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Abstract

Let M (X, <) be the ring of all real measurable functions on a measurable space (X, o). We
show that for every measurable space (X, o7), there exists a T-measurable space (Y, «’) such
that Mg (X, o) = My (Y, o) and Moo (X, ) = M (Y, '), where My (X, /) is the ring
of real measurable functions f € M (X, /) for which coz(f) is a compact element of <7, and
Moo (X, o) is the ring of real measurable functions vanishing at infinity on (X, &7). Then, we
introduce o-compact and locally compact measurable spaces. We prove that a T-measurable
space (X, .27) is compact (o-compact) if and only if the set X is finite (at most countable)
and & = P(X). Next, we obtain several equivalent conditions for M., (X, &) to be a regular
ring. Finally, we show that if (X, &7) is a T-measurable space and My (X, &) # {0}, then

*Corresponding author
Email addresses: aaestaji@hsu.ac.ir (Ali Akbar Estaji), m.darghadam@yahoo.com (Ahmad
Mahmoudi Darghadam)

Recetved: 11 May 2023  Accepted: 10 November 2023


http://dx.doi.org/10.22034/jfmt.2023.363036.1000

A.A. Estaji, A. Mahmoudi Darghadam

there exists a locally compact measurable space (Y, «7’) such that M (X, &) = M (Y, &)
and MK(X, ﬂ) = MK(Y, QQ{/)
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1 Introduction

The mathematical notion of measure represents some of the concepts which are of use
in the physical world, such as length, area, volume, mass and electric charge. Measurable
spaces have been studied by many authors. By a o-algebra on a non-empty set X we mean
a non-empty subset & of P(X) which is closed under countable unions and complement.
A pair (X, ) is called a measurable space if o is a o-algebra on X. Let (X, ) be a
measurable space and M (X, .o7), abbreviated as M (X, .<7), be the set of all f € RX such
that for every open subset U of R, f~1(U) € /. Then, M (X, /) is a subring of RX, when

equipped with the pointwise operations of addition and multiplication.

As Viertl proved in [21I], when X is a topological space and &7 is the set of all Borel
subsets of X, every maximal ideal of M (X, .o/) is real if and only if &7 contains only a finite
number of elements, if and only if every ideal is fixed. Another result, established by Hager
in [16], says that if (X, «7) is a measurable space, then M (X, &7) is a regular ring in the sense
of von Neumann. Moreover, as shown by Azadi et al. in [B], M (X, &) is an Ry-self-injective

ring for any measurable space (X, 7).

In [4], Amini et al. simultaneously generalized the ring of real-valued continuous functions
and the ring of real-valued measurable functions. Also, Momtahan in [19] studied essential
ideals, socle, and some related ideals of rings of real-valued measurable functions. He also
studied the Goldie dimension of rings of measurable functions.

Throughout the paper, C(X) stands for the set of all real-valued continuous functions
defined on X, with the pointwise operations of addition and multiplication (see [I7] and
[14]). For any completely regular Hausdorff space X, Coo(X), the subring of all functions
in C(X) which vanish at infinity, was introduced by Kohls in [I8] (also, see [2], [7] and
[6]). A result obtained by A.R. Aliabad et al. (2004) says that for any completely regular
Hausdorff space X, if Coo(X) # {0}, then there exists a locally compact space Y such that
Coo(X) 2 Coo(Y) (see [3]).

As usual, let RL denote the ring of real-valued continuous functions on a completely
regular frame L (see [§] and [9]). RooL, the ring of real continuous functions vanishing at
infinity on a frame L, was first discussed by Dube [10] (also, see [I] and [15]). In [12], Estaji
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et al. proved, under some conditions, the existence of a locally compact frame M such that
Roo(L) 2 Roo(M).
The present paper is devoted to placing these results in a measurable space context. It

is organized as follows.

Section 2 presents the prerequisites needed for the rest of the paper. The definitions and

results of this section are taken from [20] and [13].

In Section 3, we prove that if (X, /) is a T-measurable space, then the measurable
space (X, /) is a compact (o-compact) measurable space if and only if the set X is a finite
(at most countable) set and & = P(X) (see Propositions and [3.6). Next, for every T-
measurable space (X, /), we show that (X, &) is a compact T-measurable space if and only
if M(X, o) = M*(X, <), where M*(X, o) is the set of all bounded elements of M (X, o)

(see Proposition [3.7)).

In Section 4, we prove that for every measurable space (X, &), there exists a T-measurable
space (Y, &") such that M (Y, &) = M. (X, /) (see Proposition [4.3)).

In Section 5, we show that for every measurable space (X, o), the ring M (X, &) is an
ideal of M*(X,«/) (see Proposition [5.4). Also, we obtain several equivalent conditions for
Mo (X, o) to be an ideal of M (X, o) (see Proposition. Next, we prove that if (X, /)
is a T-measurable space, then M (X, /) is a regular ring (see Proposition [5.12). Also, we
obtain several equivalent conditions for M. (X, <) to be a regular ring (see Proposition
5.14]).

Finally, in Section 6, we obtain for every T-measurable space (X, &) several equivalent
conditions for My (X, <7) to be a free ideal of M*(X, /) (see Proposition . Also, we
show that when (X, &) is a T-measurable space and M. (X, o) # {0}, there exists a locally
compact measurable space (Y, /') such that My (X, o) =2 M (Y, ") and Mg (X, o) =
Mg (Y, o/") (see Proposition [6.6).

2 Preliminaries

We recall from [20, Theorem 1.10] that if A is any collection of subsets of X, there exists
a smallest o-algebra &* in X such that A C &/*. This is called the o-algebra generated
by A, and denoted by < A >. Since the intersection of any family of o-algebras in X is
a o-algebra in X, we conclude that < A > is the intersection of all g-algebras in X which
contain A. Hence, < A >=< A° >=< AU A° >, where A° := {4A°: A € A}. Also, if
A, B C P(X) with A C B, then < A >C< B >.

Given f € RX, the set f~1(0) will be called the zero-set of f. We shall find it convenient
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to denote this set by Z(f), or, for clarity, by Zx(f):

Z(f) = 2x(f) ={z e X: f(z) = 0}.

For any subset A of M (X, o), we write Zy[A] = {Z(f): f € A} and Zy[X]| = Z4[M(X, o).
Also, the set X \ Z(f), denoted by coz(f), will be called the cozero-set of f.

Proposition 2.1. [I3] If (X, &) is a measurable space, then Z,[X]| = &.

Definition 2.2. [13] Let I be any ideal in M (X, o). If (\;.; Z(f) is non-empty, we call 1
a fized ideal; if ;c; Z(f) = (), then I is a free ideal. Also, if K C &/ with () K non-empty,
we call K a fized subset of o7; if (K = (), then K is a free subset of <.

Let (X, <) be a measurable space. Throughout this paper we let
M, ={feM(X,): f(z) =0},

for every x € X. It is evident that M, is a fixed ideal of M (X, .o7) for every z € X.

An element a of a bounded lattice L is said to be compact if a = \/ S, S C L, implies
a =\/ T for some finite subset T of S. A bounded lattice L is said to be compact whenever
its top element T is compact (see [I1]). A measurable space (X, o) is called a compact

measurable space if o is a compact lattice.

Proposition 2.3. [I3] Let (X, %) be a measurable space. Then, the following statements

are equivalent.

(1) (X, ) is compact.

(2) Every proper ideal in M (X, ./) is fixed.

(3) Every maximal ideal in M (X, /) is fixed. In fact, for every maximal ideal M of
M (X, o), there exists an element = of X such that M = M,.

Definition 2.4. [I3] A measurable space (X, o) is said to be T-measurable if, whenever
x and y are distinct points in X, there exists a measurable set containing one and not the

other.

Let (X, o) be a measurable space and Y C X. Then (Y, &% ) is a measurable space, where
oy ={Y NA:Ae &} This notation will be used throughout the paper. If (X, <) is a
T-measurable space, then so is (Y, @%).

Proposition 2.5. [I3] Let (X, .<7) be a measurable space. Then, the following statements

are equivalent.
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(1) The measurable space (X, o) is a T-measurable space.
(2) If z and y are distinct points in X, then M, # M,,.
(3) For every maximal ideal M in M(X, o), |(N;epr Z(f)| < 1.

Corollary 2.6. [13] For every compact measurable space (X, .o7), there exists a compact
T-measurable space (Y, &) such that M (X, o) = M(Y, </'), as rings.

3 Compact measurable spaces

In this section, we characterize compact measurable spaces and o-compact measurable
spaces. We begin with the following lemma.

Lemma 3.1. If (X, «7) is an infinite T-measurable space, then there exists an infinite count-
able subset { By, }nen of &7\ {0} such that X = J, . Bn and B,NB,, = 0 for every n,m € N
with n # m.

neN

Proof . Consider {z, : n € N} C X with distinct elements. For every n,m € N with
n # m, there exists an element D,,, in & such that z,, € Dy, and x,, € D,;,. Then,
Tp € Dy = ey Dnm and {z,,, : m € N with n # m} N D, = () for every n € N. Now,
we let By, := Dy, \ Ungmen D for any n € N. If X =, .y Bn, this completes the proof.

m#n
Otherwise, we let By := X \ U,y Bn- Then {Bn}aenuioy €« \ {0}, X = U, enuqoy Br
and B, N By, = 0 for every n,m € NU {0} with n #m. O

In the following proposition, a compact measurable space (X,.) is characterized in
terms of the cardinality of X.

Proposition 3.2. Let (X, .o/) be a T-measurable space. Then, the measurable space (X, <)
is a compact measurable space if and only if the set X is a finite set and & = P(X).

Proof . Necessity. Let (X, ) be a compact measurable space. Assume, to the contrary,
that X is not finite. By Lemma there exists an infinite countable subset { By, },ecn of
o/ \ {0} such that X = J,,cy Bn and B, N B, = 0, for every n,m € N with n # m. This
contradicts the fact that (X, &) is a compact measurable space. Hence, X is a finite set. We
assume that X = {x1,29,..., 2%}, where k € N. For every 1 < n,m < k with n # m, there
exists Dy, € & such that x, € Dy, and 4y, € Dy Then, {@n} = (Ni<m<k Dnm € .

n#m
Hence, & = P(X).
Sufficiency. This is evident. [J

As an immediate consequence, we obtain the following corollary.
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Corollary 3.3. If (X,.o) is a compact measurable space, then M (X, &) = R™ for some
n € N.

Proof . By Corollary there exists a compact T-measurable space (Y, ’) such that
M(X, o) = M(Y,«") as rings. Hence, by Proposition there exists an element n in N
such that

M(X,d) = M(Y,o') =R ~2R".

O

Definition 3.4. A measurable space (X,.o) is o-compact provided that there exists a
subset {A,}nen of & such that for every n € N, A, is a compact element of o7, and

X =U,en An-

Remark 3.5. If (X, /) is a o-compact measurable space, then there exists a collection
{A,}nen of & with A, C A, 41 for n € N such that for every n € N, 4,, is a compact
element of o7, and X = J, o An.

Now, we are able to characterize a o-compact measurable space (X,.o) in terms of the

cardinality of X.

Proposition 3.6. Let (X,./) be a T-measurable space. Then, (X,) is a o-compact
measurable space if and only if | X| < Xy and &/ = P(X).

Proof . Necessity. Let {4, : n € N} be a family of compact elements of &/ such that A =
Unen An- Since (A, %4, ) is a compact T' measurable space, we conclude from Proposition
-2 that A, is a finite set and @74, = P(A,) for every n € N. So, | X| < Ry.

Consider a € X. Then, there exists an element n in N such that a € A,,. By Proposition
3.2} we deduce from @74, = P(A,) that there exists an element A of & such that {a} =
AN A, € . Therefore, & = P(X).

Sufficiency. This is evident. [J

Let (X, %) be a T-measurable space. We consider the bounded part M*(X, ) of
M (X, a) consisting of all f € M(X, &) such that there exists a natural number n with
|f(z)] < n for every x € X. The subset M*(X, o) of M(X, <) is also closed under
the algebraic and order operations of M (X, /). Therefore, M*(X, /) is a sub-f-ring of
M(X, o).

The next result is a new characterization of compact T-measurable spaces in terms of
the bounded part M*(X, &) of M (X, o).
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Proposition 3.7. Let (X, ) be a T-measurable space. Then, M (X, o) = M*(X, o) if
and only if (X, o) is a compact T-measurable space.

Proof . Necessity. Suppose that M (X, o) = M*(X, ), and that X is an infinite set.
Then, by Lemma [3.1] there exists an infinite countable subset {B;, }nen of &\ {0} such that
X =U,en Bn and B, N By, =  for every n,m € N with n # m. We define g : X — R by
glx) =nif x € By,. It is clear that ¢ € M(X, o) \ M*(X, ), which is a contradiction.
Hence, by Proposition (X, ) is a compact T-measurable space.

Sufficiency. Consider f € M (X, «7). Since
X =Upen /7 (=n,n) and {f~1(—n,n)}nen €

we conclude that there exists a natural number n such that f~!(—n,n) = X. Hence,
M(X, o) = M*(X, o). O

4 On the subring of all functions in M (X, «/) which vanish at infinity

In this section, we show that when an algebraic or lattice property holds for M. (X, <)
with (X, &) being a T-measurable space, it also holds for M, (X, &) with arbitrary (X, .«/).
To begin with, we need to define M. (X, «7).

Definition 4.1. Let M, (X, /) denote the family of all functions f € M (X, .«/) for which
the set {x € X : [f(z)] > £} is a compact element of & for every n € N.

Proposition 4.2. If (X, .o/) is a measurable space, then M, (X, «7) is a subring of M (X, 7).
Proof . Consider f,g € My (X, o). Since

{eex i@ oz the{oexywiz o ofoex: iz 5.},

1

we find that {x € X : |f(z)+g(x)] > —} is a compact element of o7 for every n € N. Hence,
n

f+9€ My(X,o). Also, we deduce from

{rexiiroxgwlz 1} c{oexipwlz o luleexipwiz o |

1
that {z € X : |f(x)g(z)] > ﬁ} is a compact element of & for every n € N. Thus,
fg € Mo(X, ). Therefore, M (X, o) is a subring of M (X, ). O

The next proposition shows that there is no need to consider rings of real measurable

functions other than T-measurable spaces.
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Proposition 4.3. For every measurable space (X, /), there exists a T-measurable space
(Y, o) such that
My (Y, ') = Mo (X, ).

Proof . Define  ~ 2/ in X to mean that f(z) = f(z') for every f € M(X, o). For each
f € M(X,)), define a function hy € RX/~ by h¢([r].) = f(x). Let o’ be the weak
measurable space induced by {h; : f € M(X,o/)} on X/ ~. Consider Y := X/ ~. Then,
(Y, ") is a T-measurable space. Define 6 : X — Y by 6(x) = [z].. The function 6 is onto,
and hyof = f for any f € M(X, o). We define np: M(Y) - M (X, o) by g — go0. Then,

71 is an isomorphism.
1
Consider g € M (Y, 2/') and n € N. We show that 4,, := {x € X : |[n(g)(z)| > —} is a
n
compact element of .&7. Since

A, = {x e X : |g([z])] > 711} and 0(A,) = {[m]N eV :|g(lz))] = 1}

n

is a compact element of </’, we conclude that §710(A,,) is a compact element of <. Since
A, €l 60710(A,), we deduce that A, is a compact element of /. Therefore, n(g) €
Mo (X, o).

Consider f € M (X, %) and n € N. We show that

By i= {[wh €Y I ()] 2 1}

n

1
is a compact element of @’. That §~1(B,) = {z € X : |f~!(z)] > =} is a compact
n
element of </ allows us to conclude that B, = 6(0~1(B,)) is a compact element of <’
Hence, n=1(f) € Mo (Y, «/"). Accordingly, 7] Mo (Y, ') — My (X,o7) is an

isomorphism. [J

Moo (Y, ')

By Proposition to study Mo (X, «7), we can assume that X is a T-measurable space.

Proposition 4.4. Let (X, .<7) be a T-measurable space and A € «/. Then, (A, &) is a
o-compact measurable space if and only if there exists an element f in M (X, <) such that
coz(f) = A.

Proof . Necessity. Let {4, : n € N} be a family of compact elements of <74 such that
A=J,enAn and A, C A,y for every n € N. We let By := A; and B, = A, \ A, for
every 2 < n € N. It is clear that B,, is a compact element of <7 for every n € N. Define
f: X —=>Rby
1 ifze B,
flay=13"
0 otherwise,
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for every z € X. From
0 ifr>1
fﬁl([noo): X ifr<o

U;”YHLSIT\IIBm ifn%rl<r§%forsomeneN,

we infer that f € M (X, /) and coz(f) = A. Since

{xeX:ﬂMZi}={w€LJRwU@)zi}=

B,
meN S
we conclude that {z € X : |f(z)| > 1} is a compact element of & for every n € N.

Therefore, f € Mo (X, o).
Sufficiency. Consider f € M (X, ) and A = coz(f). Then,

Aw={w6X:uw>zl}

n

is a compact element of 7, for every n € N. From A, C coz(f) we conclude that A, is a

compact element of @74 for every n € N. Since coz(f) = U, .y An, we deduce that (A4, 274)

neN
is a o-compact measurable space. [

Proposition 4.5. Let (X, /) be a T-measurable space and
C= U{A € o/ : Ais compact}.
Then, the following statements are true.
(1) AC X\ Cif and only if f(A) = {0} for every f € M (X, &).
(2) Moo(X, o) C({M} : 2 € X\ C}, where M} = {f € M*(X) : f(x) = 0} for every
e X.

Proof . (1). Necessity. By the definition of M (X, <), f(X \ C) = {0} for every f €
My (X, o).
Sufficiency. Otherwise, there exist an element a in A N C and a compact element B

of & such that a € B, showing that xp € M. (X, <) and xp(A) # {0}, and this is a
contradiction.

(2). By the first statement, this is evident. OJ
In the second statement of Proposition [£.5 the inclusion may be proper. This is the

content of the following example.

Example 4.6. Consider (X, /) := (N, P(N)). This is a locally compact T-measurable
space, and the function f : X — R defined by z +— ET“ is not in M (X, 7). Therefore,
Moo (X, o) C M*(X, o) =N{M}:2 € X\ C},since X \ C = 0.
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5 When is M, (X, <) a regular ring?

In this section, we observe that M (X, <) is a regular ring if and only if it is an ideal
of M(X, o).

Example 5.1. Consider (X, <) := (N, P(N)). This is a o-compact T-measurable space,
and the function f : N — R defined by = — 1 is a unit element of M (X, o) such that
f € Moo(N). Since Moo(X, /) C M*(X, o) CxM(X,;af), we conclude that M (X, <7) is
not an ideal of M (X, 7).

Definition 5.2. Let (X, /) be a measurable space. A subset U of X is called relatively
pseudocompact if f(U) is a bounded subset of R for all f € M(X, ).

The next result is a new characterization of compact elements of a T-measurable space

in terms of relatively pseudocompact measurable subspaces.

Proposition 5.3. Let (X, o) be a T-measurable space and A € &7. If (A, &74) is a o-

compact measurable subspace of X, then the following statements are equivalent.

(1) A is a relatively pseudocompact measurable subspace of X.
(2) A is a compact element of 7.
(3) A is a finite subset of X.

Proof . (1) = (2). If A is o-compact, and not compact, then (A4, %4) = (N, P(N)) by
Propositions [3.2] and Hence, the function f : N — R defined by z + « is an element
of M(A). Since A € &, there exists an element f in M (X, /) such that f|a = f. By
statement (1), f(A) = f(A) is bounded, which is a contradiction.

(2) = (1). By Proposition A is a finite set. So, A is a relatively pseudocompact

measurable subspace of X. [

Proposition 5.4. Let (X, o) be a measurable space. Then, the ring M (X, &) is an ideal
of M*(X, o).

Proof . Consider f € Moo (X, 7). Then A :={x € X : |f(x)| > 1} is a compact element
of o7, and hence f[A] is a bounded subset of R, from which it follows that f € M*(X, <).
Therefore, by Proposition My (X, 47) is a subring of M*(X, o). Now, we assume that
f € Mo(X, ) and g € M*(X, ). Hence, there exists an element ny in N such that
lg(x)] < ng for all z € X. Since {z € X : |f(x)] > n%m} is a compact element of 2/ and

{xeX:|fg(:c)|>Tll}C{xeX:|f(ac)|>1}7

nno
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we conclude that {z € X : |fg(z)| > 1} is a compact element of &. Hence fg € Moo (X, ),
and so My (X, &) is an ideal of M*(X, 7). O

Proposition 5.5. Let (X, &) be a T-measurable space, and A € &/ be a o-compact element
of /. Then, A is a compact element of o if and only if f|la € M*(A,/4) for every
feMX, o).

Proof . Necessity. If A is a compact element of o7, then by Proposition M(A, oy) =
M*(A, e4), from which it follows that f|4 € M*(A, #4) for every f € M(X, ).

Sufficiency. Let A be an element of & which is not compact. Since, by Propositions
and (A, o74) = (N,P(N)) and M(A, /4) # M*(A, o/4), we conclude that there exists
an element g in M (A, o4)\ M*(A, &4). Thus, if we define f : X — R by f(z) = g(z) when
z € A and f(z) = 0 otherwise, then f € M(X, o) and fla = g & M*(A, &4), which is a
contradiction. [J

Definition 5.6. A measurable space (X, ) is locally compact if there exists a compact
element A of & such that x € A for every x € X. Also, a non-empty subset Y of X is a
locally compact measurable subspace of X provided that (Y, .2#%) is locally compact.

Remark 5.7. Every o-compact measurable space is a locally compact measurable space.

Lemma 5.8. Let (X, o) be a measurable space, and {f,}nen € M (X, <) be such that
0 < fu(z) < fug1(z) for every n € N and every x € X. If the sequence {f, }nen converges
to f pointwise on X, then f € M (X, o).

Proof . Consider r € R. Since 0 < f,,(z) < fny1(z) for every (z,n) € X x N, we conclude
from lim, o fn(z) = f(x) that

{zeX:fl@)>r}=J{zeX: fulw)>r} e o

neN

Therefore, f € M(X, o). O

Proposition 5.9. Let (X, <) be a T-measurable space. Then, M, (X, o) is an ideal of
M(X, o) if and only if every o-compact element of o7 is relatively pseudocompact.

Proof . Necessity. Let Y € & be a o-compact element of &/ which is not a relatively
pseudocompact element. Then, there exists an element g in M (X, <) such that g(Y) is not
a bounded subset of R. Hence, there exists a sequence {a, }nen in Y such that g(a,) > 2"

and g(an4+1) > g(an)+ 1. Since Y is o-compact, we deduce that there exists an element B,
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of @« such that a, € B, NY = A,, and A, is a compact element of 2 for every n € N.
Since Y € o7, we conclude that A, is a compact element of &7 for every n € N. We let

_ 1 1
Un =7 (s(e) - e + 1) 14

for every n € N. Then Uj is a compact element of <7, a; € U; and U;NU; = () for all 4, j € N
with ¢ # j. For n € N, let

for every z € X. By Lemma [5.8|

X”ﬂ,fm) € M(X, o).

f(z):= lim s,(x) = Z 5

n—oQ
For every fixed m € N, K, := |J;~; U; is a compact element of . It is clear that x,, (z) =0
for every n < m and every x € K¢,. So,

w Xu, () - 1 1 1
flx) =33, U2n < En:m+127 < om < ooy

for every xz € K¢,. Since

{eex @iz 1} e

m

} is a compact element of «7. Hence, f € M (X, o).

3|~

we conclude that {z € X : |f(z)| >
On the other hand, since

(ninemyc{oexslfo)> 1}

we conclude from Proposition hat {r e X :|fg(x)] > %} is not a compact element of
&/, which implies that fg & M (X, 7). Therefore, M, (X, /) is not an ideal of M (X, &),
which is a contradiction.

Sufficiency. Consider f € My (X, /) and g € M(X,«/). Since, by Proposition
coz(f) is a o-compact element of o/, we conclude from our hypothesis that g(coz(f)) is a
bounded subset of R, from which we find that there exists an element k in N such that

lg(z)| < k for every x € coz(f). For every fixed n € N,

{oex:ira@n = 1} ={z ccont: e = 1} < {a ccontn): i) = o}

1
Since {z € coz(f) : |f(z)| > —k} is a compact element of &/, we conclude that {z € X :
n

1
|fg(x)] > —} is a compact element of o7. Hence, fg € M (X, o). So, by Proposition
My (X, ,QfgLis an ideal of M (X, «7). O
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Definition 5.10. Let (X, .o/) be a measurable space, and Mg (X, .o/) denote the family of
all functions f € M (X, /) for which coz(f) is a compact element of <.

Remark 5.11. Let (X, .<7) be a T-measurable space. Consider f € Mg (X, /) and n € N.

Since coz(f) is a compact element of 7 and
{oex:ir@r= 1} coontr),
we conclude that {z € X : |f(z)| > %} is a compact element of 7. Therefore,
Mg (X, o) C Moo (X, 7).
Also, by Proposition [3:2]
My(X, o) ={f € M(X,o): coz(f) is finite}.

The ring A (commutative, with 1) is regular if for each element a, there exists an element b

such that a?b = a.
Proposition 5.12. If (X, o) is a T-measurable space, then My (X, o) is a regular ring,.

Proof . Consider f € Mk (X, o). We define g : X — R by

0 ifxeZ(f)

for every x € X. Then, g € Mg (X, o) and f = gf2. Therefore, My (X, <) is a regular
ring. UJ

The following example shows that M. (X, <7) may not be regular.
Example 5.13. Consider (X, &) := (N,P(N)). We define f : X — R by z + 2. Then,

f € My(X, o) and coz(f) = X. If g € M(X, &) such that f = gf2, then g is the inclusion
function and g € M (X, o). Therefore, M. (X, /) is not a regular ring.

Given a T-measurable space (X, &), the following result presents some conditions equivalent
to the regularity of M. (X, <) as a ring.

Proposition 5.14. If (X, /) is a T-measurable space, then the following statements are

equivalent.
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(1) M (X, o) is an ideal of M (X, o).

(2) Every o-compact element of & is compact.

3)

(4) If {A,}nen is a family of compact elements of 7 such that

Every o-complement of & is a finite subset of X.

AlgAQQQAngAn-‘,-lg)

then there exists an element k in N such that Ay = Agy,; for all ¢ € N. In other words,
every ascending chain of compact elements of &7, ordered by the relation C, is finite.
(5) Moo (X, o) = Mg (X, o).
(6) Moo (X, /) is a regular ring.

Proof . (1) = (2). If A € & is o-compact and not compact, then by Proposition A
is not a relatively pseudocompact measurable subspace of X, and so by Proposition [5.9
Mo (X, 47) is not an ideal of M (X, /), which is a contradiction.

(2) = (3). By Proposition [3.2] this is evident.

(3) = (4). Let {A, }nen be a family of compact elements of </ such that

A CAC - CAC A Con .

Then, (J,,cy An is a family of o-compact elements of <7, By statement (3), U,,cy An is a
family of compact elements of &/. We deduce from Proposition [3.2| that | J,, oy Ay is a finite

set, and this implies that there exists an element k& in N such that Ay = Ay, for all i € N.

(4) = (1). Let A € & be a o-compact element of «7/. Then, by Remark there
exists an ascending chain {4, : n € N} of compact elements of ./ such that A = J,,cy An-
Hence, by our hypothesis, there exists an element n in N such that A = A,,, from which it
follows that A is compact. Then, A is a finite set by Proposition [3.2] and so it is relatively
pseudocompact. Therefore, by Proposition Moo (X, o) is an ideal of M (X, o).

(4) = (5). Consider f € My (X, o). For every n € N, let

tn={rexsismiz 1},

n

so that
A CAC--CA,CA 1S

Hence, by our hypothesis, there exists an element n in N such that

A= {xeX:f(x)IZTlL}COZ(f)

neN
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is a compact element of o7, showing that f € Mg (X, o). We conclude from Remark
that Moo (X, o) = Mk (X, o).

(5) = (6). By Proposition Moo (X, o) is regular.

(6) = (2). If A € & is o-compact, then by Proposition there exists an element
f in Mo (X, ) such that coz(f) = A. By the hypothesis, there exists an element g in
My (X, o) such that gf? = f, which implies Z(f) = {z € X : fg(x) # 1}. We find that
g(x) = ﬁ for every x € coz(f). Since f € My (X, /) C &*(X), there exists an element
k in N such that |f(z)| < k, for every z € X. Hence, |g(z)| > 1 for any x € coz(f), that is,
coz(f) C {z € X : [g(z)| > 1}. Since g € Moo (X, /), we conclude that {z € X : [g(z)| > +}
is compact. Thus, A = coz(f) is compact. O

Proposition 5.15. Let (X, o) be a T-measurable space. Then, M. (X, <) = R if and
only if & has a unique non-empty compact element.

Proof . Necessity. Let A, B € & \ {(} be distinct compact elements of &7. Since AU B
is a compact element of o/ and |A U B| > 2, we conclude from Corollary that R? is a
subring of @7 (AU B) = &/*(AU B) = M. (AU B), which is a subring of M. (X, <) = R,
and this is a contradiction.

Sufficiency. Let A be the unique non-empty compact element of /. By Proposition
there exists an element a of X such that A = {a}. If 0 # f € M. (X, ), then by
Proposition [{.4] coz(f) is o-compact, and so coz(f) = {a}. Hence, M (X, &) =< x, >,
from which it follows that M (X, ) = R. O In the next proposition, we characterize

compact T-measurable spaces in terms of the ring of all real measurable functions.

Proposition 5.16. Let (X, o) be a T-measurable space. Then, M. (X, /) = M(X, /)
if and only if (X, /) is a compact measurable space.

Proof . Necessity. Since 1 € M (X, o) = My (X, /), we conclude that X = {z € X :
|1(z)| > 1} is a compact measurable space.

Sufficiency. By Proposition M(X, o) = M*(X,o). Since 1 € M(X,«), we
conclude from Proposition [5.4) that M. (X, o) = M (X, /). O

6 On locally compact measurable spaces

In this section, we show that when an algebraic or lattice property holds for M. (X, <)
with (X, /) being a locally compact measurable space, it also holds for M., (X, &) with
(X, o) being arbitrary.
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Example 6.1. Let X be a non-empty set, and let ¥ be the collection of all sets £ C X such
that either E or X \ F is at most countable. Recall from [20] that (X, <) is a measurable
space. It is clear that (X, .o7) is a locally compact T-measurable space. Also, if X is an
uncountable set, then &7 # P(X).

For any subset A of M (X, o), we write Cozg[A] = {coz(f) : f € A}.

Lemma 6.2. Let (X, /) be a T-measurable space, and
B:={f"10): f € Muo(X, o), O € O(R)}.

Then, < Coz(Mk (X, o)) >=< Coz(M(X, o)) >=< B> .
Proof . Suppose that f € M (X, ). Since

! (_1, 1) =X\ {:c € X :|f(x)] > 711} €< Coz(Mg (X, o)) >

for every n € N, we conclude that Z(f) e< Coz(Mg(X,a)) >. If0 ¢ O € O(R) and
f € My(X, o), then

F7H0) = coz(x,_, ) €< Coz(Mk (X, o)) >,
from which it follows that if 0 € O € O(R) and f € M (X, o), then
F7H0) = Z(£) U f7HO\{0}) €< Cor(Mk (X, o)) >,
and we conclude that
B C< Coz(Mk (X, o)) >C< Coz(M (X, 27)) > .
Now, we deduce from
Coz(Mg (X, 7)) C Coz(Mo (X, o)) C B

that < Coz(Mk (X, o)) >=< Coz(M (X, o)) >=< B> .0

Proposition 6.3. Let (X, /) be a T-measurable space and A = {{z} : © € X}. Then, the

following statements are equivalent.

(1) The measurable space (X, .«/) is a locally compact T-measurable space, and if (X, «7’)
is a locally compact T-measurable space, then & C &', (&7 is the smallest locally
compact T-measurable space on X.)

(2) The o-algebra 7 is generated by A.
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(3) The o-algebra «f is the collection of all sets E C X such that either E or X \ E is at
most countable.

(4) The o-algebra 7 is generated by coz(M (X, 2)).
(5) The o-algebra f is generated by coz(Mk (X, o).
(6) The o-algebra < is the same weak measure induced by M (X, &).

Proof . (1) = (2). It is clear that (X, < A >) is a locally compact T-measurable space.
By the first statement, o C< A >. We find that A C &, for every locally compact
T-measurable space (X, .o/). We deduce that < A >= & is the smallest locally compact

T-measurable space on X.
(2) = (1). This is evident.

(2) < (3). Let &7’ be the collection of all sets E C X such that either F or X\ F is at most
countable. By Example (X, o) is a locally compact T-measurable space. Therefore,
/" C< A>. Also, A C &/’ and hence, < A >C &//. We conclude that < A >= &’.

(2) = (4). Since for every x € X, {z} = coz(x{s}) € coz(Mu(X, <)), we find that A C
coz(Mso (X, o). Consider f € My (X, o). Since coz(f) = U, cn{z € X 1 |f(z)| > L} isa
o-compact element of &7, we conclude from Proposition that coz( f) is at most countable,
from which it follows that coz(f) €< A >. Therefore, < A >=< Coz(Muo(X, o)) > .

(4) & (5) & (6). By Lemma this is evident.

(4) = (2). Consider {fn}nen € Mo(X, ). Then (J, oy coz(fn) is o-compact, because
coz(fy) is o-compact for any n € N. By Proposition there exists an element f in
My (X, /) such that coz(f) = J,cnc0z(fn). Then, {coz(f) : f € My (X, )} is closed
under countable unions. Also, since (), oy coz(f,) is o-compact, we deduce from Proposition
that {coz(f) : f € M (X)} is closed under countable intersections. Therefore, by
Proposition [£.4]

< Coz(My (X, o)) > ={coz(f) : f € Moo(X, )} U{X\ coz(f): f € M(X, <)}
={ACX: Aor X\ Ais at most countable}.

O

Proposition 6.4. Let (X, 47) be a T-measurable space. Then, the following statements
are equivalent.

(1) X is alocally compact space.

(2) For any z9 € X and F € & with zo ¢ F, there exists an element f in M (X, <)
such that f(zo) =1 and f([F]) = {0}.

(3) Mwo(X, o) is a free ideal of M*(X, o).
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(4) Mg(X, <) is a free ideal of M*(X, &) and M (X, o).

Proof . (1) = (2). Let a € X and F € & with a ¢ F. By the first statement, there exists
a compact element A of </ such that a € A, and we conclude that x4\ p € Mg (X, o) C
Mo (X, ).

(2) = (3). If | X| < Ny, then X is compact by Proposition and we conclude from
Proposition [5.16|that 1 € M (X, &) = Mo (X, /) = Mk (X, o). Hence, M (X, o) is free.
Now, we can assume that | X| > Rg. Consider a € X. Then, by the hypothesis, there exists
an element B in & such that a ¢ B and by the second statement, there exists an element
fin M (X, o) such that a € coz(f). Hence Uyc,, (x)coz(f) = X, from which it follows
that My (X, &) is free.

(3) = (1). Consider a € X. Since M (X, o) is free, we find that there exists an element
fin My (X, &) such that a € coz(f) = U, ey |f] 71 (£, 00), from which it follows that there
exists an element n in N such that a € |f|7!(%, 00) and |f|~!(}, 00) is compact.

(1) = (4). Let x € X be given. Then {z} € &/, and hence X1, € Mk (X, o). Therefore,
X C Coz(Mg (X, o).

(4) = (2). f z € X, then z € |JCoz(Mk(X,27)). There exists f in Mg (X, /) such
that « € coz(f), which is compact. Therefore, X is locally compact. O

Lemma 6.5. Let (X, /) be a T-measurable space and
Y={reX: {z}ed}

Then, the following statements are true.

1
2

(1) (Y, ey ) is a locally compact T-measurable space.

(2)

(3) For every subset A of X, A € o is o-compact if and only if A € &4 is o-compact.
(4)

(5)

For every subset A of X, A € &/ is compact if and only if A € @4 is compact.

4) For any f € Mo (X, o), coz(f) CY.
5) If Moo (X, /) # {0}, then Y # 0.

Proof . (5). Suppose that 0 # f € M (X, ). Then, there exists an element n in N such
that 0 # {z € X : |f(z)] > 1}, and it is compact. Hence, ) # {z € X : |f(z)| > 2} C Y.

The rest of the proof can be easily completed. [

Next, we show that in the study of rings of real measurable functions vanishing at infinity
on a measurable space and rings of real measurable functions with compact support on a
measurable space, there is no need to deal with measurable spaces that are not locally

compact T-measurable spaces.



Rings of real measurable functions vanishing at infinity on a measurable space 19

Proposition 6.6. If (X, <) is a T-measurable space and M (X, o) # {0}, then there

exists a locally compact measurable space (Y, /') such that

(1) Muo(X, ) = Moo (Y, '), and
(2) My (X, )= My(Y, ).

Proof . (1). Consider Y = {z € X : {z} € &/} and (Y, &) := (Y, o). We define 6 :
Moo (X, o) — M (Y, ') by f— fly for any f € Mo (X, o). Consider f € M (X, <)
and n € N. Since fly (V) = f7HV)NY € & for any V € O(R), it follows that
fly € M(Y). Using

{z € X : z € A for some compact element A of &} ={x € X : {a} € &}

and coz(f) CY we obtain

{vevinvio =1} ={sex:in@= 1},

Since {z € X : |f|(z) > 1} is compact in (X, o), we deduce from Lemma that {y €
Y ¢ |fly|(y) = L} is compact in (Y, @’), from which it follows that f|y € My (Y, o). If
o€ {+,.,V,A} then 8(fog) = (feog)ly = fly 09|y, and so 6 is an f-ring homomorphism.
If f € ker 6, then f|y = 0. Since f € Mo (X, &), we infer from Lemma [6.5| that coz(f) C Y.
Thus, f = 0. Consider g € My (Y, «/’). Since coz(g) is a o-compact element of &7’, we
conclude from Lemmathat coz(g) is a o-compact element of «7. Therefore, X \ coz(g) €
/. Define

g(x) if z € coz(g)

ge) = 0 if z € X\ coz(g).

We show that g* € M (X, ). For any r € R,
(teX:g(@)>r}={zeY glz)>r}
if r > 0, and
(zeX:g'(x)>r}={zeY:g(z) € (r,0)U(0,00)} U (X \ coz(g))

if r <0. Then {x € X : g*(z) > r} € &7, and hence g* € M (X, 7). Since

fexiiriw>1h={aeviirio> 1}

is a compact element of &7/, we conclude from Lemma that it is a compact element of
/. Therefore, g* € Mo (X, «7) and 0(g*) = g*|y = g.
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(2). We consider 0k =: 0|p, (x,or)- By the first statement, 6k is a monomorphism

and coz(fx (f)) = coz(f). We deduce from Lemma [6.5 that 0x(f) € Mg (Y, o’). Let
g € Mg(Y, ') be given. Then, by the same method as the one used in the proof of the
first statement, we obtain ¢* € Mgk (X, o) and 0k (g*) = g. Therefore, Mg (X, o) =
Mg (Y, o). O
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