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1 Introduction and preliminaries

Let P(X) be the power set of the non-empty set X and cl: P(X) — P(X) be an arbitrary

set-valued function such that
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where A, B € P(X). This function is called Kuratowski closure operator which constructs
a unique topology on X such that F' C X is closed, if cI(F) = F. This space is called a
closure space and denoted by (X,cl). Closure spaces are studied in [2], [8], [9] and [10].
An isotonic space is a pair (X, cl) such that cl: P(X) — P(X) satisfies the axioms (K0)
and (K1). Recently, Habil and Elzenati [[5] and [6]], Stadler et al. in [I2] and [I3] and
Boonpok in [I] studied the isotonic spaces and determined some basic principles of these
spaces. In [4] and [3], Ersoy and Erol introduced bi-isotonic spaces. Haghdadi and Estaji in
[7], introduced isotonic closure functions on a locale. They consider a pair (L, cl; ), where L
is a locale and ¢l : S/(L) — S¢(L) is an isotonic function on the sublocales of L. Moreover,
they introduced the concept of generalized cl; - closed sublocales in isotonic closure locales
and discuss some of their properties.

This paper is organized as follows. In Section 1, we review some basic notions together with
some known properties of locales and isotonic spaces. In Section 2, we introduce and study
isotonic closure functions. These are pairs of the form (L,cly), where L is a locale and
cly: L — L is an isotonic closure function on L. We describe connections between closure
functions and interior functions in a locale L. In Section 3, we introduce cp-regular-open
and cr-regular-closed elements in an isotonic closure function and study their fundamental
properties. We show that the set of all ¢y -regular-open elements and the set of all ¢y -regular-
closed elements in locale L are frames with binary relation <p,.

Pointfree topology focuses on the open sets rather than the points of a space, and deals
with abstractly defined the lattice of open sets, called frames, and their homomorphisms.
Formally, a locale L is defined as a special complete lattice (where the top and the bottomn
elements are denoted by 1 and 0, respectively) usually called a frame, in which finite meets
distribute over arbitrary joins, that is, aA\/ .S = \/{aAb: b€ S} forallae Land S C L. A
sublocale of alocale L is a subset S of L which is closed under arbitrary meets and z — s € S
for every (z,s) € L x S (see [11]).

Definition 1.1. [II] Let L be a locale. A pseudocomplement of an element a denoted by

a*, is the largest element b such that b A a = 0, if it exists. Thus, a* is characterized by
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the formula a* := \/{z: z A a = 0}. Also the relative pseudodifference of a with respect
to x donted by x \ a given by the formula z ~ a = A{y: 2 < aV y}. The (absolute)

pseudodifference of an element a is the element a# =1\ a:= A{y: yVa=1}.

In the following proposition we give some properties of pseudodifference and pseudocomple-

ment.

Proposition 1.2. Let L be a locale and a,b,z € L. Then

(1) ava* =1and aAa* =0.

(2) If @ < b, then a” > b* and a* > b*.

(3) a”# < a, and a®## = a¥, a** > a and a*** = a*.
(4) 0# =1=0% and 1% =0 = 1*.

(5) For every {ax}rea € L, and (Vycp ar)” = Ayen a5
(6) If a Ax =bAx, then aVa? =bVa?.

Proposition 1.3. Let L be a locale. Then, the following conditions are equivalent.

1. L is a Boolean algebra.

2. ¥ =gz forall z € L.

3. L is pseudocomplemented and = = z## for all 2 € L.
4

. L is pseudocomplemented and z* = z# for all z € L.

Definition 1.4. A nucleus in a locale L is a mapping v: L — L such that

A map f: L — M ( where L, M are locales) is said to be a localic map whenever for
everya € L,be M and S C L,

(L1) f(AS)= A f[9] (and, in particular, f(1) = 1),
(L2) f(f*(b) = a)=b— f(a), and
(L3) f@)=1=a=1,

where f*: M — L denotes the left adjoint of f provided by (L1). For a sublocale S C L,
set vg(a) = A{s € S:a < s}.
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2 Isotonic closure functions on a locale

In this section, we define isotonic closure function cy,: L — L on a locale L and by this
definition we define c-closed and c-open elements. Moreover, we define the neighborhood
function N': L — P(L) and give relationship between closures of elements and neighborhood
of elements. Let L be a locale and ¢y, : L — L be a function. Consider the following axioms

for arbitrary z,y € L,

K0) cr(L) = L.
K1) = <y implies ¢y (z) < cr(y)
r <cp(w).

Now, we define inty,: L — L by intz(z) = (CL(x#))#

Proposition 2.1. Let L be a locale. The following statements hold.
If ¢y, satisfies in (K0), then int,(T)=T.

If ¢p, satisfies in (K1), then inty, is an increasing function.
If ¢y, satisfies in (K2), then inty, is a contracting function.
If ¢y, satisfies in (K 3), then (intL(x) A intL(y))## <intp(z Ay) for every z,y € L.
If ¢y, : L — L satisfies in (K1), (K2) and (K4), then inty, is an idempotent function.

CUk W

Proof . (1) By condition (K0), int,(T) = (c.(T#))” = (co(1))" = (L)# = T.

(2) Let 2,y € L where < y. By condition (K1), cz(y*) < cz(z¥) and so, (CL(.T#)># <
(CL (y#))#. Therefore, inty, (z) C intz(y) and so inty, is an increasing function.

(3) Let = be in L. By (K2), 2% < cp(x#) and so, (CL(:Z?#))# < 2## < x, which means
that inty,(z) < x.

(4) Let z,y € L be given, then

intp(zAy) =

inty, () Aintr(y)) "7
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(5) By (3), inty (intf(2)) < intz(z). To complete the proof, note that by (K1) and (K4)

we can write
(CL(x#>)## < cL(x#) = CL((CL(x#))##

)
= o ((er@) ™) < sl
= (CL( #))# < ( L((CL(JC#))##>)#
:th ( ((th ))#
(i

= inty(x) < inty, (intz(z )
Thus, intr,(z) = inty, (intz (z)). O

Corollary 2.2. Let L be a Boolean algebra and cj, satisfies conditions (K1) and (K3).
Then inty(z Ay) = intg (z) Aintg (y).

Proof . It is straightforward by Propositions [[.3 and 2.1} O

Now let L be a locale and inty,: L — L be a function. Define the function c;: L — L by
cr(z) = (intL(x*))*. It can be shown simply and with the help of De Morgan laws that the
following statements are true.

Ifint,(T) =T, then clp (L) = L.

If inty, is an increasing function, then cly is also increasing.

If int;, is a contraction function, then cly, is an expanding function.

If inty, (z) Ainty (y) < intg(z Ay), then clp(z Ay) < (clp(z) vV clL(y))**

If inty, is idempotent, increasing and contraction function, then cy, is an idempotent

ARl o A

function.
For every x € L, = is c-closed if cp(z) = x, and it is c-open if inty(z) = .

Definition 2.3. Let L be a locale. The function ¢y, : L — L is called an isotonic function
on L, if it satisfies the axioms (K0) and (K1).

Example 2.4. Let L ={1,a,b,¢,d, T} be a locale with the following Hasse diagram.

T

d
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il b d T
We define function c¢,: L — L by ¢ := “ ¢ . It is easy to see that
1l e d c d T

cy, satisfies (K0), (K1), (K2), (K3) and (K4).
The proof of the following lemma is straightforward.

Lemma 2.5. Let c,: L — L be a function which satisfies (K2). Then for every =z € L,
(CL(:C))# < cr(27) and inty (z) < cp(2).

Lemma 2.6. Let L be alocale and ¢f,: L — L be a function such that satisfies (K'1). Then
(intL(ac#))# < cp(z) for every x € L.

Proof . Let x € L, then

o7 <z = cp () <cp(x) = (CL(:E##))## < (cp(x)*# <cp(z).

##
Then (intL(x#))# = (CL(:U##)) <cp(z). O
Corollary 2.7. Let cr: L — L be a function satisfies condition (K1). Then inty(z%#) >
(cx(@)”
Proof . It is straightforward. O

Remark 2.8. Note that if L is a Boolean algebra, then (intL(x#))# = c(z) for every
z € L.

Corollary 2.9. Let ¢, : L — L be a function satisfies (K2). Then

1. If z € L is c-closed, then z# is c-open.
2. If L is a Boolean algebra and z# is c-open, then z is c-closed.

3. If L is a Boolean algebra and z is c-open, then z* is c-closed.

Proof . It is straightforward by Remark O

Definition 2.10. Let L be a locale and ¢y, : L — L be a function on L. The neighborhood
function is a function N': L — P(L) such that, for every z € L,

N(@)={yeL; z<intr(y)}
and the convergent function is a function N*: L — P(L) defined by
N¥(@)={yeL; z<cuy)}

for every z € L.
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It is easy to see that if ¢, : L — L be a function such that satisfies in (K0) and (K2), then
N*(L)=Land N(T)={T}.

Proposition 2.11. Let L be a Boolean algebra. Then, the following conditions are equiv-

alent for any isotonic closure function cr: L — L.

1. cp(a) Ab=aANcp(b) = L.
2. There exist u € N(a) and v € N(b) such that a Av =uAb= L.

Proof . (1) = (2) Let a,b € L and cp(a) Ab = aAcr(b) = T. By Proposition and
Remark we have

b < (cn(a))™ = (inty(a#)) "™ <inty(a?),

that is, a” € N(b). Thus, there exists v = a¥ € N(b) such that a Av = a A a¥ = L.
Similarly, we obtain a < inty,(b%), that is, there exists b# € Na) with b# Ab= L.

(2) = (1) For a,b € L, there exist u,v € L such that a < inty(u), b < intp(v), aAv = L1,
and u Ab =
Hence, cr(a) = (intL(a#))# < b#. Since b is a complemented element, we conclude that
cr(a) ANb= L. The same argument yields a A cp(b) = L. O

1. Since a Av = L implies v < a¥, we have b < intz(v) < intz(a”).

Lemma 2.12. Let L be a Boolean algebra, | # x € L and c¢: L — L be a function. If
1L € N*(x), then ¢ (L) = L.

Proof . Let x =cp (L) # L, then x < c¢r (L) and so L € N*(x). Which is a contradiction,
then cp (L) = 1. O

Proposition 2.13. Let L be a Boolean algebra, L # x € L and ¢r,: L — L be a function.

Then the following are equivalent

cr(L)=1.
int, (T) = T.
. T eN(x).
. L EN*(z).

Proof . It is straightforward by Proposition Remark 2.8 and Lemma O

Lemma 2.14. Let L be a locale and c¢r,: L — L be a function. Then

L (z<y=cp(x) <cp(y)) if and only if (y € N*(z),y < z = z € N*(2)).
2. (z <y=inty(z) <inty(y)) if and only if (y € N(z),y < z = 2z € N(z)),
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for all z,y € L.

Proof . (1) Necessity. It is straightforward.
Sufficiency. Let x,y € L with z < y be given. It is clear that x € N*(cy(z)). Then

y € N*(cr(x)) and so cp(z) < cr(y).
(2) Similar to (1). O

Proposition 2.15. Let L be a Boolean algebra. For the function ¢y, : L — L the following

statements are equivalent

1. z <y implies that cp(z) < cr(y).

2. z <y implies that inty, (z) < intz(y).

3. y e N*(x),y < z implies that z € N*(z).
4. y € N(z),y < z implies that z € N(x).

Proof . It is straightforward by Lemma and Remark 2:8] [J

Proposition 2.16. Let L be a locale, ¢,: L — L and x,y € L. Then

1. intz(z) < z if and only if (y € N(z) = z < y).
2. z < cp(z) if and only if (z <y =y € N*(2)).

Proof . (1) Necessity. It is straightforward.
Sufficiency. Tt is clear that z € M (inty(z)) and so inty (z) < z. O

Proposition 2.17. Let ¢;: L — L be a function and z,y € L. Then, the following state-

ments are equivalent.

1. er(ep(z)) = cp(z).
2. y € N*(x) if and only if cr(y) € N*(z).

Proof . (1) = (2). Let y € N*(z). Then =z < ¢r(y) = cr(cr(y)), which means that
cL(y) € N* ().

Conversely, let ¢z (y) € N*(z). Then z < cr(cr(y)) = cr(y) and so y € N*(x).
(2) = (1). It is clear that = € N*(cr(z)). Then by (2), ¢ (z) € N*(cr(x)) and so c(x) <
cr(cp(x)). On the other hand, cr(z) € N*(cr(cr(z)) and so by (2), z € N*(cp(cL(x)).
Therefore c,(cr(x)) < cp(x). O

Proposition 2.18. Let ¢,: L — L be a function and x,y € L. Then, the following state-

ments are equivalent.
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1. inty (inty (x)) = intg (z).
2. y € N(z) if and only if inty, (y) € N(z).

Proof . It is similar to Proposition (]
Proposition 2.19. If ¢;,: L — L is a localic map, then N*(x) is a sublocale of L.

Proof . Let {yx}rean € N*(x). Then x < cr(yy) for every A € A and so z < Axeacr(yn)-
Since c¢z: L — L is a localic map, we have x < c¢(A,cp ya). Therefore Acpyr € N*(2).
Since c¢,: L — L is a localic map, z — y € N*(z) for every y € N*(z) and z € L. Then
N*(z) is a sublocale of L. [

Definition 2.20. Let c;: L — L be a function on locale L and M be a sublocale of L.
Then cp;: M — M, defined by

cnr(@) = var(er(@)) = Ny € M er(e) <y},

is the relativization of ¢, to M.

Definition 2.21. A property B of a closure function (L, cy,) is hereditary if for every sublo-
cale M of L, (M,c,,;) also has the property B.

Lemma 2.22. The properties (K1), (K2) and (K3) are hereditary properties.

Proof . Let ,y € M be given.
(K1): Ifz < y, then cg,(z) < c,(y). Therefore, vas(cr(x)) < var(cr(y)) and so by Definition

cm(z) < e (y)-
(K2): Since © € M, vp(xz) = x. Then by condition (K2),

x=vp(x) <wvylen(x)) = ep(a).

(K3): By (K3) we have,

In the following example, we show that the axiom (K4) is not hereditary.



cp-regular-open and cp-regular-closed elements by clouser function in pointfree topology

31

Example 2.23. Let the locale L be as in Example Define ¢,: L — L by c(c) = b,
¢r(d) = a and cp(x) = x for other elements in L. Tt is easy to see that ¢y, is satisfies in
condition (K4). Consider the sublocale M = {_L,¢,d, T} of L. By Definition[2.20] cps(c) = d
and cps(d) = ¢. Therefore

cv(enr(c)) = enm(d) = ¢ # eur(e),

which means that, cy; does not satisfy condition (K4).

Proposition 2.24. Let L be a Boolean algebra and let ¢;,: L — L be an isotonic closure
function. Then, | # z < cz(y) if and only if y# & N (z).

Proof . Necessity. Let | # x < cy(y) and y* € N(z). Then, by Remark and the
definition of neighborhood, z < inty (y#) A (intL(y#))#. So z = L, which is a contradiction.
Hence, y# & N (x).

Sufficiency. Let y# € N(z). Then z < intr(y*) = (CL(y))# and so z £ cr(y). O

Lemma 2.25. Let L be a Boolean algebra. Then ¢y : L — L is an isotonic closure function
if and only if the neighborhood function N': L — P(L) satisfies the following conditions.

1. For every x € L, T € N(z).
2. y € N(z) and y < z imply z € N ().

Proof . Necessity. By Proposition inty(T) = T and so, z < inty(T) for every = € L.
Now, let y € V(z) and y < z. By Proposition 2.1] intz(y) < intz(2). So, z € N(z).
Sufficiency. It is clear that by Lemma [2.13| and Proposition O

3 cr-regular-open and cy-regular-closed elements

In this section we introduce cy-regular-closed and cy-regular-open elements in a locale
by closure function ¢y, : L — L and show that the set of all cz-regular-closed elements of
L and the set of all cp-regular-open elements of L are frames. Also, we define minimal

cr-regular-open element and give conditions where x € L be a minimal cy-regular-open.

Definition 3.1. Let L be a locale. An element a € L is called a cj-regular-closed
element if cpintpa = a. Also, an element a € L is called a cp-regular-open element if
intrcra = a. The set of all ¢p-regular-closed elements of L is denoted by RC(L) and the
set of all ¢p-regular-open elements of L is denoted by RO(L).

Lemma 3.2. Let L be a locale and = € L. Then, the following statements are true.
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If + € RC(L), then 2% € RO(L).

If x € RC(L), then intz € RO(L).

If x is c-closed, then intx is ¢y -regular-open.
If x is c-open, then cpx is c¢p-regular-closed.

If « is c-clopen, then © € RO(L) N RC(L).

If x is c-open, then intycpz is cp-regular-open.

If x € RO(L) and inty,: L — L is idempotent, then x is an c-open element.

® NS e W N

If x € RC(L) and cr: L — L is idempotent, then z is a c-close element.

Proof . Tt is straightforward. [J

Proposition 3.3. Let L be a locale and cy,: L — L be a functions such that satisfies in
(K1), (K2) and (K4). Then

RO(L) = {intrcrz: x is c-open}
= {intry: y is c-closed}.

and
RO(L) = {cpintpz: x is c-close}
= {cpy: y is c-open}.

Proof . It is clear by Lemma [3.2] O

Proposition 3.4. Let L be a locale and cy,: L — L be a functions such that satisfies in
(KO0), (K1), (K2), (K3) and (K4). Then, the following statements are true.

(1) For every a € L, crintcpintra = cpintpa and intpcrintycra = intcpa.
(2) Let L be a Boolean algebra, a,b € L and a be c-open. Then

cp(and) =cp(aAncpb) and intpcp(a Ab) =intpcra Aintrepb.
(3) Let L be a Boolean algebra, a,b € L and a be c-closed. Then

intz(aVb) =inty(aVintyb) and cpinty(aVb) =cpintraV cpintpb.

RO(L) L
(4) (RO(L),<y ) is a frame, \/ by= \/ by and
AEA AEA
RO(L) L L
/\ by = intrcrinty, /\ by = intrcr, /\ by
A€EA AEA AEA

for every {b,\})\eA C RO(L).
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RC(L) L
(5) (RC(L),<r ) is aframe, A\ by= A byand
AEA AEA
RC(L) L L
\/ b)\ = CLintLCL \/ b)\ = CLiIltL \/ b)\
AEA AEA AEA

for every {b,\})\eA C RC(L).

(6) If L is a Boolean algebra, then (RO(L), <y ) is a Boolean algebra and a* = intza’ for
every a € RO(L).

(7) If L is a Boolean algebra, (RC(L), <y ) is a Boolean algebra and a* = cpa’ for every
a € RC(L).

Proof . (1). By Propositionand condition (K2), intycrintya < cpintpa. Then by (K1)
and (K4), cpintepintpa < cpepintpa = cpintpa. Moreover, intpa < cpintpa. Then, intpa =
intyintya < intpcpintya and so cpintpa < cpintpcpintya, we conclude that cpintcpintpa =

crintra. The rest is similar.

(2). Let a,b € L and a be c-closed. Then by (K1) and (K2),
anNb<aAcpb=cp(anb) <cp(aAcpd).

Suppose that L # aAb. Let L # d € L be ¢-closed and cy,(a Acpb) < d. Then by Corollary
21
d#* < (CL(a A cLb))# = intp, (a A CLb)# < (a A cLb)#.

Hence, a Ab < a Acpb < d, which implies that L ZaAb=dAaAb, and so, cp(a Acpb) <
CL(a/\b).
Now, suppose that L. = a Ab. Then

b<a*=cb<a*=aNncrb= 1.

Therefore by (K0), cp(a Acpb) =cp(L) =L =aAb<cp(aAb).
It is evident that intycp(a Ab) < intpcra Aintpcpb. Also
intrcp(aAb) =intpepintpcr(a Ab) = intpcrintycr(a A cpb)
> inthLintL(a A CLb) = inthL(a A intLCLb)
> inty(cra Aintrepb) = intpepa Alintpepb.
Therefore, intrcp(a Ab) = intpcra Aintpcrd.

(3). The proof is similar to the proof of part (2).



34 T. Haghdadi

(4). Let {ax}rxean € RO(L) be given. Let b € RO(L) with ay < b for every A € A be
given. Then,

\/ ay <b=intycy, \/ ay <intpcpb =0,

AEA AEA
and since \/ycpax < intperp \/ycp an, we conclude that intper \ycpax = Vycpan €
RO(L). Therefore, by part (2), (RO(L),<r ) is a frame.
RO(L) L
Let {bA}AeA C RO(L) be given. It is clear that A by < A by, then
AEA AEA
RO(L) L RO(L) L L
N\ ba<inty A\ ba=VAeA( A by <intpepinty [\ by <intrer [\ by < by)
AEA AEA AEA AEA AEA
RO(L) L L L
= /\ by <intpcpinty, /\ by <intpcr, /\ by < /\ by
A €A AEA A€EA
RO(L) L L
= /\ by = intpcpinty, /\ by = intycy, /\ by.
AEA AEA AEA

(5). The proof is similar to the proof of part (4).
(6). Let a € RO(L) be given. Then a is complemented in L, which implies that

crintpa’ = cp(cpa)’ = (intrepa)’ = d',

intpcpintpa’ = intpa’ € RO(L),
aNintrpa’ =intp(a Ad’) = L, and
aVintra' =intpep(a Vintpa') = inty(cra V epintpa’) = inty(cpa VvV a')

>intp(avVa)=T.

Therefore, (RO(L), <y, ) is a Boolean algebra.
(7). The proof is similar to the proof of part (6). O

Definition 3.5. A element a of a locale L is said to be:

1. a minimal ¢y -regular-open if L # 2 € RO(L) and for every y € RO(L), y < x implies
y=zory=1.

2. a minimal cg-regular-closed set if L # z € RC(L) and for every y € RC(L), y < x
impliesy =z or y = L.

3. a maximal cg-regular-open if T # 2 € RO(L) and for every y € RO(L), x < y implies
r=yory=1T.

4. a maximal cp-regular-closed if T # x € RC(L) and for every y € RC(L), z < gy
impliesx =y ory=T.
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The collection of all minimal c¢,-regular-open (resp. minimal cz-regular-closed , maximal cf.-
regular-open , maximal cp-regular-closed ) elements in a locale L is denoted by MinRO(L)
(resp. MinRC(L), MaxRO(L), MaxRC(L)).

Proposition 3.6. Let x be c-closed and y be minimal cy-regular-open such that = < y,

then intpz = L.

Proof . By Lemma [3.2] intyx is cp-regular-open and intpz < z < y. Since y is a minimal

cp-regular-open element of L, then intyxz = 1. O

Proposition 3.7. Let L be alocale, x € L and c,: L — L be a function such that satisfies
in (K1), (K2) and (K4). Then, the following equivalent:

1. x is minimal cy-regular-open .
2. y<x<cpry, where y <z and intpy # L.
3. ¢z =cpy, where y < x and intpy # 1.

Proof . (1) = (2). Let y < x with intpy # L be given. Since L # intry < intpery <
intpcrx = x, and x is minimal cp-regular-open , we conclude that intycyy = x. Therefore,
y<z<cry.

(2) = (3). It is evident.

(3) = (1). Let z be a cp-regular-open element such that L # z < z. By Lemma
1 #intyz = 2z < x, and so by (3), ¢,z = cpx. This implies that z = intycpz = intpcpx = .
O

Proposition 3.8. Let x be minimal cy-regular-open . If x is c-closed, then x is minimal

cr-regular-closed .

Proof . Since z is ¢ -regular-open and c-closed, then z is ¢y -regular-closed . Suppose that
y is cp-regular-closed such that y < x. Then intyy is cp-regular-open and intpy < y < z.
As x is minimal c¢y-regular-open , int;y = L or intpy = 2. Then either cpintyy = L or
crintpy = cpx = x. Since crintpy = y, we get y = L or y = x. Therefore x is minimal

cr-regular-closed . [J

Proposition 3.9. Let x € L be c-closed and let y = cpintypx. Then y is a ¢ -regular-closed

element of L and intpy = intpx.

Proof . By Proposition [3.4] cpintpy = cpintpcpintpx = cpintyz = y. Then y is a cp-
regular-closed element. Since z is closed, we have int;y = intycpintyx = intpcpintpcpx =

intpcpxr =intpz. O
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Proposition 3.10. Let inty: L — L be idempotent, T # x € L be c-closed and m €
MaxRO(L) such that m < a . Then intpz = m.

Proof . By Lemma (3.2 m = int;m < intyz and intyx is a cp-regular-open , then intyx =
m. [
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