| ≥ 1
nn0
} is a compact element of A and{

x ∈ X : |fg(x)| ≥ 1

n

}
⊆
{
x ∈ X : |f(x)| ≥ 1

nn0

}
,
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we conclude that {x ∈ X : |fg(x)| ≥ 1
n} is a compact element of A . Hence fg ∈M∞(X,A ),

and so M∞(X,A ) is an ideal of M∗(X,A ). �

Proposition 5.5. Let (X,A ) be a T -measurable space, and A ∈ A be a σ-compact element

of A . Then, A is a compact element of A if and only if f |A ∈ M∗(A,AA) for every

f ∈M(X,A ).

Proof . Necessity. If A is a compact element of A , then by Proposition 3.7, M(A,AA) =

M∗(A,AA), from which it follows that f |A ∈M∗(A,AA) for every f ∈M(X,A ).

Sufficiency. Let A be an element of A which is not compact. Since, by Propositions 3.6

and 3.7, (A,AA) ∼= (N,P(N)) and M(A,AA) 6= M∗(A,AA), we conclude that there exists

an element g in M(A,AA)\M∗(A,AA). Thus, if we define f : X → R by f(x) = g(x) when

x ∈ A and f(x) = 0 otherwise, then f ∈ M(X,A ) and f |A = g 6∈ M∗(A,AA), which is a

contradiction. �

Definition 5.6. A measurable space (X,A ) is locally compact if there exists a compact

element A of A such that x ∈ A for every x ∈ X. Also, a non-empty subset Y of X is a

locally compact measurable subspace of X provided that (Y,AY ) is locally compact.

Remark 5.7. Every σ-compact measurable space is a locally compact measurable space.

Lemma 5.8. Let (X,A ) be a measurable space, and {fn}n∈N ⊆ M(X,A ) be such that

0 ≤ fn(x) ≤ fn+1(x) for every n ∈ N and every x ∈ X. If the sequence {fn}n∈N converges

to f pointwise on X, then f ∈M(X,A ).

Proof . Consider r ∈ R. Since 0 ≤ fn(x) ≤ fn+1(x) for every (x, n) ∈ X × N, we conclude

from limn→∞ fn(x) = f(x) that

{x ∈ X : f(x) > r} =
⋃
n∈N
{x ∈ X : fn(x) > r} ∈ A .

Therefore, f ∈M(X,A ). �

Proposition 5.9. Let (X,A ) be a T -measurable space. Then, M∞(X,A ) is an ideal of

M(X,A ) if and only if every σ-compact element of A is relatively pseudocompact.

Proof . Necessity. Let Y ∈ A be a σ-compact element of A which is not a relatively

pseudocompact element. Then, there exists an element g in M(X,A ) such that g(Y ) is not

a bounded subset of R. Hence, there exists a sequence {an}n∈N in Y such that g(an) ≥ 2n

and g(an+1) > g(an) + 1. Since Y is σ-compact, we deduce that there exists an element Bn
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of A such that an ∈ Bn ∩ Y = An, and An is a compact element of AY for every n ∈ N.

Since Y ∈ A , we conclude that An is a compact element of A for every n ∈ N. We let

Un = g−1
(
g(an)− 1

4
, g(an) +

1

4

)
∩An

for every n ∈ N. Then Ui is a compact element of A , ai ∈ Ui and Ui∩Uj = ∅ for all i, j ∈ N
with i 6= j. For n ∈ N, let

sn(x) =

n∑
i=1

χ
Un

(x)

2n

for every x ∈ X. By Lemma 5.8,

f(x) := lim
n→∞

sn(x) =

∞∑
i=1

χ
Un

(x)

2n
∈M(X,A ).

For every fixed m ∈ N, Km :=
⋃m

i=1 Ui is a compact element of A . It is clear that χ
Un

(x) = 0

for every n ≤ m and every x ∈ Kc
m. So,

f(x) := Σ∞n=1

χ
Un

(x)

2n
≤ Σ∞n=m+1

1

2n
≤ 1

2m
<

1

m

for every x ∈ Kc
m. Since {

x ∈ X : |f(x)| ≥ 1

m

}
⊆ Km,

we conclude that {x ∈ X : |f(x)| ≥ 1

m
} is a compact element of A . Hence, f ∈M∞(X,A ).

On the other hand, since

{an : n ∈ N} ⊆
{
x ∈ X : |fg(x)| ≥ 1

n

}
,

we conclude from Proposition 3.2 that {x ∈ X : |fg(x)| ≥ 1

n
} is not a compact element of

A , which implies that fg 6∈M∞(X,A ). Therefore, M∞(X,A ) is not an ideal of M(X,A ),

which is a contradiction.

Sufficiency. Consider f ∈ M∞(X,A ) and g ∈ M(X,A ). Since, by Proposition 4.4,

coz(f) is a σ-compact element of A , we conclude from our hypothesis that g(coz(f)) is a

bounded subset of R, from which we find that there exists an element k in N such that

|g(x)| ≤ k for every x ∈ coz(f). For every fixed n ∈ N,

{
x ∈ X : |fg(x)| ≥ 1

n

}
=

{
x ∈ coz(f) : |f(x)g(x)| ≥ 1

n

}
⊆
{
x ∈ coz(f) : |f(x)| ≥ 1

nk

}
.

Since {x ∈ coz(f) : |f(x)| ≥ 1

nk
} is a compact element of A , we conclude that {x ∈ X :

|fg(x)| ≥ 1

n
} is a compact element of A . Hence, fg ∈M∞(X,A ). So, by Proposition 4.2,

M∞(X,A ) is an ideal of M(X,A ). �
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Definition 5.10. Let (X,A ) be a measurable space, and MK(X,A ) denote the family of

all functions f ∈M(X,A ) for which coz(f) is a compact element of A .

Remark 5.11. Let (X,A ) be a T -measurable space. Consider f ∈MK(X,A ) and n ∈ N.

Since coz(f) is a compact element of A and{
x ∈ X : |f(x)| ≥ 1

n

}
⊆ coz(f),

we conclude that {x ∈ X : |f(x)| ≥ 1

n
} is a compact element of A . Therefore,

MK(X,A ) ⊆M∞(X,A ).

Also, by Proposition 3.2,

MK(X,A ) = {f ∈M(X,A ) : coz(f) is finite}.

The ring A (commutative, with 1) is regular if for each element a, there exists an element b

such that a2b = a.

Proposition 5.12. If (X,A ) is a T -measurable space, then MK(X,A ) is a regular ring.

Proof . Consider f ∈MK(X,A ). We define g : X → R by

g(x) =


0 if x ∈ Z(f)

1
f(x) if x 6∈ Z(f),

for every x ∈ X. Then, g ∈ MK(X,A ) and f = gf2. Therefore, MK(X,A ) is a regular

ring. �

The following example shows that M∞(X,A ) may not be regular.

Example 5.13. Consider (X,A ) := (N,P(N)). We define f : X −→ R by x 7→ 1
x . Then,

f ∈M∞(X,A ) and coz(f) = X. If g ∈M(X,A ) such that f = gf2, then g is the inclusion

function and g 6∈M∞(X,A ). Therefore, M∞(X,A ) is not a regular ring.

Given a T -measurable space (X,A ), the following result presents some conditions equivalent

to the regularity of M∞(X,A ) as a ring.

Proposition 5.14. If (X,A ) is a T -measurable space, then the following statements are

equivalent.
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(1) M∞(X,A ) is an ideal of M(X,A ).

(2) Every σ-compact element of A is compact.

(3) Every σ-complement of A is a finite subset of X.

(4) If {An}n∈N is a family of compact elements of A such that

A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ An+1 ⊆ · · · ,

then there exists an element k in N such that Ak = Ak+i for all i ∈ N. In other words,

every ascending chain of compact elements of A , ordered by the relation ⊆, is finite.

(5) M∞(X,A ) = MK(X,A ).

(6) M∞(X,A ) is a regular ring.

Proof . (1) ⇒ (2). If A ∈ A is σ-compact and not compact, then by Proposition 5.3, A

is not a relatively pseudocompact measurable subspace of X, and so by Proposition 5.9,

M∞(X,A ) is not an ideal of M(X,A ), which is a contradiction.

(2)⇒ (3). By Proposition 3.2, this is evident.

(3)⇒ (4). Let {An}n∈N be a family of compact elements of A such that

A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ An+1 ⊆ · · · .

Then,
⋃

n∈NAn is a family of σ-compact elements of A . By statement (3),
⋃

n∈NAn is a

family of compact elements of A . We deduce from Proposition 3.2 that
⋃

n∈NAn is a finite

set, and this implies that there exists an element k in N such that Ak = Ak+i for all i ∈ N.

(4) ⇒ (1). Let A ∈ A be a σ-compact element of A . Then, by Remark 3.5, there

exists an ascending chain {An : n ∈ N} of compact elements of A such that A =
⋃

n∈NAn.

Hence, by our hypothesis, there exists an element n in N such that A = An, from which it

follows that A is compact. Then, A is a finite set by Proposition 3.2, and so it is relatively

pseudocompact. Therefore, by Proposition 5.9, M∞(X,A ) is an ideal of M(X,A ).

(4)⇒ (5). Consider f ∈M∞(X,A ). For every n ∈ N, let

An =

{
x ∈ X : |f(x)| ≥ 1

n

}
,

so that

A1 ⊆ A2 ⊆ · · · ⊆ An ⊆ An+1 ⊆ · · · .

Hence, by our hypothesis, there exists an element n in N such that

A =
⋃
n∈N

{
x ∈ X : |f(x)| ≥ 1

n

}
= coz(f)
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is a compact element of A , showing that f ∈ MK(X,A ). We conclude from Remark 5.11

that M∞(X,A ) = MK(X,A ).

(5)⇒ (6). By Proposition 5.12, M∞(X,A ) is regular.

(6) ⇒ (2). If A ∈ A is σ-compact, then by Proposition 4.4 there exists an element

f in M∞(X,A ) such that coz(f) = A. By the hypothesis, there exists an element g in

M∞(X,A ) such that gf2 = f , which implies Z(f) = {x ∈ X : fg(x) 6= 1}. We find that

g(x) = 1
f(x) for every x ∈ coz(f). Since f ∈ M∞(X,A ) ⊆ A ∗(X), there exists an element

k in N such that |f(x)| ≤ k, for every x ∈ X. Hence, |g(x)| ≥ 1
k for any x ∈ coz(f), that is,

coz(f) ⊆ {x ∈ X : |g(x)| ≥ 1
k}. Since g ∈M∞(X,A ), we conclude that {x ∈ X : |g(x)| ≥ 1

k}
is compact. Thus, A = coz(f) is compact. �

Proposition 5.15. Let (X,A ) be a T -measurable space. Then, M∞(X,A ) ∼= R if and

only if A has a unique non-empty compact element.

Proof . Necessity. Let A,B ∈ A \ {∅} be distinct compact elements of A . Since A ∪ B
is a compact element of A and |A ∪ B| ≥ 2, we conclude from Corollary 3.3 that R2 is a

subring of A (A ∪ B) = A ∗(A ∪ B) = M∞(A ∪ B), which is a subring of M∞(X,A ) ∼= R,

and this is a contradiction.

Sufficiency. Let A be the unique non-empty compact element of A . By Proposition

3.2, there exists an element a of X such that A = {a}. If 0 6= f ∈ M∞(X,A ), then by

Proposition 4.4, coz(f) is σ-compact, and so coz(f) = {a}. Hence, M∞(X,A ) =< χ
A
>,

from which it follows that M∞(X,A ) ∼= R. � In the next proposition, we characterize

compact T -measurable spaces in terms of the ring of all real measurable functions.

Proposition 5.16. Let (X,A ) be a T -measurable space. Then, M∞(X,A ) = M(X,A )

if and only if (X,A ) is a compact measurable space.

Proof . Necessity. Since 1 ∈ M(X,A ) = M∞(X,A ), we conclude that X = {x ∈ X :

|1(x)| ≥ 1} is a compact measurable space.

Sufficiency. By Proposition 3.2, M(X,A ) = M∗(X,A ). Since 1 ∈ M(X,A ), we

conclude from Proposition 5.4 that M∞(X,A ) = M(X,A ). �

6 On locally compact measurable spaces

In this section, we show that when an algebraic or lattice property holds for M∞(X,A )

with (X,A ) being a locally compact measurable space, it also holds for M∞(X,A ) with

(X,A ) being arbitrary.
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Example 6.1. Let X be a non-empty set, and let A be the collection of all sets E ⊆ X such

that either E or X \ E is at most countable. Recall from [20] that (X,A ) is a measurable

space. It is clear that (X,A ) is a locally compact T -measurable space. Also, if X is an

uncountable set, then A 6= P(X).

For any subset A of M(X,A ), we write CozA [A] = {coz(f) : f ∈ A}.

Lemma 6.2. Let (X,A ) be a T -measurable space, and

B := {f−1(O) : f ∈M∞(X,A ), O ∈ O(R)}.

Then, < Coz(MK(X,A )) >=< Coz(M∞(X,A )) >=< B > .

Proof . Suppose that f ∈M∞(X,A ). Since

f−1
(
−1

n
,

1

n

)
= X \

{
x ∈ X : |f(x)| ≥ 1

n

}
∈< Coz(MK(X,A )) >

for every n ∈ N, we conclude that Z(f) ∈< Coz(MK(X,A )) >. If 0 6∈ O ∈ O(R) and

f ∈M∞(X,A ), then

f−1(O) = coz(χ
f−1(O)

) ∈< Coz(MK(X,A )) >,

from which it follows that if 0 ∈ O ∈ O(R) and f ∈M∞(X,A ), then

f−1(O) = Z(f) ∪ f−1(O \ {0}) ∈< Coz(MK(X,A )) >,

and we conclude that

B ⊆< Coz(MK(X,A )) >⊆< Coz(M∞(X,A )) > .

Now, we deduce from

Coz(MK(X,A )) ⊆ Coz(M∞(X,A )) ⊆ B

that < Coz(MK(X,A )) >=< Coz(M∞(X,A )) >=< B > . �

Proposition 6.3. Let (X,A ) be a T -measurable space and A = {{x} : x ∈ X}. Then, the

following statements are equivalent.

(1) The measurable space (X,A ) is a locally compact T -measurable space, and if (X,A ′)

is a locally compact T -measurable space, then A ⊆ A ′. (A is the smallest locally

compact T -measurable space on X.)

(2) The σ-algebra A is generated by A.
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(3) The σ-algebra A is the collection of all sets E ⊆ X such that either E or X \E is at

most countable.

(4) The σ-algebra A is generated by coz(M∞(X,A )).

(5) The σ-algebra A is generated by coz(MK(X,A )).

(6) The σ-algebra A is the same weak measure induced by M∞(X,A ).

Proof . (1) ⇒ (2). It is clear that (X,< A >) is a locally compact T -measurable space.

By the first statement, A ⊆< A >. We find that A ⊆ A , for every locally compact

T -measurable space (X,A ). We deduce that < A >= A is the smallest locally compact

T -measurable space on X.

(2)⇒ (1). This is evident.

(2)⇔ (3). Let A ′ be the collection of all sets E ⊆ X such that either E or X\E is at most

countable. By Example 6.1, (X,A ′) is a locally compact T -measurable space. Therefore,

A ′ ⊆< A >. Also, A ⊆ A ′ and hence, < A >⊆ A ′. We conclude that < A >= A ′.

(2)⇒ (4). Since for every x ∈ X, {x} = coz(χ{x}) ∈ coz(M∞(X,A )), we find that A ⊆
coz(M∞(X,A )). Consider f ∈ M∞(X,A ). Since coz(f) =

⋃
n∈N{x ∈ X : |f(x)| ≥ 1

n} is a

σ-compact element of A , we conclude from Proposition 3.6 that coz(f) is at most countable,

from which it follows that coz(f) ∈< A >. Therefore, < A >=< Coz(M∞(X,A )) > .

(4)⇔ (5)⇔ (6). By Lemma 6.2, this is evident.

(4) ⇒ (2). Consider {fn}n∈N ⊆ M∞(X,A ). Then
⋃

n∈N coz(fn) is σ-compact, because

coz(fn) is σ-compact for any n ∈ N. By Proposition 4.4, there exists an element f in

M∞(X,A ) such that coz(f) =
⋃

n∈N coz(fn). Then, {coz(f) : f ∈ M∞(X,A )} is closed

under countable unions. Also, since
⋂

n∈N coz(fn) is σ-compact, we deduce from Proposition

4.4 that {coz(f) : f ∈ M∞(X)} is closed under countable intersections. Therefore, by

Proposition 4.4,

< Coz(M∞(X,A )) > = {coz(f) : f ∈M∞(X,A )} ∪ {X \ coz(f) : f ∈M∞(X,A )}

= {A ⊆ X : A or X \A is at most countable}.

�

Proposition 6.4. Let (X,A ) be a T -measurable space. Then, the following statements

are equivalent.

(1) X is a locally compact space.

(2) For any x0 ∈ X and F ∈ A with x0 6∈ F , there exists an element f in M∞(X,A )

such that f(x0) = 1 and f([F ]) = {0}.
(3) M∞(X,A ) is a free ideal of M∗(X,A ).
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(4) MK(X,A ) is a free ideal of M∗(X,A ) and M(X,A ).

Proof . (1)⇒ (2). Let a ∈ X and F ∈ A with a 6∈ F . By the first statement, there exists

a compact element A of A such that a ∈ A, and we conclude that χA\F ∈ MK(X,A ) ⊆
M∞(X,A ).

(2) ⇒ (3). If |X| < ℵ0, then X is compact by Proposition 3.2, and we conclude from

Proposition 5.16 that 1 ∈M(X,A ) = M∞(X,A ) = MK(X,A ). Hence, M∞(X,A ) is free.

Now, we can assume that |X| ≥ ℵ0. Consider a ∈ X. Then, by the hypothesis, there exists

an element B in A such that a 6∈ B and by the second statement, there exists an element

f in M∞(X,A ) such that a ∈ coz(f). Hence
⋃

f∈A∞(X) coz(f) = X, from which it follows

that M∞(X,A ) is free.

(3)⇒ (1). Consider a ∈ X. Since M∞(X,A ) is free, we find that there exists an element

f in M∞(X,A ) such that a ∈ coz(f) =
⋃

n∈N |f |−1( 1
n ,∞), from which it follows that there

exists an element n in N such that a ∈ |f |−1( 1
n ,∞) and |f |−1( 1

n ,∞) is compact.

(1)⇒ (4). Let x ∈ X be given. Then {x} ∈ A , and hence χ{x} ∈MK(X,A ). Therefore,

X ⊆ Coz(MK(X,A )).

(4) ⇒ (2). If x ∈ X, then x ∈
⋃
Coz(MK(X,A )). There exists f in MK(X,A ) such

that x ∈ coz(f), which is compact. Therefore, X is locally compact. �

Lemma 6.5. Let (X,A ) be a T -measurable space and

Y = {x ∈ X : {x} ∈ A }.

Then, the following statements are true.

(1) (Y,AY ) is a locally compact T -measurable space.

(2) For every subset A of X, A ∈ A is compact if and only if A ∈ AY is compact.

(3) For every subset A of X, A ∈ A is σ-compact if and only if A ∈ AY is σ-compact.

(4) For any f ∈M∞(X,A ), coz(f) ⊆ Y .

(5) If M∞(X,A ) 6= {0}, then Y 6= ∅.

Proof . (5). Suppose that 0 6= f ∈M∞(X,A ). Then, there exists an element n in N such

that ∅ 6= {x ∈ X : |f(x)| ≥ 1
n}, and it is compact. Hence, ∅ 6= {x ∈ X : |f(x)| ≥ 1

n} ⊆ Y .

The rest of the proof can be easily completed. �

Next, we show that in the study of rings of real measurable functions vanishing at infinity

on a measurable space and rings of real measurable functions with compact support on a

measurable space, there is no need to deal with measurable spaces that are not locally

compact T -measurable spaces.
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Proposition 6.6. If (X,A ) is a T -measurable space and M∞(X,A ) 6= {0}, then there

exists a locally compact measurable space (Y,A ′) such that

(1) M∞(X,A ) ∼= M∞(Y,A ′), and

(2) MK(X,A ) ∼= MK(Y,A ′).

Proof . (1). Consider Y = {x ∈ X : {x} ∈ A } and (Y,A ′) := (Y,AY ). We define θ :

M∞(X,A ) −→ M∞(Y,A ′) by f 7→ f |Y for any f ∈ M∞(X,A ). Consider f ∈ M∞(X,A )

and n ∈ N. Since f |Y −1(V ) = f−1(V ) ∩ Y ∈ A ′ for any V ∈ O(R), it follows that

f |Y ∈M(Y ). Using

{x ∈ X : x ∈ A for some compact element A of A } = {x ∈ X : {x} ∈ A }

and coz(f) ⊆ Y we obtain{
y ∈ Y : |f |Y |(y) ≥ 1

n

}
=

{
x ∈ X : |f |(x) ≥ 1

n

}
.

Since {x ∈ X : |f |(x) ≥ 1
n} is compact in (X,A ), we deduce from Lemma 6.5 that {y ∈

Y : |f |Y |(y) ≥ 1
n} is compact in (Y,A ′), from which it follows that f |Y ∈ M∞(Y,A ′). If

� ∈ {+, .,∨,∧}, then θ(f � g) = (f � g)|Y = f |Y � g|Y , and so θ is an f -ring homomorphism.

If f ∈ ker θ, then f |Y = 0. Since f ∈M∞(X,A ), we infer from Lemma 6.5 that coz(f) ⊆ Y .

Thus, f = 0. Consider g ∈ M∞(Y,A ′). Since coz(g) is a σ-compact element of A ′, we

conclude from Lemma 6.5 that coz(g) is a σ-compact element of A . Therefore, X \ coz(g) ∈
A . Define

g∗(x) =


g(x) if x ∈ coz(g)

0 if x ∈ X \ coz(g).

We show that g∗ ∈M(X,A ). For any r ∈ R,

{x ∈ X : g∗(x) > r} = {x ∈ Y : g(x) > r}

if r ≥ 0, and

{x ∈ X : g∗(x) > r} = {x ∈ Y : g(x) ∈ (r, 0) ∪ (0,∞)} ∪
(
X \ coz(g)

)
if r < 0. Then {x ∈ X : g∗(x) > r} ∈ A , and hence g∗ ∈M(X,A ). Since{

x ∈ X : |g∗|(x) >
1

n

}
=

{
x ∈ Y : |g∗|(x) >

1

n

}
is a compact element of A ′, we conclude from Lemma 6.5 that it is a compact element of

A . Therefore, g∗ ∈M∞(X,A ) and θ(g∗) = g∗|Y = g.
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(2). We consider θK =: θ|MK(X,A ). By the first statement, θK is a monomorphism

and coz(θK(f)) = coz(f). We deduce from Lemma 6.5 that θK(f) ∈ MK(Y,A ′). Let

g ∈ MK(Y,A ′) be given. Then, by the same method as the one used in the proof of the

first statement, we obtain g∗ ∈ MK(X,A ) and θK(g∗) = g. Therefore, MK(X,A ) ∼=
MK(Y,A ′). �
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[10] T. Dube, On the ideal of functions with compact support in pointfree function rings,

Acta Math. Hung., 129 (2010) 205–226. zbl MR doi

[11] M.M. Ebrahimi, M. Mahmoudi, Frame, Technical Report, Shahid Beheshti University,

1996.

[12] A.A. Estaji, A. Mahmoudi Darghadam, Rings of continuous functions vanishing at

infinity on a frame, Quaest. Math., 42 (2019) 1141–1157. zbl MR doi

https://zbmath.org/1301.06025
https://mathscinet.ams.org/mathscinet/relay-station?mr=3268321
https://doi.org/10.1007/s00012-014-0296-x
https://zbmath.org/1245.54019
https://mathscinet.ams.org/mathscinet/relay-station?mr=3016402
https://doi.org/10.14321/realanalexch.36.1.0045
https://zbmath.org/1097.54021
http://eudml.org/doc/249355
https://zbmath.org/1297.54040
http://bims.iranjournals.ir/article_233.html
http://bims.iranjournals.ir/article_233.html
https://zbmath.org/1199.54116
https://mathscinet.ams.org/mathscinet/relay-station?mr=2520614
https://doi.org/10.1007/s10474-009-8138-6
https://zbmath.org/0867.54023
https://mathscinet.ams.org/mathscinet/relay-station?mr=1422843
https://doi.org/10.1090/S0002-9939-97-04086-0
https://zbmath.org/1054.54012
https://mathscinet.ams.org/mathscinet/relay-station?mr=1895289
https://doi.org/10.1216/rmjm/1021249434
https://zbmath.org/1012.54025
https://mathscinet.ams.org/mathscinet/relay-station?mr=1952051
https://doi.org/10.4064/dm412-0-1
https://zbmath.org/0891.54009
https://mathscinet.ams.org/mathscinet/relay-station?mr=1621835
https://zbmath.org/1299.06021
https://doi.org/10.1007/s10474-010-0024-8
https://zbmath.org/7131016
https://mathscinet.ams.org/mathscinet/relay-station?mr=4028813
https://doi.org/10.2989/16073606.2018.1509151


Rings of real measurable functions vanishing at infinity on a measurable space 21

[13] A.A. Estaji, A. Mahmoudi Darghadam, and H. Yousefpour, Maximal ideals in rings of

real measurable functions. Filomat, 32 (2018) 5191–5203. zbl MR doi

[14] L. Gillman, M. Jerison, Rings of continuous functions, D. Van Nostrand Company, Inc.,

New York, 1960. zbl
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