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Abstract

In topological space, the notions such as convergence and compactness can be characterized

in terms of ultrafilters. Also, the concept of clusters, as their counterparts, may be considered

as a primitive concept in proximity space. Duality is an alternate way of studying proximity

spaces, in which the notion of ends is dual of clusters. In this paper, we define concepts of

end and round filter for I-contact algebra and prove that clusters and ends are dual concepts

in a similar way to that in the proximity space.
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1 Introduction

In the early 1950, Efremovich introduced axioms of proximity space (X, δ), where AδB

means “A is near B” for subsets A,B ∈ P(X). The proximity space naturally generalizes the

metric space and the topological group [12]. In 1952, Smirnov [13] discovered the connection
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between the Hausdorff compactification of a Tychonoff space and the compatible proximity

relation, showing that “a topological space admits a compatible proximity relation if and

only if it is a subspace of a compact Hausdorff space”. Using the ’ends’ of Alexandroff,

Smirnov [13] obtained the compactification of a proximity space X, by identifying each

point x ∈ X with the end consisting of all proximity neighbourhoods of x, and showing the

compactification of X to be the set of all ends in X.

The concept of a cluster, the analogue in a proximity space of an ultrafilter, was introduced

by Leader [10] and provides an alternative approach to many proximity problems. In par-

ticular, Leader [10] obtained the compactification of a proximity space X to be the family

of all clusters from X. Since the Smirnov compactification is unique, it is evident that a

one-to-one correspondence exists between clusters and ends. In fact, Leader [11] proves that

clusters and ends are dual classes.

In Euclidean geometry, as a point-based theory the notion of a point is considered as

primitive concept, while all other geometrical objects are defined as sets of points. But, in

point-free geometry one can consider solid bodies as primitive, and points are defined in

terms of these new primitive notions [9]. So, the notion of contact algebra was first intro-

duced by researchers interested in defining point-free geometry. The first relevant attempt

in this direction was made by de Laguna [1] in 1922, Whitehead [15] in 1929, Tarski [14],

in 1927, Grzegorczyk [8], in 1960, and de Vries [2] in 1962 and many researchers so far.

An I-contact algebra is a Boolean algebra on which a proximity relation is defined whith

the interpolation property (for short, ICA) were also introduced in [3] by Dimov as normal

algebras.

The paper is organized as follows. In Section 2, we review some basic notions together

with some known properties of Boolean algebras and I-contact algebras. In Section 3, we

introduce duality in contact algebras and prove that the concept of the end is dual of the

cluster.

2 Preliminaries

As preliminaries, we recall some definitions and results on contact algebras and topo-

booleans. For further information, we refer the reader to [3, 4, 5, 6].

We recall from [4, 5] that an algebraic system (B,C) = (B,⊥,>,∨,∧, ′, C) is called

a contact algebra (abbreviated as CA) if (B,⊥,>,∨,∧, ′) is a non-degenerate Boolean

algebra and C is a binary relation on B, called contact, satisfying the following axioms.

(contact1) aCb implies bCa.

(contact2) (a ∨ b)Cc if and only if aCc or bCc.
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(contact3) If aCb, then a 6= ⊥ and b 6= ⊥.

(contact4) If a 6= ⊥, then aCa.

Let (B,C) be a contact algebra. The relation �C (or simply �) of non-tangential

inclusion is defined by a � b if and only if a(−C)b′, i.e., (a, b′) 6∈ C; In this case, by

inspiring of [12, Definition 3.1], we say that b is a C-neighbourhood of a .The definition

of CA can be equivalently reformulated using this relation. This can be done using the

following axioms.

(� 1) > � >.

(� 2) If a� b, then a ≤ b.
(� 3) It follows from a ≤ b� c ≤ d that a� d.

(� 4) a� b implies b′ � a′.

(� 5) a� b and a� c imply a� (b ∧ c).

Also, a contact relation C on a Boolean algebra B which satisfies the interpolation property

(contact5) x� y ⇒ (∃z)(x� z � y),

will be called, for the sake of brevity, I-contact relation. If C is an I-contact relation on

B, then (B,C) is called an I-contact algebra (abbreviated as ICA). Let (B,C) be an

I-contact algebra. We recall from [3] that a subset σ of B is called a cluster in (B,C) if and

only if the following conditions are satisfied:

(clus1) If a and b belong to σ, then aCb.

(clus2) If aCb for every b ∈ σ, then a ∈ σ.

(clus3) If (a ∨ b) ∈ σ, then a ∈ σ or b ∈ σ.

Throughout this paper C (B,C) denote the set of all clusters in (B,C), and for every

subset H of B, we define

CH(B,C) :=
{
b ∈ B : aCb for all a ∈ H

}
.

An element a of a bounded lattice L is called an atom if a 6= ⊥, and ⊥ < b ≤ a implies

b = a for b ∈ L. In what follows, the set of all atoms of a bounded lattice L is denoted by

At(L). Let (B,C) be an I-contact algebra and a, b ∈ At(B), then (B,C) is called separated

if and only if satisfied the following property:

aCb iff a = b. (2.1)

Or equivalently,

a� b′ iff a 6= b. (2.2)
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Lemma 2.1. [7] Let (B,C) be an I-contact algebra. If there exists an x ∈ At(B) such that

aCx and xCb, then aCb for every a, b ∈ B.

Lemma 2.2. [7] Let (B,C) be an I-contact algebra and let F be an ultrafilter of B. Then

CF (B,C) is a cluster in I-contact algebra (B,C) such that F ⊆ CF (B,C).

Definition 2.3. Let (B,C) be an I-contact algebra and let F be an ultrafilter of B. We

say that F generates CF or CF is determined by F .

Proposition 2.4. [7] Let (B,C) be an ICA. Then, the following statements are true.

(1) A subset σ is a cluster in I-contact algebra (B,C) if and only if there exists an ultrafilter

F in B such that σ = CF .

(2) If σ is a cluster in I-contact algebra (B,C) and a0 ∈ σ, then there exists an ultrafilter

F in B such that σ = CF and a0 ∈ F .

(3) If σ is a cluster in I-contact algebra (B,C) and F is an ultrafilter in B such that

F ⊆ σ, then σ = CF (B,C).

Proposition 2.5. [7] Let (B,C) be an I-contact algebra and a, b ∈ B. Then, the following

statements are true.

(1) If (a, b) ∈ C, then there exists a cluster σ in (B,C) such that a and b both belong to

σ.

(2) If B is an atomic Boolean algebra and Bτ(C) is a compact topoboolean, then

(a, b) ∈ C if and only if clτ(C)(a) ∧ clτ(C)(b) 6= ⊥.

3 Some dual concepts in I-contact algebra

Two relation β and β∗ on I-contact algebra (B,C) are dual if and only if aβ∗b is equivalent

to a 6 βb′. Clearly β∗∗ = β, justifying the term dual. Obviously, the contact relation C and

the non-tangential relation � are dual relations on B [12]. In this section, we study some

dual concepts of this duality such as the cluster and the end.

Definition 3.1. A subset E in an I-contact algebra (B,C) is called an end in (B,C), if

satisfying the following conditions:

(end1) If a, b ∈ E , then there exists an element d in E with d 6= ⊥ such that d� a and d� b.

(end2) If a� b, then either a′ ∈ E or b ∈ E for every a, b ∈ B.

It is evident that if E is an end in an I-contact algebra (B,C), then > ∈ E and ⊥ 6∈ E .
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Definition 3.2. Let (B,C) be an I-contact algebra. A proper filter F in B is called a

round filter, if for each a ∈ F , there exists an element b in F such that b� a.

Example 3.3. Let (B,C) be an I-contact algebra and a ∈ At(B). Consider

Na :=
{
b ∈ B : a� b

}
,

as the set of all C-neighbourhoods of a, called the C-neighbourhood system at a. We show

that this is a round filter in (B,C), as follows:

At first, we prove Na is an end in (B,C): If b, d ∈ Na, then, by ( � 5), a� (b ∧ d), which

implies from (contact5) that there exists an element z in B such that a� z � (b ∧ d), and

so, ⊥ 6= z ∈ Na, z � b and z � d. Let b, d ∈ B with b′ 6∈ Na and d 6∈ Na be given. Then

aCb and aCd′ and by Lemma 2.1, bCd′, and thus b 6� d.

Furthermore, Na is a round filter in (B,C); Because it is, evidently, a filter in B and if

b ∈ Na, then, by (contact5), there exists an element z in B such that a � z � b, and so,

⊥ 6= z ∈ Na and z � b.

Proposition 3.4. Let (B,C) be an I-contact algebra. If F is a maximal round filter

converging to x ∈ At(B), then F = Nx.

Proof . Let F be a maximal round filter converging to x ∈ At(B)(i.e. Nx ⊆ F ). It is

sufficient to show that F ⊆ Nx. If d ∈ F then x ≤ d or x ≤ d′. It implies xCd or xCd′

and so, x� d or x� d′. Since d ∈ F and d′ 6∈ Nx ⊆ F , we have x� d and d ∈ Nx. �

Proposition 3.5. Let (B,C) be an I-contact algebra. If E is an end in (B,C), then it is a

maximal round filter in (B,C).

Proof . Let a, b ∈ E be given. Then, by (end1), there exists an element d in E with d 6= ⊥
such that d � a and d � b, which follows from (�2), > ∈ E and ⊥ 6∈ E that E is dowen

directed. Suppose that (a, b) ∈ E ×B with a ≤ b. Then we have

a ∈ E ⇒ ∃d ∈ E \ {⊥}(d� a), by (end1)

⇒ ∃d ∈ E \ {⊥}(d� b), by (�3) and a ≤ b
⇒ ∃d ∈ E \ {⊥}(d′ ∈ E or b ∈ E ), by (end2)

⇒ ∃d, e ∈ E \ {⊥}
(
(e� d and e� d′) or b ∈ E

)
, by (end1)

⇒ ∃d, e ∈ E \ {⊥}
(
e ≤ d ∧ d′ = ⊥ or b ∈ E

)
, by (�2)

⇒ b ∈ E .

By the above argument, E is a proper filter in B. Also, by (end1), E is round filter in (B,C).
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Finally, we must show that the round filter is maximal. Let R be a round filter such

that E ⊆ R. Then we have

a ∈ R ⇒ ∃d ∈ R \ {⊥}(d� a and d′ 6∈ R), by (end1)

⇒ ∃d ∈ R \ {⊥}((d′ ∈ E or a ∈ E ), and d′ 6∈ E ), by (end2)

⇒ a ∈ E .

Hence, E = R. Therefore, E is a maximal round filter in (B,C). �

Proposition 3.12 is the converse of Proposition 3.5. Here, we provide the requirements

for its proof, as follows:

Definition 3.6. An I-contact algebra (B,C) is called discrete; provided that aCb if and

only if a ∧ b 6= ⊥ for every a, b ∈ B.

Corollary 3.7. If I-contact algebra (B,C) is discrete, then ends coincide with ultrafilters.

Proof . Let E be an end in (B,C), then, by Proposition 3.5, it is a filter in B. Let a ∈ B be

given. Then a ∧ a′ = ⊥, which implies from definition of C that a � a, and so, by (end2),

a ∈ E or a′ ∈ E . Therefore, E is an ultrafilters in B.

Let F be an ultrafilters in B. If a, b ∈ F , then ⊥ 6= a ∧ b ∈ F and by definition of C,

a ∧ b� a ∧ b, which implies from (�3) that a ∧ b� a and a ∧ b� b, which completes the

proof of (end1) for F .

Let a, b ∈ B with a � b be given. Then, by definition of C, a ∧ b′ = ⊥, which proves

that a 6∈ F or b′ 6∈ F since it is a filter in B. Because of the maximality of F , a′ ∈ F or

b ∈ F , which completes the proof of (end2) for F . Therefore, F is an end in (B,C). �

Definition 3.8. Two subsets V and W of a Boolean algebra B are dual iff a ∈ V is

equivalent to a′ 6∈W .

Definition 3.9. Let (B,C) be an I-contact algebra and A ⊆ B.

(1) A0 :=
{
b ∈ B : there exists an element a in A such that a� b

}
.

(2) A′ :=
{
b ∈ B : aCb for every a ∈ A

}
.

(3) A∗ :=
{
b ∈ B : b′ 6∈ A

}
, the dual of A in B.

Lemma 3.10. Let (B,C) be an I-contact algebra. Then, the following statements are true.

(1) For subset G of B,
(
G 0
)∗

= G ′.

(2) For subset G of B, (G ′)∗ = G 0.

(3) If F is an ultrafilter in B, then F = F ∗.
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(4) If F is an ultrafilter in B, then F ⊆ CF (B,C) = F ′.

Proof . (1). We have

a ∈
(
G 0
)∗ ⇔ a′ 6∈ G 0 ⇔ ∀b ∈ G (b 6� a′)⇔ ∀b ∈ G (bCa)⇔ a ∈ G ′.

(2). We have

a ∈ (G ′)
∗ ⇔ a′ 6∈ G ′ ⇔ ∃b ∈ G

(
b(−C)a′

)
⇔ ∃b ∈ G (b� a)⇔ a ∈ G 0.

From

a ∈ A0 ⇔ ∃b ∈ A(b� a)⇔ ∃b ∈ A(a′(−C)b)⇔ a′ 6∈ A′,

we conclude that A0 and A′ are dual subsets of (B,C).

(3). For every a ∈ B, we have

a ∈ F ⇔ a′ 6∈ F ⇔ a ∈ F ∗.

(4). It is evident. �

Lemma 3.11. Let (B,C) be an I-contact algebra and let a, b ∈ B with a� b be given. If

F is a round filter in (B,C) such that G :=
{
a∧ x : x ∈ F

}
⊆ B \ {⊥}, then G 0 is a round

filter in (B,C) such that b ∈ G 0 and F ⊆ G 0.

Proof . Let p, q ∈ G 0 be given. Then, by definition, there exist members v, w ∈ F such

that a∧ v � p and a∧w � q, which implies that a∧ v ∧w � p and a∧ v ∧w � q, and so,

by (�5), a∧ v ∧w � p∧ q. Since F is a filter in B, we infer that v ∧w ∈ F , which implies

that a ∧ v ∧ w ∈ G , and so, p ∧ q ∈ G 0.

Let (r, s) ∈ G 0 × B with r ≤ s be given. Then, by definition, there exist member t ∈ F

such that a ∧ t� r, which implies form (�3) that a ∧ t� s, and so, s ∈ G 0.

By the above argument, G 0 is a proper filter in B. Suppose that g ∈ G 0, then, by

definition, there exist member h ∈ F such that a ∧ h � g, which implies form (contact5)

that there exists an element z in B such that a∧ h� z � g. An immediate consequence of

this last result is that G 0 is a round filter in (B,C). Also, from a� b, a ∧ x� b for every

x ∈ F , then b ∈ G 0.

Let f ∈ F be given. Since F is a round filter, there exists an element k in F such that

k � f , which implies that a ∧ k � f and a ∧ k ∈ G , and so, f ∈ G 0. Therefore, F ⊆ G 0.

�

Proposition 3.12. Let (B,C) be an I-contact algebra. Then F is an end in (B,C) if and

only if it is a maximal round filter in (B,C).
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Proof . Let F be a maximal round filter in (B,C). Let a, b ∈ F be given. Then, by

definition, there exist members h, k ∈ F \ {⊥} such that h � a and k � b, which proves

that h ∧ k ∈ F \ {⊥}, h ∧ k � a and h ∧ k � b, which completes the proof of (end1).

In verifying (end2), suppose a � b and b 6∈ F . If a ∧ b 6= ⊥ for every b ∈ F , then, by

Lemma 3.11, there exists a round filter G in (B,C) such that b ∈ G and F $ G . This is

a contradiction to the fact that F is maximal. Hence, there exists an element z ∈ F such

that a ∧ z = ⊥, which implies that z ≤ a′ and a′ ∈ F since F is a filter, proving (end2).

Therefore, F is an end in (B,C). In view of Proposition 3.5, the proof is now complete. �

Corollary 3.13. Let (B,C) be an I-contact algebra. Every round filter in (B,C) is a subset

of some end in (B,C).

Proof . Since every round filter in (B,C) is contained in a maximal round filter in (B,C),

in view of Proposition 3.12, the proof is now complete. �

Proposition 3.14. Let (B,C) be an I-contact algebra and F ⊆ B. Then F is an end in

(B,C) if and only if F ∗ is a cluster in (B,C).

Proof . Necessity. Let F be an end in (B,C). Suppose that a and b belong to F ∗, then,

by definition, a′ 6∈ F and b′ 6∈ F , which implies from (end2) that a 6� b′, and so, aCb,

which completes the proof of (clus1).

Let a ∈ B with aCb for every b ∈ F ∗ be given. If a 6∈ F ∗, then we have

a′ ∈ F ⇒ ∃d ∈ F \ {⊥}(d� a′), by (end1)

⇒ ∃d ∈ F \ {⊥}(a� d′ and d 6∈ F ∗) by (�4) and the fact that “aCb for every b ∈ F ∗”

⇒ ∃d ∈ F \ {⊥}(d� a′ and d′ ∈ F ), by definition of F ∗

⇒ ∃d, e ∈ F \ {⊥}(e� d and e� d′), by (end1)

⇒ ∃d, e ∈ F \ {⊥}(e ≤ d ∧ d′ = ⊥), by (�5).

Thus, a ∈ F ∗, which completes the proof of (clus2).

Let a, b ∈ B with (a ∨ b) ∈ F ∗ and a 6∈ F ∗ be given. Then (a′ ∧ b′) 6∈ F and a′ ∈ F .

From

b′ ∈ F ⇒ ∃d ∈ F \ {⊥}(d� a′ and d� b′), by (end1)

⇒ ∃d ∈ F \ {⊥}
(
d� (a ∨ b)′

)
by (�5)

⇒ ∃d ∈ F \ {⊥}(d� (a ∨ b)′ and d′ ∈ F ), by (clus1) for F ∗

⇒ ∃d, e ∈ F \ {⊥}(e� d and e� d′), by (end1)

⇒ ∃d, e ∈ F \ {⊥}(e ≤ d ∧ d′ = ⊥), by (�5),

we conclude that b ∈ F ∗, which completes the proof of (clus3). Therefore, F ∗ is a cluster

in (B,C).
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Sufficiency. Let F ∗ be a cluster in (B,C). If a, b ∈ B with a � b, then, by (clus1),

a 6∈ F ∗ or b′ 6∈ F ∗, which shows that a′ ∈ F or b ∈ F , which completes the proof of (end2).

Let a, b ∈ F be given. Then a′ 6∈ F ∗ and b′ 6∈ F ∗, which implies from (clus3) that

a′∨b′ 6∈ F ∗, which says that a∧b ∈ F . Thus, by (clus2), there exists an element ⊥ 6= d ∈ F ∗

such that d� (a ∧ b). Hence, by (contact5), there exists an element ⊥ 6= z in B such that

d � z � (a ∧ b), which implies from (end2) for F that z ∈ F since d′ 6∈ F , and so, by

(�3), z � a and z � b, which completes the proof of (end1). Therefore, F is an end in

(B,C). �

Corollary 3.15. If I-contact algebra (B,C) is discrete, then clusters coincide with ultrafil-

ters.

Proof . By Corollary 3.7, Proposition 3.14 and Lemma 3.10, it is evident. �

Corollary 3.16. Let (B,C) be an I-contact algebra and G ⊆ B. Then G 0 is an end in

(B,C) if and only if G ′ is a cluster in (B,C).

Proof . By Lemma 3.10 and Proposition 3.14, G 0 is an end in (B,C) if and only if G ′ is a

cluster in (B,C). �

Proposition 3.17. Let (B,C) be an I-contact algebra. Then Every ultrafilter F in (B,C)

contains a unique end F 0.

Proof . Let F be an ultrafilter in (B,C). Then, by Lemma 2.2, CF is a cluster in I-contact

algebra (B,C) such that F ⊆ CF (B,C) = F ′. Taking duals, we obtain

F 0 = (F ′)
∗

= C ∗
F
⊆ F ∗ = F .

That F 0 ⊆ F is an end follows from Corollary 3.16.

To prove uniqueness, suppose that E is any end contained in F . Then, by Proposition

3.14, E ∗ is a cluster containing F , and hence equals CF = F ′. Thus E = (F ′)∗ = F 0, by

Lemma 3.10. �

Example 3.18. Let R is equipped with Euclidean topology, and B is the Boolean algebra(
P(R),⊆

)
. The relation C on P(R) is defined by ACB if and only if A ∩ B 6= ∅, as the

standard contact relation. For an arbitrary element x in R, consider the following three

subsets of P(R):

Nx :=
{
A ⊆ R : {x} � A

}
=
{
A ⊆ R : x ∈ int(A)

}
,

Fx :=
{
A ⊆ R : x ∈ A

}
,

σx :=
{
A ⊆ R : x ∈ A

}
.
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It can be evidently proved, from definitions, that Nx ( Fx ( σx, and these are examples

of end, ultrafilter and cluster in B, respectively.

Proposition 3.19. Let (B,C) be an I-contact algebra and a, b ∈ B. Then a� b in (B,C)

if and only if every end in (B,C) contains either a′ or b.

Proof . Necessity. The assertion results immediately from (end2).

Sufficiency. Suppose a 6� b in (B,C), i.e., aCb′. By Propositions 2.4 and 2.5, there

exists an ultrafilter F in B such that the cluster CF (B,C) = F ′ containing both a and b′.

Then, by Proposition 3.14, F ′∗ is an end in (B,C) which a′ and b are not in F ′∗ and this

is a contradiction. �

4 Conclusion

The family of all ends of a proximity space was highlighted in some researches, such as

Smirnov compactification [12]. Later, it is shown that this compactification can be obtained,

as the family of all clusters of the space. Also, an axiomatic characterization of the family

of all ends was presented in a separated proximity space. We generalized the Smirnov com-

pactification theorem from proximity spaces to atomic ICA-topobooleans, by clusters [7].

And so, there exists a natural question: “Is there an analogue axiomatic characterization

of the family of all ends in ICA-topobooleans?” Through the results of this article, a char-

acterization of the family of all ends in a special ICA (a separated complete ICA) can be

suggested as follows:

Let B is a complete Boolean algebra and Φ be a family of filters (called Φ-filters) in B.

Then Φ is the family of all ends for some separated complete ICA on B if and only if the

following conditions are satisfied:

i) If F is a Φ-filter, then there exists at most one atom a of B such that a ≤
∧
f∈F F

(Proposition 3.5, (end2) and Equation 2.2).

ii) If F ∈ Φ and b ∈ F , there is an a ∈ F such that every Φ-filter contains either a′ or

b (Proposition 3.19 and (end1)).

iii) If every Φ-filter contains at least one of the elements c or d, then there is an element b

such that every Φ-filter which does not contain c contains b, and every Φ-filter which

does not contain d contains b′ (contact5).

iv) Every ultrafilter in B contains some Φ-filter, as a subclass (Proposition 3.17).

Also, if Φ is a family of filters (of a complete Boolean algebra B) satisfying this four condi-

tions we define:
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a� b if and only if every Φ-filter contains either a′ or b.

And then, a contact C on B can be defined by the dual relation �, in which Φ is a family

of all ends of the separated complete ICA (B,C).
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