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Abstract

In this paper, we show that the coercive functions reach their minimum value on closed

subsets of Rn. We then introduce the concept of sequence variance, a statistical metric

designed to quantify the degree of non-uniformity in a sequence of observations (the irregu-

larity in the spatial arrangement of points). This metric is calculated as the average squared

distance between ordered data points. Additionally, the paper introduces the sequence cor-

relation coefficient and examines its properties. Finally, we present a method for detecting

outliers in a sequence of data points within Euclidean spaces.
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1 Introduction

Anomaly detection, or outlier detection, involves identifying data points that signif-

icantly deviate from the norm, categorized into three types: global anomalies (individual

outliers), contextual anomalies (deviations based on specific contexts), and collective anoma-

lies (groups of data points with unusual behavior) [1, 7, 2]. Hawkins defined an outlier in

[9] as follows: “An outlier is an observation which deviates so much from the other observa-

tions as to arouse suspicions that it was generated by a different mechanism.” The process

is crucial in various fields, as anomalies may indicate errors or noteworthy events, such as

fraudulent transactions or unusual temperature readings. To analyze and quantify these

deviations, various techniques are employed, including depth-based methods and statistical

indicators like variance and standard deviation. This article focuses on the importance of

a particular indicator in evaluating data non-uniformity. Non-uniformity (or irregularity)

in spatial data refers to the concept of uneven or non-homogeneous distribution of points,

events, or observations within a geographic or geometric space. In other words, this phe-

nomenon occurs when data is not evenly spread across the space, and some areas have a

higher density of points while others have fewer or even no points at all.

Now, briefly, we summarize the contents of this article as follows.

Section 2 introduces statistics and Euclidean spaces as preliminaries.

In section 3, we determine the global minimum of the coercive function f(w1, . . . ,wk) =∑k
i=1

1
mi

∥wi∥2 on the closed set
∏k

i=1 Di and we also give a global maximum of f on the

compact set
∏k

i=1 D
∗
i (see Theorem 3.2). Next, we define the concept of sequence variance,

which serves as a statistical metric for assessing the degree of non-uniformity within a

sequence of observations. This indicator is computed as the arithmetic mean of the squared

differences between adjacent observations in the sequence. Then, we expand the notion of

sequence variance to d-dimensional Euclidean spaces. Furthermore, this section introduces

specific indices, including the sequence covariance and the sequence correlation coefficient,

along with an analysis of their properties (for instance, see Proposition 3.13). It is important

to note that, unlike variance and co-variance, the newly defined concepts sequence variance,

sequence covariance, and sequence correlation are not invariant under permutations of the

data. These indicators are specifically designed for application to ordered data points.

Finally, in section 4, we generally deal with the detection of outlier data. Outlier de-

tection is a fundamental aspect of data analysis, enabling us to uncover hidden insights,

identify errors, and make better decisions. The choice of method depends on the nature of

the data, the domain, and the specific goals of the analysis.
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2 Preliminaries

In probability theory and statistics, “variance” is the squared deviation from the mean

of a sample (or a population) [6]. Variance is an indicator of dispersion, meaning it is a

metric of how far a set of numbers is spread out from their average value. The variance of

data points x1, . . . , xn, n > 1, is defined by

S2
x =

1

n

n∑
i=1

(xi − x̄)2 ,

where x̄ is the mean of xi’s. The root of S
2
x is denoted by Sx and called “standard deviation”.

The “co-variance” of data points (x1, y1), . . . , (xn, yn), n > 1, is defined by

Sxy =
1

n

n∑
i=1

(xi − x̄)(yi − ȳ) ,

where x̄ and ȳ is the mean of xi’s and yi’s, respectively. The “correlation coefficient” of data

points (x1, y1), . . . , (xn, yn) is defined by r =
Sxy

SxSy
, where Sx and Sy are standard deviation

of xi’s and yi’s. [10].

A reflexive, weak or non-strict partial order, commonly referred to simply as a partial

order, is a relation ≤ on a set P that is reflexive, antisymmetric, and transitive. That is, for

all a, b, c ∈ P it must satisfy:

Reflexivity: a ≤ a, i.e. every element is related to itself.

Antisymmetry: if a ≤ b and b ≤ a then a = b, i.e. no two distinct elements precede each

other.

Transitivity: if a ≤ b and b ≤ c then a ≤ c.

A total order or linear order is a partial order in which any two elements are comparable,

and a set equipped with a total order is called a totally ordered set.

It is known that the lexicographical (lexical) order between d-tuples in the Euclidean

d-space Rd with d ≥ 2 is defined by

(a1, . . . , ad) ≤lex (b1, . . . , bd) if a1 < b1 else, if a1 = b1 and a2 < b2 ... else, if ai = bi for all

i < d, and ad ≤ bd; in other words, (a1, . . . , ad) <
lex (b1, . . . , bd) if ai < bi for the first i, and

(a1, . . . , ad) = (b1, . . . , bd) if ai = bi for all i. Particularly, the lexicographical order between

couples in R2 is (x1, y1) ≤lex (x2, y2) if x1 < x2, or (x1 = x2 and y1 ≤ y2).

In statistics, the k’th order statistic of a statistical sample is equal to its k’th-smallest

value [3]. For example, suppose that four numbers are observed or recorded, resulting in a

sample of size 4. If the sample values are 6, 9, 3, 8 the order statistics would be denoted by

x(1) = 3, x(2) = 6, x(3) = 8, x(4) = 9,

where the subscript (i) enclosed in parentheses indicates the i’th order statistic of the sample.

The first order statistic (or smallest order statistic) is always the minimum of the sample,
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that is, x(1) = min{x1, . . . , xn }. Similarly, for a sample of size n, the n’th order statistic

(or largest order statistic) is the maximum, that is, x(n) = max{x1, . . . , xn }. The sample

range is the difference between the maximum and minimum. It is a function of the order

statistics: Range{x1, . . . , xn } = x(n) − x(1).

Let Rd be the Euclidean d-space. The length of the vector v = (v1, . . . , vd) is captured

by the formula [8], ∥v∥ :=
√

v21 + · · ·+ v2d. This is the Euclidean norm, which gives the

ordinary distance from the origin to the point v. Especially the absolute value ∥v∥ = |v| is
a norm on the one-dimensional vector spaces formed by the real numbers.

In Euclidean d-space Rd, an open ball of radius r and center x, denoted by B(x, r) =

{v ∈ Rd| ∥v − x∥ < r}, is the set of all points of distance less than r from x. A closed ball of

radius r and center x, denoted by B̄(x, r) = {v ∈ Rd| ∥v − x∥ ≤ r}, is the set of all points

of distance less than or equal to r away from x. A unit ball (open or closed) is a ball of

radius 1.

Definition 2.1. [11]. A set D ⊆ Rd is bounded if there exists a constant M > 0 such that

∥v∥ < M for all v ∈ D.

Proposition 2.2. In Euclidean spaces:

1. A continuous preimage of a closed set is closed.

2. A set D ⊆ Rd is said to be compact if it is closed and bounded.

3. A closed subset of a compact set is compact.

4. The product of finite collection of compact sets is compact.

Theorem 2.3. [11]. Let D be a compact (closed and bounded) subset of Rd. If f(v) is a

continuous real function on D, then f(v) has a global maximizer and a global minimizer on

D.

Definition 2.4. [11]. A real continuous function f(v) that is defined on Rd is coercive if

lim∥v∥→∞ f(v) = +∞.

Theorem 2.5. [11] Let f(v) be a continuous function defined on all of Rd. If f(v) is

coercive, then f(v) has a global minimizer. Furthermore, if the first partial derivatives of

f(v) exist on all of Rd, then any global minimizers of f(v) can be found among the critical

points of f(v).

3 Sequence variance

Given a set of linear equations and a norm function, the task is to find the minimizer

of the norm function subject to the constraint that the given equations are satisfied. To
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achieve this, we require a lemma akin to Theorem 2.5. We are providing a proof for this

lemma, even though it may already be found in a reference book such as [4].

Lemma 3.1. Every coercive function on a closed subset of Rn has a global minimum.

Proof . Let choose any point in D, call it v0. Since f(v) is coercive, lim∥v∥→∞ f(v) = +∞ .

This means that if ∥v∥ is large, then so is f(v). Accordingly there is a number r > 0

such that if ∥v∥ > r , then f(v) ≥ 1 + f(v0). This guarantees that f(v) > f(v0). Let

B̄(0, r) = {v ∈ Rd| ∥v∥ ≤ r}. Also v0 ∈ B̄(0, r)∩D else ∥v0∥ > r implies f(v0) ≥ 1+ f(v0)

which is a contradiction. The function f(v) is continuous at each point of the set B̄(0, r)∩D

and the set B̄(0, r) ∩D is compact. From Theorem 2.3, it follows that f takes a minimum

value on B̄(0, r) ∩D at a point v∗ in B̄(0, r) ∩D; i.e, f(v) ≥ f(v∗) for all v ∈ B̄(0, r) ∩D.

In particular since v0 ∈ B̄(0, r) ∩ D, we see that f(v∗) ≤ f(v0). On the other hands, if

v ∈ B̄c(0, r)∩D, where B̄c(0, r) = Rn −B(0, r), then f(v) > f(v0) ≥ f(v∗). Summarizing,

we have seen that v ∈ D = (B̄(0, r)∩D)∪ (B̄c(0, r)∩D) implies f(v∗) ≤ f(v). This shows

v∗ is a global minimizer of f(v) on all D. This completes the proof. □

Notation 1. For indices i and s, we let δis = 1 if i = s and δis = 0 if i ̸= s.

Theorem 3.2. Assume that f : Rm1 × · · · × Rmk −→ R defined by

f(w1, . . . ,wk) =

k∑
i=1

1

mi
∥wi∥2

be a real function and for 1 ≤ i ≤ k, let

Di := {wi ∈ Rmi |
mi∑
j=1

vij = bi} and D∗
i := {wi ∈ Rmi |

mi∑
j=1

vij = bi; vij , bi ≥ 0},

where vij be the j’th component of wi ∈ Rmi and bi a constant. Then the function f on

the closed set
∏k

i=1 Di has a minimum value if vij = bi
mi

, for all 1 ≤ i ≤ k and 1 ≤ j ≤ mi.

Furdermore, if bi and vij , for all i, j, are non-negative, then the function f on
∏k

i=1 D
∗
i has

also a global maximum.

Proof . The coercivity of f follows from

∥(w1, . . . ,wk)∥ → ∞ if and only if
k∑

i=1

1

mi
∥wi∥2 → ∞ .

Now, we show that the set
∏k

i=1 Di is closed. For this, let the function s : Rm1×· · ·×Rmk −→
Rk defined by

s(w1, . . . ,wk) = (

m1∑
j=1

v1j , . . . ,

mk∑
j=1

vkj).
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Since s is continuous, and the preimage of a continuous function on a closed set is closed,

the set
∏k

i=1 Di is closed. Hence, by Lemma 3.1, coercive function f on a closed subset∏k
i=1 Di has a global minimum. Now, we let the Lagrangian function L defined by

L(w1, . . . ,wk, λ1, . . . , λk) := f(w1, . . . ,wk)−
k∑

i=1

λi(

mi∑
j=1

vij − bi),

where λi are Lagrangian coefficients for 1 ≤ i ≤ k. Then the first order derivatives of the

function L are
∂L
∂vij

=
2vij
mi

− λi and
∂L
∂λi

=

mi∑
j=1

vij − bi

for all 1 ≤ i ≤ k and 1 ≤ j ≤ mi. By setting the partial derivatives equal to zero, we get

λi =
2vij

mi
, for all 1 ≤ j ≤ mi, and

mi∑
j=1

vij = bi (3.1)

where 1 ≤ i ≤ k. Therefore for all 1 ≤ i ≤ k, vi1 = · · · = vimi (and all are equal to
miλi

2 ). Substituting this in Equation 3.1, we have mivij = bi or equivalently vij =
bi
mi

for all

1 ≤ i ≤ k and 1 ≤ j ≤ mi, so that the critical point (v1, . . . ,vk) has been achieved, where

for any 1 ≤ i ≤ k,

vi = (vi1, . . . , vimi) = (
bi
mi

, . . . ,
bi
mi

) .

Therefore the global minimum f on
∏k

i=1 Di is equal to

f(v1, . . . ,vk) =

k∑
i=1

(
1

mi

mi∑
j=1

v2ij) =

k∑
i=1

(
1

mi

mi∑
j=1

(
bi
mi

)2) =

k∑
i=1

(
bi
mi

)2 .

In the case that vij ≥ 0, for all i, j, we have

f(w1, . . . ,wk) =

k∑
i=1

1

mi

mi∑
j=1

v2ij ≤
k∑

i=1

1

mi
(

mi∑
j=1

vij)
2 =

k∑
i=1

b2i
mi

. (3.2)

Consequently, the set
∏k

i=1 D
∗
i is bounded and so, by Proposition 2.2, is compact. Using

Theorem 2.3, f has also a global maximum on
∏k

i=1 D
∗
i . For any 1 ≤ i ≤ k, let choose

an index 1 ≤ si ≤ mi, 1 ≤ i ≤ k, such that visi = bi, for i = si, and visi = 0, for all

i ̸= si. (Note that the global maximum value does not change by choosing any desired

1 ≤ si ≤ mi, 1 ≤ i ≤ k). Now, let

vi = (vi1, . . . , vimi) = (biδsi1, . . . , biδsimi) ,

where 1 ≤ i ≤ k. Then, using non-equality in Equation 3.2, the maximum value of f on∏k
i=1 D

∗
i is equal to

f(v1, . . . ,vk) =

k∑
i=1

1

mi
(b2i ) .
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□

In optimization problems involving weighted graphs, the weights assigned to edges can

be considered as variables. These weights typically represent quantities such as distance,

cost, or capacity. By defining the edge weights as the minima of norm functions, we can

establish constraints or relationships between different edges.

Example 3.3. In Figure 1, the length of 31 springs are all positive. For 1 ≤ i ≤ 31, if wi is

Figure 1: Stretched graph of springs

the length of i-th spring labeled in Figure 1, then minimizing the function f : R16×R15 −→ R
defined by

f((w1, . . . , w16), (w17 · · · , w31)) =

∑16
i=1 w

2
i

16
+

∑31
i=17 w

2
i

15

subject to
∑16

i=1 wi = 32 and
∑32

i=17 wi = 15 gives us the following piecewise homogeneous

graph with the constant spring lengths w1 = · · · = w16 = 2 and w17 = · · · = w31 = 1 (see

Figure 2).

Figure 2: Piecewise homogeneous graph

The following remark is just the special case of Theorem 3.2.
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Remark 3.4. Assume that f : Rm −→ R defined by f(w) = 1
m ∥w∥2 be a real function and

let D = {w = (w1, . . . , wm) ∈ Rm |
∑m

i=1 wi = b}, where b is supposed as a constant. Then

the function f on the closed set D has the global minimum value ( b
m )2 at (w1, . . . , wm) =

( b
m , . . . , b

m ). Furdermore, if b and wi’s, for all 1 ≤ i ≤ m, are non-negative, then, for any fixed

index 1 ≤ s ≤ m the function f on D∗ = {w = (w1, . . . , wm) ∈ Rm |
∑m

i=1 wi = b;wi, b ≥ 0}
has also the global maximum value b2

m at (w1, . . . , wm) = (bδ1s, . . . , bδms).

The subsequent corollary demonstrates that when the variables of a sequence are uni-

formly distributed within a specified domain, the associated sequence variance attains its

minimum value. Conversely, when the data are concentrated along the edges of the domain,

the resulting sequence variance reaches its maximum value.

Corollary 3.5. Let {xi}ni=1, n ≥ 2, be a finite sequence of variables in R with the norm

function W 2 = 1
n−1

∑n−1
i=1 w2

i (we call it sequence variance of xi’s), where wi := xi+1−xi,

1 ≤ i ≤ n− 1, and for any constant R, let

D := {(w1, . . . , wn−1) ∈ Rn−1 |
n−1∑
i=1

wi = R},

and

D∗ = {(w1, . . . , wn−1) ∈ Rn−1 |
n−1∑
i=1

wi = R;wi, b ≥ 0}.

Then, using Remark 3.4, the following statements are stablished.

1. W 2 on D has a global minimum ( R
n−1 )

2 whenever xi+1 = xi+
R

n−1 , for all 1 ≤ i ≤ n−1.

If R > 0 (respectively, R < 0), the uniformly distributed sequence {xi}ni=1, n ≥ 2, is

strictly monotonically increasing (respectively, strictly monotonically decreasing).

2. If wi’s, for all 1 ≤ i ≤ n − 1, (and so R) are non-negative, then W 2 has a global

maximum R2

n−1 on D∗ whenever x1 = · · · = xs, xs+1 = xs + R and xs+1 = · · · = xn,

for an arbitrary constant 0 ≤ s ≤ n− 1.

Now, we extend the concept of sequence variance to Euclidean spaces.

Definition 3.6. let {xi}ni=1, n ≥ 2, be a finite sequence in Rd. We define

W 2 = SeqVar(x) =
1

n− 1

n−1∑
i=1

∥xi+1 − xi∥2

and refer to it as the sequence variance of xi’s, which represents the variance of ordered

data”. Furthermore, the square root of W 2, denoted by W , is called non-uniformity

indicator.
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Note that in the special case that {xi}ni=1, n ≥ 2, is a finite sequence in R, the norm

∥xi+1 − xi∥ is exactly the same as |xi+1 − xi| for all 1 ≤ i ≤ n− 1. So sequence variance on

Rd is an extension of that on R.

Example 3.7. Figure 3 is a part of the electrocardiogram (ECG) designed and simulated

with Geogebra software. The corresponding sequence variance is equal to

W 2 =
12 + 1.182 + 1.032 + 0.92 + 0.712 + 6.392 + 7.072 + 1.092 + 1.162 + 1.572 + 1.262 + 1.22

12
≈ 8.63

and so the non-uniformity indicator, W , is approximately 2.94.

Figure 3: Electrocardiogram

The following proposition establishes basic properties of sequence variance such as:

Proposition 3.8. 1. Sequence variance of a sequence in Rd is non-negative because the

squares are positive or zero; that is

W 2 ≥ 0 .

2. The sequence variance of a constant sequence in Rd is zero. Conversely, if the sequence

variance of a sequence in Rd is 0, then it is almost surely a constant sequence (that is,

all terms of the sequence are constant); in other words, for a finite sequence {xi}ni=1,

n > 1,

W 2 =
1

n− 1

n−1∑
i=1

∥xi+1 − xi∥2 = 0 if and only if x1 = · · · = xn .
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3. Sequence variance is invariant with respect to changes in a location parameter; more

precisely, for any constant vector b,

SeqVar(x+ b) = SeqVar(x) .

4. If all terms are scaled by a constant a, the sequence variance is scaled by the square

of that constant; that is

SeqVar(ax) = a2SeqVar(x) .

The following proposition asserts that the sequence variance of a sequence in the Eu-

clidean d-space can be calculated by summing the sequence variances of its individual compo-

nents. It also suggests that, under certain conditions, the maximum (or minimum) sequence

variance of the sequence corresponds to the sum of the maxima (or minima) sequence vari-

ance of its i-th components.

Proposition 3.9. Let {xi}ni=1, n > 1, be a finite sequence of variables in Rd, d ≥ 2,

which, for 1 ≤ j ≤ d, the j-th component of the vector xi, 1 ≤ i ≤ n − 1, is denoted by

xij . Suppose that {Ri}di=1 are non-negative constants and let R :=
√

R2
1 + · · ·+R2

d. For

1 ≤ j ≤ d, let W 2
j := 1

n−1

∑n−1
i=1 w2

ij be the sequence variance of the sequence {xij}ni=1 in R,
where wij := |xi+1,j − xij |, 1 ≤ i ≤ n− 1, and set

Dj := {(w1j , . . . , wn−1,j) ∈ Rn−1 |
n−1∑
i=1

wij = Rj} .

Then the following statements are stablished.

1. W 2 =
∑d

j=1 W
2
j , where W 2 is the sequence variance of {xi}ni=1.

2. For variables di := ∥xi+1 − xi∥, 1 ≤ i ≤ n− 1, the function W 2 = 1
n−1

∑n−1
i=1 d2i has a

global minimum (respectively global maximum) on the set

D := {(d1, . . . , dn−1) ∈ Rn−1 |
n−1∑
i=1

di = R} ,

which is equal to the sum of the global minima (respectively global maxima) of W 2
j ’s

on Dj , 1 ≤ j ≤ d.

Proof .

1. Using definition, we have

W 2 = 1
n−1

∑n−1
i=1 ∥xi+1 − xi∥2

= 1
n−1

∑n−1
i=1

∑d
j=1 |xi+1,j − xij |2

=
∑d

j=1
1

n−1

∑n−1
i=1 |xi+1,j − xij |2

=
∑d

j=1 W
2
j .
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2. By Remark 3.4, W 2 has a global minimum on D whenever di =
R

n−1 , for all 1 ≤ i ≤
n − 1 and it is equal to ( R

n−1 )
2. On the other hand, by Remark 3.4, for any 1 ≤

j ≤ d, W 2
j has the global minimum value (

Rj

n−1 )
2 on Dj whenever (w1j , . . . , wn−1,j) =

(
Rj

n−1 , . . . ,
Rj

n−1 ). So, in this case, we have∑d
j=1 minW 2

j (on Dj) =
∑d

j=1
1

n−1

∑n−1
i=1 (

Rj

n−1 )
2

=
∑d

j=1(
Rj

n−1 )
2

=
∑d

j=1 R2
j

(n−1)2

= ( R
n−1 )

2

= minW 2(on D).

Furthermore, by Remark 3.4, W 2 has the global maximum R2

n−1 on D whenever

(d1, . . . , dn−1) = (δ1s0R, . . . , δn−1,s0R)

for a constant 1 ≤ s0 ≤ n− 1. Also, by Remark 3.4, for 1 ≤ j ≤ d, W 2
j has the global

maximum
R2

j

n−1 on bounded and closed set Dj whenever

(w1j , . . . , wn−1,j) = (δ1s0Rj , . . . , δn−1,s0Rj) .

Then, in this case, we have∑d
j=1 maxW 2

j (on Dj) =
∑d

j=1
1

n−1

∑n−1
i=1 (δis0Rj)

2

= 1
n−1

∑n−1
i=1

∑d
j=1(δis0Rj)

2

= 1
n−1

∑n−1
i=1 δis0

∑d
j=1 R

2
j

= 1
n−1

∑n−1
i=1 δis0R

2

= 1
n−1 (R

2)

= maxW 2(on D)

This completes the proof.

□

For notations mentioned in Proposition 3.9, an immediate result is that, whenever R :=√
R2

1 + · · ·+R2
d, the global maximum value (respectively the global minimum value) of W 2

on D is equal to the global maximum value (respectively the global minimum value) of W 2

on
∏d

j=1 Dj .
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Corollary 3.10. Let {(xi, yi)}ni=1, n > 1, be a finite sequence in R2 with sequence variance

W 2. Let W 2
x and W 2

y be the sequence variance of the sequences {xi}ni=1 and {yi}ni=1,

respectively. Then, we have W 2 = W 2
x +W 2

y . Furthermore, suppose Rx and Ry are non-

negative constants such that

Rx =
n−1∑
i=1

|xi+1 − xi| and Ry =
n−1∑
i=1

|yi+1 − yi| .

Let R :=
√

R2
x +R2

y, and set D := {(d1, . . . , dn−1) ∈ Rn−1 |
∑n−1

i=1 di = R} . Then the

following statements are established.

1. W 2 has the global minimum R2

(n−1)2 on D, whenever |xi+1−xi| = Rx

n−1 and |yi+1−yi| =
Ry

n−1 , for all 0 ≤ i ≤ n− 1.

2. W 2 has the global maximum R2

n−1 on D, whenever |xi+1−xi| = δisRx and |yi+1−yi| =
δisRy, where 1 ≤ s ≤ n− 1 is a constant index.

Proof . It follows from Proposition 3.9. □

Different ordering methods can lead to different interpretations of how ”irregular” or

”non-uniform” the spatial arrangement of points is. Here, we discuss the importance of

defining and utilizing lexical order. To illustrate this, consider 8 points A,F,D,E,B,H,C,G

arranged on a circle as shown in Figure 4.

Figure 4: Data points ordered with a non-lexical order.

First, we define an order ≤ for the positions of the points as follows:

Ap ≤ Fp ≤ Dp ≤ Ep ≤ Bp ≤ Hp ≤ Cp ≤ Gp.
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where, for instance, Ap represents the coordinate of the point A(x, y). Under this ordering,

the corresponding sequence variance is calculated as:

W 2 =
0.772 + 0.772 + 0.842 + 0.692 + 0.692 + 0.842 + 0.772

7
≈ 0.59,

which gives the non-uniformity indicator W ≈ 0.77. This result indicates that the average

distance between the points on the circle is approximately 0.77 and so the data points are

uniformly distributed along the boundary of the disk.

Figure 5: Data points ordered with a lexical order.

Next, we consider the lexical order ≤lex for the same set of points

A,F,D,E,B,H,C,G

as shown in Figure 5, defined as:

Ap ≤lex Gp ≤lex Fp ≤lex Cp ≤lex Dp ≤lex Hp ≤lex Ep ≤lex Bp.

Under this lexical ordering, the corresponding sequence variance becomes:

W 2 =
0.772 + 1.412 + 1.852 + 22 + 1.822 + 1.32 + 0.692

7
≈ 2.21,

yielding a non-uniformity indicator W ≈ 1.49. This suggests that the average distance

between the points on the disk (inside and boundary of circle) is approximately 1.49, which

is significantly larger than the value obtained under the non-lexical order. This is closer

to the truth because, as a general rule, when data accumulates at the disk boundary, the
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non-uniformity of the data on the disk tends to increase. This difference demonstrates that

the choice of ordering method is significant, and that lexicographical order is particularly

important for certain analyses on the plane.

Now, we introduce a new indicator called sequence covariance.

Definition 3.11. Let {(xi, yi)}ni=1, n > 1, be a finite sequence in R2. The sequence

covariance of {(xi, yi)}ni=1, denoted by Wxy or SeqCov(x, y), is given by

Wxy = SeqCov(x, y) =
1

n− 1

n−1∑
i=1

(xi+1 − xi)(yi+1 − yi) .

sequence covariance of linear combinations: For constants a, b, c and d, if (x, y)

represents {(xi, yi)}ni=1, then

SeqCov(x, x) = SeqV ar(x), (3.3)

SeqCov(ax, by) = abSeqCov(x, y), SeqCov(x+ c, y + d) = SeqCov(x, y). (3.4)

Definition 3.12. Let {(xi, yi)}ni=1, n > 1, be a finite sequence in R2. Let Wx and Wy

be the non-uniformity indicator of the sequences {xi}ni=1 and {yi}ni=1, respectively, and

Wxy the sequence covariance of {(xi, yi)}ni=1. The sequence correlation coefficient of

{(xi, yi)}ni=1, denoted by rxy, is given by

rxy =
Wxy

WxWy
.

Proposition 3.13. Let {(xi, yi)}ni=1, n > 1, is a sequence in R2. Then

1. rxy is a number between −1 and 1.

2. rxy = ±1 if and only if x and y are linearly dependent and lie on a line with a non-zero

slope.

Proof . Let W 2
x and W 2

y be the sequence variance of the sequences {xi}ni=1 and {yi}ni=1,

respectively. It is easily to see that

W 2
x+y = W 2

x +W 2
y + 2Wxy . (3.5)

Now, let zi :=
yi

Wy
− xi

Wx
. Then, using Equation 3.5, we have

SeqV ar( yi

Wy
− xi

Wx
) = SeqV ar( yi

Wy
) + SeqV ar(− xi

Wx
) + 2SeqCov( yi

Wy
, −xi

Wx
)

= SeqV ar( yi

Wy
) + SeqV ar( xi

Wx
)− 2SeqCov( yi

Wy
, xi

Wx
)

= 1 + 1− 2SeqCov(x,y)
WxWy

(by Proposition 4.2)

= 2− 2rxy.
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Since W 2
z ≥ 0, we have rxy ≤ 1. The assertion rxy ≥ −1 is obtained by interchanging

zi :=
yi

Wy
− xi

Wx
with zi :=

yi

Wy
+ xi

Wx
and using Equation 3.5.

To prove the second assertion, first, consider rxy = 1. Then, by placing it in the relation

SeqV ar(
yi
Wy

− xi

Wx
) = 2− 2rxy,

we have SeqV ar( yi

Wy
− xi

Wx
) = 0 and hence yi+1

Wy
− xi+1

Wx
= yi

Wy
− xi

Wx
, for all 1 ≤ i ≤ n − 1.

Equivalently,
yi+1 − yi

Wy
=

xi+1 − xi

Wx
(3.6)

for all 1 ≤ i ≤ n − 1. Thus all of (xi, yi)’s lie on a line with a positive slope
Wy

Wx
, and the

equation of this line is equal to y − y =
Wy

Wx
(x − x). Now, let rxy = −1. Using equation

SeqV ar( yi

Wy
+ xi

Wx
) = 2 + 2rxy, we have

yi+1 − yi
Wy

=
xi+1 − xi

−Wx
(3.7)

for all 1 ≤ i ≤ n− 1. So that all of (xi, yi)’s lie on the line y− y = −Wy

Wx
(x− x) whose slope

is negative. For the reverse, suppose there is a linear relationship y = ax + b between xi’s

and yi’s, where a and b are constants. Then

rxy =
Wxy

WxWy

= SeqCov(x,ax+b)√
SeqV ar(x)SeqV ar(ax+b)

= aSeqCov(x,x)√
a2SeqV ar(x)SeqV ar(x)

(by Equation 3.4 and Proposition 3.8)

= aSeqV ar(x)
|a|SeqV ar(x) (by Equation 3.3)

= a
|a| ,

So rxy = 1 if a > 0, and rxy = −1 if a < 0. This completes the proof. □

Proposition 3.14. Let {(xi, yi, zi)}ni=1, n > 1, is a sequence in R3. Then the following

statements are equivalent.

1. rxy = ±1 and ryz = ±1.

2. (xi, yi, zi)’s lie on a line not perpendicular to X, Y and Z axes.

Proof . First, suppose that (1) holds. To show that (2) holds, first assume that rxy = ryz =

1, then, by the proof of Proposition 3.13, we have yi+1−yi

Wy
= xi+1−xi

Wx
and zi+1−zi

Wz
= yi+1−yi

Wy
.

So (xi, yi, zi)’s lie on the line

x− x

Wx
=

y − y

Wy
=

z − z

Wz
.
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If rxy = 1 and ryz = −1, again by the proof of Proposition 3.13, we have yi+1−yi

Wy
= xi+1−xi

Wx

and zi+1−zi
−Wz

= yi+1−yi

Wy
. So that (xi, yi, zi)’s lie on the line

x− x

Wx
=

y − y

Wy
=

z − z

−Wz
.

Similarly, if rxy = −1 and ryz = 1, (xi, yi, zi)’s lie on the line

x− x

−Wx
=

y − y

Wy
=

z − z

Wz
,

and, finally if rxy = ryz = −1, (xi, yi, zi)’s lie on the line

x− x

Wx
=

y − y

−Wy
=

z − z

Wz
.

Now, we show that (2) yields (1). According to the assumption, (xi, yi, zi)’s lie on the

line
x− x0

a
=

y − y0
b

=
z − z0

c
,

where a, b and c are non-zero constants and (x0, y0, z0) is a fixed point in R3. Therefore,

y = b
ax− b

ax0 + y0 and z = c
by −

c
by0 + z0, and so, by the proof of Proposition 3.13,

rxy =
Wxy

WxWy
=

SeqCov(x, b
ax− b

ax0 + y0)√
SeqV ar(x)SeqV ar( bax− b

ax0 + y0)
=

b
a

| ba |
.

If a and b are with the same sign, then rxy = 1, else rxy = −1. Similarly, we can show

ryz = ±1. □

Table 1: The height data obtained from www.stampscreeningtool.org

hight average hight for i’th years, i=1,...,19 sequence correlation

boys 87.1, 96.1, 102,5, 109.6, 115.9, 121.9, 127.9, 133.3, 138.4, 0.95
143.4,148.4,154.8,162.4,168.9,173.4,175.9,177

girls 85.7, 95.0, 101.5, 108.9, 115.3, 121.3, 127.3, 132.8, 138.4, 0.89
144.1, 149.8, 155.3, 159.6, 162.2, 163.2, 163.5, 163.5

Now, we provide an example that illustrates the use of the sequence correlation coefficient.

Example 3.15. Table 1 illustrates the average height of boys and girls aged between 2 and

18 years in UK.
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Figure 6: Time series curves of height in Figure 1

As shown in Figure 6, girls height increases at a slower rate starting from age 14, resulting

in a decrease in the slope of their growth curve. Additionally, the sequence correlations

presented in table 1 indicate that the relationship between age and height is stronger for

boys compared to girls during the ages of 2 to 18 years.

4 Outlier detection

In this section, we will begin by introducing a test for identifying outliers in R, along
with a screening test for detecting suspicious outliers in Rd when d > 1. Before presenting

these tests, we will define outlier data.

Definition 4.1. Let x1 ≤ · · · ≤ xn be a sequence in Rd with sequence variance W . For

1 ≤ i ≤ n, we call xi an outlier, if the open unit ball centered at xi

W contains one member

of the set {x1

W , . . . , xn

W }. Let zi := xi

Wx
, for all 1 ≤ i ≤ n and call them standard data.

Proposition 4.2. Let {xi}ni=1, n > 1, be a sequence in Rd with the sequence variance W 2
x .

Then the sequence of standard data {zi}ni=1 has the sequence variance W 2
z being equal to 1.

Proof . It follows from definition. □
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Remark 4.3. (Outlier Detection Test) For a sequence {xi}ni=1, n > 1, in Rd, preferably

arranged with natural order on real numbers R if d = 1 and lexical order on Rd if d > 1,

we let distances di := ∥xi+1 − xi∥, i = 1, . . . , n − 1, and define the standard distances

Di :=
di

Wx
, 1 ≤ i ≤ n− 1 . Then

1. if D1 (respectively Dn−1) is greater than 1, then x1 (respectively xn) is an outlier

when d = 1 and x1 (respectively xn) is likely an outlier when d > 1.

2. For 1 ≤ i ≤ n − 2, if Di and Di+1, are greater than 1, then xi+1 is an outlier when

d = 1 and x1 (respectively xn) is likely an outlier when d > 1.

It offers a method for detecting outliers in R. Furthermore, when a point x in Rd, d > 1,

is suspected to be an outlier, we calculate the distance of x
Wx

from all the standard data of

a cluster from which this data has been separated. If all distances are greater than 1, we

confirm that x is indeed an outlier. This is a fast way to identify outliers in a sequence in

Rd. That is, when calculating the standard distance between ordered data points, we focus

only on those points that are further away from their preceding and succeeding points, as

these are considered potential outliers rather than all data points. For example, consider

the time series

(1, 1), (2, 2), (3, 3), (4, 40), (5, 5), (6, 60), (7, 7), (8, 8), (9, 9).

Using outlier detection test, only the data points (4, 40), (5, 5), and (6, 60) are identified as

being further away from their neighboring points and are thus considered potential outliers.

However, since (4, 40) and (6, 60) are further away from all other data points, they are

confirmed as outliers, whereas (5, 5) is not.

The main similarities between variance and sequence variance as the indicators of the dis-

persion of data were given in Proposition 3.8. Now, we will examine the differences between

variance and sequence variance. There are a number of key distinctions between these two

concepts. The main differences pertain to their scope and application; variance indicators

the dispersion of data points around the mean in 1-dimensional space R, while sequence

variance can be computed for any sequence in multidimensional spaces. Additionally, re-

gardless of whether a dataset is ordered, variance yields a single numerical value, whereas

this is not true for sequence variance. Below, we highlight further differences.

Remark 4.4. 1. Sequence variance as an indicator for detecting outliers: For

the sequence x(1) ≤ · · · ≤ x(n) of variables with a constant rangeR, larger gaps between

the data points are likely to result in a greater sequence variance (see Remark 3.4),

although this does not necessarily apply to variance. For instance, if we examine two

sequences with the same range in Table 2, we find that the sequence variance values

differ significantly between the two sequences, while the variance for each sequence
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remains relatively similar. This indicates the presence of an outlier in the first-row

sequence

Table 2: non-uniformity measurement of 2 sequences

sequence variance sequence variance non-uniformity indicator

(1, 2, 3, 10) 12.50 17.0 4.12

(1, 4, 8, 10) 12.19 9.67 3.11

For the sequence of the first row, using Part 1 of Remark 4.3, we have

D1 = D2 =
1

4.12
≈ 0.24 and D3 =

7

4.12
≈ 1.7 .

Since D3 is significantly greater than 1, then 10 is an outlier.

Now, we give another example to find outlier. For this, consider the following time

series of values over consecutive time-stamps

3, 2, 3, 2, 3, 87, 86, 85, 87, 89, 86, 3, 84, 91, 86, 91, 88.

The time series is illustrated in Figure 7. It is evident that there is a sudden change

Figure 7: Example of Time Series. source: [2],Page22

the data values at time-stamp 12 from 86 to 3 and from 3 to 84. We express the series

in the following format:

(1, 3), (2, 2), (3, 3), (4, 2), (5, 3), (6, 87), (7, 86), (8, 85), (9, 87), (10, 89),
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Figure 8: Non-uniformity of Team A’s player in the right field

(11, 86), (12, 3), (13, 84), (14, 91), (15, 86), (16, 91), (17, 88). Now, using Part 2 of Re-

mark 4.3, we have sequence variance of bivariant data is 1290.8125. The distance

between (11, 86) and (12, 3) is 83.006 and distance between (12, 3) and (13, 84) is

81.006.

D11 =
83.006

35.93
≈ 2.31 and D12 =

81.006

35.93
≈ 2.25 .

Since D11 and D12 are significantly greater than 1, then 3 corresponds to an outlier.

The second method can also help identify outliers in a football match. For example,

if a team’s players, represented as blue dots in Figure 8, are predominantly active

near the opposing goal, the goalkeeper may see himself/herself farther away from their

teammates due to this increased distance. As a result, the goalkeeper’s position is

deemed an outlier.

2. Sequence variance as a metric to determine dense data localities: We begin by

examining this property for one-dimensional data. Consider a collection of sequences

with n terms, x(1) ≤ · · · ≤ x(n), and equal range R. For symmetric data, the variance

is usually lower than that of right-skewed or left-skewed data, as variance measures the

dispersion of data around the center. However, this does not hold true for sequence

variance.

To illustrate, consider Table 3, which contains three sequences with a fixed range of

50. The second row represents symmetric data, while the first and third rows represent

asymmetrically distributed data. Using a Python code, we observe that the sequence

variances of all three datasets are equal 46.67, whereas their variances differ. This

indicates that sequence variance has approximately the same value for all sequences

{xi}ni=1, n > 1, that exhibit equal kurtosis at the center or edges of a fixed range.

Algorithm for determining dense data localities:

To accurately identify dense data localities within the three sequences in Table 3, we

divide the domain into two equal intervals: [0, 25] and (25, 50]. We then calculate
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Table 3: Symmetric Data and Skewed Data

Sequence Variance sequence variance

(0, 10, 12, 14, 16, 18, 20, 30, 40, 50) 201.0 46.67

(0, 10, 20, 22, 24, 26, 28, 30, 40, 50) 177.0 46.67

(0, 10, 20, 30, 32, 34, 36, 38, 40, 50) 201.0 46.67

the sequence variance for the data points in each interval. A lower sequence variance

generally indicates a higher density of points in that interval. If the sequence variances

of the two intervals are equal, we further subdivide them into smaller intervals and

repeat the process until the region with the highest data density is identified.

This algorithm works effectively in most cases, though exceptions may arise in spe-

cial scenarios. For instance, applying this algorithm to the first sequence in Table 3,

(0, 10, 12, 14, 16, 18, 20, 30, 40, 50), we compute the sequence variance for the first seg-

ment (0, 10, 12, 14, 16, 18, 20) as 20 and for the second segment (30, 40, 50) as 100. Since

the sequence variance of the first segment is lower than that of the second segment,

and both segments have equal domain lengths, this indicates a higher data density in

the first interval compared to the second.”

Extension to higher dimensions:

This method can also be applied to determine dense regions in d-dimensional Euclidean

space. For instance, consider a dataset in R2. First, we divide the plane containing

the two-dimensional data into four equal parts, as shown in Figure 9. We calculate

the sequence variance for the data points in each part, and iteratively subdivide the

regions until the part with the lowest sequence variance and thus the highest data

density is identified.

Figure 9: Determination of dense point locations through successive divisions.

In summary, sequence variance serves as an effective tool for identifying dense data

localities in both one-dimensional and higher-dimensional spaces. Its ability to remain

consistent across symmetric and skewed data distributions makes it particularly useful

for analyzing sequential and spatial relationships.

3. Sequence variance as an indicator of disorder: Consider a dataset organized as
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x1 ≤ · · · ≤ xn. Whenever the values in the dataset change, we calculate the sequence

variance while keeping the original order intact. By preserving the initial arrangement

of the data, any alterations to the dataset contents in changes to the sequence variance,

which in most instances leads to an increase in its value. For example, Table 4 presents

Table 4: Average monthly air temperature in a city

year time series points W 2

2021 (1,2),(2,9),(3,1),(4,19),(5,23),(6,25) 92.4

2022 (1,1),(2,7),(3,12),(4,14),(5,20),(6,22) 22.0

Figure 10: Time series curves of Table 4

two lists of temperatures recorded in a hypothetical city for the first six months of 2

years. Each i-th pair includes the i-th Gregorian month as the first element and the

corresponding temperature as the second element. It is noteworthy that the time series

is implicitly structured in lexicographical order. In March 2021, for instance, the air

temperature dropped below the normal range, resulting in an extended length of the

blue broken line depicted in Figure 10 due to the outlier. Consequently, the associated

sequence variance is anticipated to increase (refer to the third column of Table 4). An

increase in sequence variance indicates a higher degree of disorder.

Finally to make comparison clearer, we summarize the differences between variance an se-

quence variance in Table 5 .
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Table 5: A Comparative Analysis of Variance and sequence variance

property variance, covariance sequence variance, sequence covariance

definition deviation from mean distance between consecutive observations
invariant invariant under permutations no invariant under permutations
data type suitable for unorder data suitable for order data
applications general statistical analysis time-series analysis, sequence analysis
advantages robust, widely applicable focus on sequential relationships

ematical and statistical aspects of this paper.
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