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Abstract

This paper explores the quasi-regular representation of the generalized Weyl-Heisenberg
group, deriving a specific form for an admissible vector within this framework. Moreover,
we investigate the square-integrable representations associated with this group, establishing
criteria for admissibility and integrability. Finally, illustrative examples are provided to

substantiate the theoretical results and clarify the technical aspects of our approach.
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1 Introduction

The study of group representations, especially in the context of Heisenberg and Weyl-
Heisenberg groups, has significant implications in mathematics and theoretical physics. The
Weyl-Heisenberg group, which naturally arises in quantum mechanics, harmonic analysis,
and signal processing, provides a foundational structure for the analysis of time-frequency
representations and wavelet transforms. A core aspect of representation theory lies in un-
derstanding the conditions under which representations are square-integrable and can be
realized through admissible vectors. The admissible vectors facilitate the construction of co-
herent states, enabling continuous frames in function spaces that have applications in both
pure and applied settings (see [2, B]). However, determining explicit forms for these admissi-
ble vectors, particularly in the quasi-regular representations of generalized groups, remains
challenging and requires a deep analysis of group structure and integrability conditions.

In this paper, we examine the quasi-regular representation of the generalized Weyl-Heisenberg
group and derive explicit conditions and forms for admissible vectors. By analyzing square-
integrable representations, we expand on the existing framework of the Weyl-Heisenberg
group, contributing new insights into its generalizations. Our results include detailed exam-

ples that illustrate the theoretical aspects and validate the practical relevance of our findings.

2 Preliminaries and notation

Let H and K be two locally compact groups with the identity elements ey and ey,
respectively and let 7 : H — Aut(K) be a homomorphism such that the map (h, k) — 11, (k)
is continuous from H x K onto K, where H x K equips with the product topology. The
semi- direct product topological group G, = H x, K is the locally compact topological
space H x K under the product topology, with the group operations:

(h1, k1) X7 (ha, k2) = (hiha, ky7h, (k2),
(hk)™h = (W™ mpa (K1),

It is worth to note that K1 = {(em,k);k € K} is a closed normal subgroup and H; =
{(h,ex);h € H} is a closed subgroup of G, such that G, = HK . Moreover, the left Haar

measure of the locally compact group G, is

dug, (h, k) = 6u (h)dpm (h)dusk (),

in which du g, duk are the left Haar measures on H and K, respectively and dg : H — (0, 00)

is a positive continuous homomorphism that satisfies

durc (k) = 05 (h)du(m(k)),
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for h € H,k € K. Moreover, the modular function Aq_ is
Ag, = ou(h)An(h)Ak(k),

where Ap, Ag are the modular functions of H, K, respectively.
When K is also abelian, one can define 7 : H — Aut(K) via h +— 7, where

Th(w) = wo -1,
for all w € K. We usually denote w o 7,-1 by wy,. With this notation, it is easy to see
Whihy = (th)hl’

where hy,ho € H and w € K. The semi-direct product G = H x; Kisa locally compact

group with the left Haar measure
dpg(h,w) = 65 (h) " dpw (h)dpg (W),
where dpi . is the Haar measure on K. Also, for all h € H,
dpie(wn) = Su (R)dpe g (),

for w € K, (see more details in [8, 4, @, 8]).
Let G, = H x, K, and define § : G, — Aut(k x T) via

(R, k) = Oy (w, 2) = (Th(w), Th(w)(k)2) = (wh, wi(k)z),

for all (h,k) € H x, K and (w, z) € K x T. The mapping 6 is a continuous homomorphism.
Thus the semi-direct product

Grxg (K xT)=(H x; K) xg (K xT),

is a locally compact group and it is called the generalized Weyl Heisenberg group associated
with the semi direct product group G, = H x, K, and denoted by H(G,). It is easy to see
that the group operations of H(G, ) are

(hi, k1, w1, 21).(he, k2, wa, 22) = (hihe, k1Th, (k2),wiway, , wap, (K)z122),

(ha, by, wi, 20) ™0 = (bt (BT, @, @y (7 (RT1)2 7Y,

for (h1,k1,w1,21), (ha, ko, w2, 22) € H(G;) (see [@]) and the left Haar measure of H(G,) is:

dpm(a,) (hy k,w, 2) = dpp (h)dp (k)dp g (w)dpr (2).
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3 Main results

Throughout this section, we assume that G, = H X, K is the semi-direct product of
H and K that K is abelian. Let H(G,) = G, xg (K x T) be the the generalized Weyl
Heisenberg group associated with the semi direct product group G, = H %, K.

Now, we are going to define a square integrable representation on H(G,). With the
above notations define 7 : H(G,) — U(L?*(K)) by

(hyk,w, 2) f(€) = 55" (h) 2 (k) (k) f (@) 1), (3.1)

then 7 is a homomorphism. Indeed,
7 ((h1, k1, w1, 21) (he, ko, wa, 22) ) f(§) = m(hiha, k17, (k2), w1(w2),,  (W2)n, (k1)2122) f(§)

= 052 (haha) (Wa)ny (k1) 21226 (ka7 (K2))aor (@a) e (k17 (K2)) £ (601 (@2) e ) (hy )1

= 032 (haha) (w2)ny (k1) 21226 (k1 )&, (ko )eon (k) (1), (R Jeon (R ) £ (1 (@01) 11 (@2),,0)

Also,
7T(h1, k1, w1, Zl)ﬂ(h% ko, wa, Zz)f(f)

= 35" (M) 21§ (k)BT (k) (o, ke, wa, 22) F (6070
= 032 (h)83 "2 () 21 228 (ke ot (ke a3 () (§897) 1 (ko) £ ((6891) 1 (@3),,1)

= 03 (haha) 2120 (k1)1 (o )wr () (@1) -1 (k) wa (R2) f (€1 (W) =11 (w2),,

1 2 1 2

1).
Moreover, 7 is unitary. In fact we have,
Iw(h, kyw, 2) I3 = [g Im(hy b w, 2) f(E)Pdpg (€)
= Ji 0 (WIf((ED)n-11dug (€)
= S 05 W (©n-11Pdng (&)
= Ji F((&)Pdug (€
= |If13-

And it is easy to check that 7 is continuous and onto. So, 7 is a continuous unitary
representation of group H(G;) to the Hilbert space L2(K). In the sequel, we show that
is irreducible when H is compact. Furthermore, it is also shown that 7 is square integrable
if and only if H is compact. Note that when H is a compact group, we normalize the Haar

measure py such that py(H) = 1.

Theorem 3.1. Let H(G,) = (H x, K) Xy (K x T') where H is a locally compact group and
K is a locally compact abelian group. Then for ¢, v in L%(K),

/H(G : | < @ mlh k,w, 2)¢ = Pdpma, (b, kw, 2) = llel31¥]3. (3.2)

if and only if H is compact.
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Proof . For ¢, in L? (K' ) we first consider the following observations:
fIHI(G,) | <@, m(h, k,w,2)Y = |2d,uH(GT)(h, k,w,z)

= S | Ji e©m(hk,w, 2)0(€)dpg () Pdpra,) (b, k, w, 2)
= o | i 0(&)05" 2 (M)ZE(R)w (k) (€D) -1 dpg (&) Pdpmca, ) (b w, 2)

= Juio | i 0(6)d > (W) ZER) P () dpu e (€) Pdpc, (hs by w, 2)
= Juo | i Rotp(©)05" 2 (WZER)D(E 0 Tn)dp (&) Pdpsc, ) (b by w, 2)

= Ju.) | Jix Row(§0T3-1)8 P (W)ZE o T ()0 (€)du g (€0) Pdpsc, (h, ko w, 2)
= i) | [z Rotp(& 0 mn=1)03 > (W)ZE (7 (R)) 0 () dpa e (€) Pdpmce, (B by, 2)

— Jie S ()| [ (Ruspl 0 7 1)-B) & () () Ppscc (B Ky, 2)
=fH(G)5H<h>|<Rwso</o'E B (7 (6))Pdpis e (s o, 2)

— [ 00 (h) [ frc |(Ruip(c 0 1)) (o () Pdpusc (k) dp . (w)dpuss ()

= ot Jic S | (Rusol. /\ )B) (B 2dpasc (k)dp @) dp (B)

= [u Jx [ |(Rup(- 0 m-1)4)(€)

OPdpg () dp g (w)dpurr (h)
= Ju Ji [ |Rop(§ 0 m=1) -0 (&) Pdpg (€)dp g (w)dpr (h)
= Ju Jic [z 0u (W) Rup(€) (& o ) Pdp g (§)dpt g (w)dpurs ()
= Ju Ji Iell30m (R)[(& o ) [Pdpg () dpr (h)
= lelzl¢l3mm (H).
Now, if H is compact, then pugy(H) = 1. So, (82) holds. Conversely, if (82) holds, the

above observation implies that gy (H) =1 . So, we can conclude that H is compact. [J

Corollary 3.2. With notation as above, the representation 7 of H(G,) on L*(K) is irre-
ducible if H is compact.

Proof . If H is compact, then (B2 ) in Theorem 3.1 holds. Now, suppose that M is a closed
subspace of the Hilbert space L2(K) that is invariant under m. Then for any ¢ € M we

have,
{n(h by, 2)g; (b oy, 2) € H(G,)} C M.

Let v € L?*(K ) be orthogonal to M, that is < ¢, w(h, k,w, z)p == 0, for all (h,k,w,z) €
H(G,). Thus by (82), ||¢|2][¢]2 = 0, and hence ) = 0. So, M+ = {0}, that is, M = L?(K).
Namely, 7 is irreducible. [

We remind the reader that, an irreducible representation 7 of H(G,) on L?(K) is called
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square integrable if there exists a non zero element v in L? (K ) such that
< (s )0, f =€ LA(H(G,)), (3.3)

for all f € L2(K). A unit vector 1 satisfying (B33) is said to be an admissible wavelet for m,
and the constant

Cyp = / | = 7T(h, k7w72)¢7¢ -~ ‘2d,u’H(GT)7
H(G-)

is called the wavelet constant associated to the admissible wavelet ).

Also, for the admissible wavelet 1), the continuous wavelet transform is defined by
Wwf(h7 k7w7 Z) :_< f’ F(h7 k’ w’ Z)w >— N

It is easy to see that (h,k,w,z) — Wy f(h,k,w,z) is a continuous function on H(G).
Moreover, Wy, intertwines 7 and the left regular representation on H(G.).

Corollary 3.3. The representation 7 of the GW H group H(G,) = (H x, K) x4 (K x T)
on L2(K) is square integrable if and only if H is compact.

Proof . If H is compact, then by Theorem 3.1 and Corollary 3.2, 7 is square integrable.
For the inverse, if 7 is square integrable, then there exists a non zero element ¢ € L? (K )
such that

<7y ey )y =€ L2(H(G,)),

for all ¢ € L?(K). On the other hand,
1200 = Py ) = Bl (2
So pug(H) < oo. That is H is compact. [J

Remark 3.4. There is another irreducible representation of H(G ) on Hilbert space L?(K).

Indeed, consider
7 H(G,) = U(LA(K)), #(h k,w,2)f(k) =6 (h)Y?20(k) f(th-1 (K'E)),
for all (h,k,w,z) € H(G,), f € L*(K). 7 is homomorphism and unitary. In fact we have
7((h1, k1, wi, 21) (ha, ko, wa, 22)) f (')
= T(h1hg, ki7h, (k2), wi(w2)n, , (w2)n, (k1)2122) f(K')
= 63/ (hiha) (w2)n, (k1) 2122001 (w2 )y (K") f (T(hy ho)—1 (K" (k17n1 (K2))
= 51111/2(h1h2)2122wl (k/)(o.)g)hl (klkl)f(’rhz—lhl—l (k/lehl (kg))
= 51111/2(h1h2)212’2wl (k/)wg)hl (k/kl)f(Thglhfl (k/kl)Thz—l (kg)),
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and
/ﬁ-(h17 klvwla Zl)ﬁ-(h27 k?v w2, ZQ)f(k/)

= 042 (h) 211 (K )7 (ha, e, wa, 20) f (7,1 (K k)
= 5;{2(h1)5}{/2(h2)2122w1 (k’l)WQ (Thl—l (k,kl))f(Thgl (Thl—l (k/kl)kg) .

= 5}{/2(}11}12)2’12’2(#1(k/)(WQ)hl (k,kl)f(Thglhfl (k’/kl)Thz—l (k‘g))
Also,
17 (h kw2 fI = [ |7(h kw, 2) f(K) Pdp ()

= Jx Su (W) f (r—s (K')) Pdpxc (K)
Jic 0 ()| f(K") Pdperc (mh (K'))
=[x lf(K)Pdux (k')

= |£l5.

Using the Plancherel theorem, 7, 7 are unitarily equivalent. So, 7 is square integrable if and

only if 7 is square integrable.

Remark 3.5. The inverse of Corollary 3.2 does not hold, in general. An obvious example
is, in case H is a non compact group and K is the trivial group {e}. Then the representation
7w H(H x,{e}) = U(C) is an irreducible representation. Here we give a non trivial example
in which 7 is an irreducible representation, but H is not compact. Let H = RT, K = R.
Define the representation 7 of H(R' x, R) as follows:

m:HR" %, R) = U(LAR));  7(a,2,w,2)f(€) = a'/2e®™ ) f((€w),-a),

in which (§w),-1 = (§w) © Ta, To(z) = a.x and dg(a) = a™t.

This representation is ir-
reducible. Indeed, let M be a closed invariant subspace of L?(R) under m. Then for any
f € M, we have 7(h, k,w,z)f € M. Consider 0 # g € M=+, so that < g, w(h, k,w,2)f == 0.
Then

_ e 27T F((£) 1 )dE — W)e—2TiTEaw F(£) e
0= / 9(E)e™ 2 F((6@) g1 )dE / 9(Ea) F(e)de

Thus, g(£,w)f(€) = 0, for almost all £ € R. Suppose that f(&) # 0, for all £ in a set A with
positive measure. Then for all £ € A, g(£,w) =0, for all w € R,a € RT. Thus g = 0. This

is a contradiction. So, 7 is an irreducible representation, but H is not compact.

In the sequel, we define the quasi regular representation and we obtain a concrete form
for an admissible vector. Note that H(G,) acts on the Hilbert space L2(K x T) and this

action induces the quasi regular representation {p, L2(K x T)} as follows:

p:(Hx, K)xg (K xT) = U(L*(K xT)), (3.4)
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where

p(hyk,w, 2) (€)= OS2 1l k)F (O py 1 (6, 8)(w,2)7Y)
= 5191/2(h)f(9(h—1;h_1(k—l)(fofz,tz_l))
= 5 P F((ED)n-1, (€D (mh-1 (K1) b271).

Note that dg ., x(h,k) = g (h)~t (see Corollary 3.3 in [4]).

A type of the Fourier transform of the quasi regular representation p obtains as follows:

plh k., 2)F (k')

= Jixr P kow, 2) (&) (K, ') (€, V) g (€)dpor(£)

=6u(h)™Y? [ FUED) -1, (6@)p1 (T2 (k) tz ™ )E(R )t dpa g (§)dpr(t)
:5(h)’1/27ff<wf (E)n-1, &1 (Tn-1 (KNODRER)E dp g (§)dpar (t)
=0m(h) 722V @(K') [ or FOh-1r, ) (& OER Y dpug (&) dpir (L)

=01 (h) 22 @(K') [ m | 0 Onay—1 (&, 8) (K, n') (€, ) dpn g (§)dpur (t)
=dg(h)” 1/23"/7( )(foe(h,k)*l)(k7n/)a

—

for all (k',n') € K x Z = (K x T). So,

—

p(h, k>w7 Z)f(kla n/) = 6H(h)_1/2z;ﬂw(k/)(f Oj(h,\k)*l)(kz TL/). (35)

Theorem 3.6. With the notation as above, let p be the quasi regular representation on
H(G,), and 9, f € L*(K x T).

(i) If ¢ is a admissible vector, then

W f (hykyw, 2) = 652 (h) /K 37 K )2 (k) (W 0 8) gy 1 (K0 )dprc (K').
n’' €z

(ii) The vector 1 is admissible if
/ (k' n') o Ocniy—1 1 dpp i (b, k) < 0o
Hx K

Proof . For (k',n’) € K x Z,
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(i) By the Plancherel’s theorem and (833), we have

Wyf(hkyw,z) = < f,p(hkw,z) -

= </ p(hﬁz)w -

= o5'%h /Zf )ﬁ(w) (K0 )dp ().

n' €%

ii) By applying the part (i), for f € L? K x T), we get
(i)
ff(x'ﬂ‘ |Wwf(h,k,w,Z)FdM[(XT(w,Z)
:kaTWwf(h,k,w,z)Wd,f(h,k,w,z)d,ukxT(w,z)
W) Jierl U Sen FH )2 k) (0 0) o (K0 )dusc ()
fK wrez Sk 2 Wk (W 0 ) g, gy -2 (K7, 0" dpue ()]
:6H ff{x’ﬂ‘ |F(wvz)|2d:u[(><'[[‘
=05 (1) [ |F (K, 0")Pdpg <z
h) i ez |FE 02|00 0)(k',n') | 2dps (K),
where ' = f(z/J 00) € LY(K x Z). 1t is easy to see that

—

(W o O) (K ,n') = o5 (M) (k',n') 0 Oy gy

Then

o Wtk )P (0,2) = 1) |5 L PG )80 P 1),
X n'€z

(3.6)
Now, by using (BH) we have
||W¢f||g = fH(GT) |W¢f(h7kawaz)|2duﬂ'ﬂ(6‘r)(h7kawv'z)

= S x Jiexr Wof(h b w 2265 (W dp g p(w, 2)dpr s i (hy k)
= Joe.xJx n€Z|f (K, ") P (p (K n') 0 O oy [Pdpre (K ) dperr i (i, k)

||f||2 foTK‘ ?n)Oe(h,k,)*l‘zdﬁ/HXTK(hak))
and then the proof of part (i¢) is complete. O

Here, we give some examples to support our technical considerations.

Example 3.7. Let K be an abelian locally compact group and H = {e} (the trivial group).
In this case the generalized Weyl-Heisenberg group H(G) coincides with the standard Weyl-
Heisenberg group G := K Xy (K x T). In this case the square integrable representation of
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G =K xg (K xT) on L2(K) is as follows:

m(k,w,2)f(§) = 2§ (k)w (k) f(§). (3.7)

Example 3.8. Let E(n) be the Euclidean group which is the semi-direct product of So(n)x
R™ where the continuous homomorphism 7 : So(n) — Aut(R™) given by ¢ — 7, via
To(x) = oz, for all € R™. The group operation for E(n) is

(01,21) X7 (02,22) = (0102, 1 + 0122).

Consider the continuous homomorphism 7 : So(n) — Aut(R™) via ¢ — 7, which is given
by 75 ((w) = wy = wo T,-1. Thus the generalized Weyl-Heisenberg group of E(n), is the set
H(E(n)) = (So(n) x; R™) xg (R™ x T) with the group operation

(01, 21,w1,21)(02, T2, w2, 22) = (Ogy, T1 + 0122, W1 (W2) oy, (W2)oy (1) 2122),

for all (o1, 21,w1,21)(02, Z2,wa, 22) € H(E(n)) and with the product topology. Then the
square integrable representation 7 of H(E(n)) onto L*(R™) is

W(G,l‘,w, Z)f(f) = e27m‘z(§7w)f((§ - W)afl)'

Note that H is compact and dg(h) = 1.

Example 3.9. Let H(R™) = R™ x4y (R™ x T) be the classical Heisenberg group on R",
in which the continuous homomorphism x + 6, from R™ into Aut(R™ x T) is defined by

0:(y,2) = (y, ze
is

2miz-y) Then the square integrable representation 7 of H(R™) onto L?(R")

Tz, w, 2) f(€) = 2.2 ET) f(€ — w).
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