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Abstract

In this paper, we introduce a general version of multipliers for controlled sequences. In

fact, by combining analysis, an operator on the Hilbert space `2(I) and synthesis, we reach

so-called generalized controlled Bessel multipliers. Some basic properties of this class of

operators are investigated. Specially, we are interested to determine cases when generalized

multipliers are invertible. Subsequently, our attention is on how to express the inverse of an

invertible generalized frame multiplier as a multiplier.
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1 Introduction

The concept of frames (classical version) for a Hilbert space introduced firstly by Duffin

and Schaeffer in [9], which has already been applied in various fields because of its flexibility
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compared with a basis. In the past years, many attention was paid to the extension of frames.

One of the last extensions of frames is weighted and controlled frames that introduced by

P. Balazs, J. P. Antoine and A. Grybos to improve the numerical efficiency of iterative

algorithms for inverting the frame operator [5].

In 1960, Schatten [16] studied operators of the form∑
i∈I

λi(xi ⊗ ȳi), (1.1)

where {xi}i∈I and {yi}i∈I are orthonormal sequences in a Hilbert space. It is then showed

that every compact operator is of the form in (1.1), with λi ≥ 0, and λi → 0 as i→∞ (the

spectral theorem for compact operators). In 2007, P. Balazs [3] generalized this by replacing

{xi}i∈I and {yi}i∈I by Bessel sequences. These are operators that combine analysis, a mul-

tiplication with a fixed sequence (called the symbol) and synthesis. Several basic properties

of these operators were investigated in [3]. Recently, the concept of multipliers has been

extended and introduced for continuous frames [7]], fusion frames [2], p-Bessel sequences

[14], generalized frames [13], controlled frames [15], Hilbert C∗-modules [10] and etc. The

notion of generalized multipliers appeared firstly in [1], by replacing the fixed multiplication

operator by a bounded and linear operator on `2(I). This class of operators is not only of

interest for applications in modern life, for example in acoustics [17], psychoacoustics [6]

and denoising [12], but also it is important in different branches of functional analysis [4].

In this respect, it is important to find the inverse of a multiplier if it exists.

In the present paper, the concept of generalized multipliers is extended for controlled

sequences and then, some properties of these operators are investigated in more details. In

particular, special attention is devoted to the study of invertible generalized multipliers.

2 Notation and preliminaries

In this section, we collect the basic notation and some preliminary results. Throughout

the paper, H is a separable Hilbert space and I is an at most countable index set. Let B(H)

be the set of all bounded and linear operators on H. For U ∈ B(H), the notations U∗ is the

adjoint operator of U . We define GL(H) as the set of all bounded and linear operators on

H with a bounded inverse. Given 0 < p <∞, we define the Schatten p-class of H, denoted

Sp(H), as the space of all compact operators U on H for which singular value sequence

{λi}i∈I belongs to `2(I). It is proved that Sp(H) is a two sided ∗-ideal of B(H).

Definition 2.1. Let C,C ′ ∈ GL(H) and F = {fi}i∈I be a sequence in H. Then, F is called

a (C,C ′)-controlled frame if there exist two constants 0 < A ≤ B < ∞ such that for every

f ∈ H,

A‖f‖2 ≤
∑
i∈I
〈f, Cfi〉〈C ′fi, f〉 ≤ B‖f‖2. (2.1)
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If only the right inequality in (2.1) holds, then we call F a (C,C ′)-controlled Bessel se-

quence. We denote the (C,C)-controlled Bessel sequence and (C,C)-controlled frame by

C2-controlled Bessel sequence and C2-controlled frame, respectively.

Let F = {fi}i∈I be a C2-controlled Bessel sequence in H. Then, the analysis operator

TCF : H → `2(I) is defined as

TCF f := {〈f, Cfi〉}i∈I , (f ∈ H).

Clearly, the operator TCF is linear and bounded with ‖TCF ‖ ≤
√
B. The adjoint operator

of TCF , which is called the synthesis operator, is defined as

T ∗CF : `2(I)→ H, T ∗CF {ai}i∈I :=
∑
i∈I

aiCfi, ({ai}i∈I ∈ `2(I)).

For a (C,C ′)-controlled Bessel sequence F = {fi}i∈I, by composing the analysis and syn-

thesis operators TC′F and T ∗CF , we get the controlled frame operator SCFC′ : H → H
as

Sf :=
∑
i∈I
〈f, C ′fi〉Cfi. (2.2)

Clearly, if F = {fi}i∈I is a (C,C ′)-controlled frame, then SCFC′ is a positive and invertible

operator.

Remark 2.2. Assume that F = {fi}i∈I is a C2-controlled Bessel sequence in H. Consider

the following operator

T ∗F : `2(I)→ H, T ∗F {ai}i∈I :=
∑
i∈I

aifi, ({ai}i∈I ∈ `2(I)).

Then, for every {ai}i∈I ∈ `2(I), we have

T ∗CF {ai}i∈I :=
∑
i∈I

aiCfi = C
∑
i∈I

aifi = CT ∗F {ai}i∈I.

Hence, T ∗CF = CT ∗F and so C−1T ∗CF = T ∗F . Since T ∗F is the composition of two bounded

operators, so it is also a bounded operator. Now, by [8], it is concluded that F = {fi}i∈I is

a Bessel sequence in H.

In the following, we introduce the concept of (C,C ′)-controlled Riesz bases.

Definition 2.3. A C2-controlled Riesz basis for a Hilbert space H is a family of the form

{C−1V ei}i∈I, where {ei}i∈I is an orthonormal basis for H and V : H → H is a bounded

bijective operator.
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Obviously, every C2-controlled Riesz basis is a Riesz basis for H. Analogous to Theorem

3.6.6. of [8], the following proposition gives an equivalent condition for a sequence {fi}i∈I
being a C2-controlled Riesz basis.

Proposition 2.4. A sequence F = {fi}i∈I in a Hilbert space H is a C2-controlled Riesz

basis if and only if F is complete and there exist constants 0 < A ≤ B < ∞ such that for

every {ai}i∈I ∈ `2(I),

A
∑
i∈I
|ai|2 ≤

∥∥∥∥∥∑
i∈I

aiCfi

∥∥∥∥∥
2

≤ B
∑
i∈I
|ai|2. (2.3)

Proof . Let F = {fi}i∈I be a complete sequence in H which satisfies in (2.3). Define the

operator V : H → H as

V f :=
∑
i∈I
〈f, ei〉Cfi, (f ∈ H). (2.4)

Then, considering {〈f, ei〉}i∈I ∈ `2(I), we have

A‖f‖2 = A
∑
i∈I
|〈f, ei〉|2 ≤

∥∥∥∥∥∑
i∈I
〈f, ei〉Cfi

∥∥∥∥∥
2

= ‖V f‖2 ≤ B
∑
i∈I
|〈f, ei〉|2 = B‖f‖2.

Therefore, V is a bounded, injective and closed range operator. Moreover, the adjoint

operator

V ∗f =
∑
i∈I
〈f, Cfi〉ei,

is also injective, because if V ∗f = 0, for some f ∈ H, then

0 =
∑
i∈I
〈f, Cfi〉ei.

Since {ei}i∈I is an orthonormal basis for H, it implies that 〈f, Cfi〉 = 〈C∗f, fi〉 = 0. Now,

by the completeness of F = {fi}i∈I and invertibility of C, we conclude that f = 0. Hence,

V is invertible. Furthermore,

C−1V ej = C−1
∑
i∈I
〈ej , ei〉Cfi = fj .

Conversely, assume that there exists an invertible operator V ∈ B(H) such that fi =

C−1V ei, i ∈ I. We show that the sequence {fi}i∈I is complete and satisfies in (2.3). For

each {ai}i∈I ∈ `2(I), ∥∥∥∥∥∑
i∈I

aiCfi

∥∥∥∥∥
2

=

∥∥∥∥∥∑
i∈I

aiV ei

∥∥∥∥∥
2

≤ ‖V ‖2
∑
i∈I
|ai|2.
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For the lower inequality,

∑
i∈I
|ai|2 =

∥∥∥∥∥∑
i∈I

aiei

∥∥∥∥∥
2

=

∥∥∥∥∥V −1V
(∑

i∈I
aiei

)∥∥∥∥∥
2

≤ ‖V −1‖2
∥∥∥∥∥∑

i∈I
aiV ei

∥∥∥∥∥
2

= ‖V −1‖2
∥∥∥∥∥∑

i∈I
aiCfi

∥∥∥∥∥
2

.

Finally, it is enough to show that {fi}i∈I is complete. Suppose that there exists f ∈ H such

that for every i ∈ I,

0 = 〈f, fi〉 = 〈f, C−1V ei〉 =
〈
(C−1V )∗f, ei

〉
.

Since {ei}i∈I is complete, so (C−1V )∗f = 0. Now, the invertibility of C−1V implies that

f = 0. �

In the next result, we prove that every controlled Riesz basis is a controlled frame.

Theorem 2.5. In a Hilbert space H, every C2-controlled Riesz basis is a C2-controlled

frame.

Proof . Suppose that {fi}i∈I is a C2-controlled Riesz basis for H. Then, for every f ∈ H,∑
i∈I
|〈f, Cfi〉|2 =

∑
i∈I
|〈f, V ei〉|2 =

∑
i∈I
|〈V ∗f, ei〉|2 = ‖V ∗f‖2 ≤ ‖V ∗‖2‖f‖2.

So {fi}i∈I is a C2-controlled Bessel sequence. For the lower bound,

‖f‖2 = ‖(V ∗)−1V ∗f‖2 ≤ ‖(V ∗)−1‖2‖V ∗f‖2 = ‖V −1‖2
∑
i∈I
|〈f, Cfi〉|2 .

�

One of the essential applications of frames is that they provide basis-like but generally

non-unique decompositions for the elements of H. In these decompositions, dual frames play

a key role. Thus it is natural to extend the duality from frames to the case of controlled

frames and examine its properties.

Definition 2.6. Suppose that F = {fi}i∈I and G = {gi}i∈I are two C2 and C ′2- controlled

Bessel sequences in H. Then, G is called a (C,C ′)-dual of F if T ∗C′GTCF = I, in other words

for every f ∈ H,

f =
∑
i∈I
〈f, Cfi〉C ′gi.

Every C2-controlled frame possess at least one C2-dual, more precisely,

f =
∑
i∈I

〈
f, C

(
C−1S−1CFC

)
fi
〉
Cfi. (2.5)
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The sequence {f̃i}i∈I =
{(
C−1S−1CFC

)
fi
}
i∈I is called the canonical C2-dual of C2-controlled

frame F . Clearly, the equation (2.5) implies that

T ∗CFTCF̃ = I.

Remark 2.7. Let F = {fi}i∈I = {C−1V ei}i∈I be a C2-controlled Riesz basis for H. Then,

the canonical dual controlled frame

F̃ = {(C−1S−1CFC)fi}i∈I = {(SCFC)−1V ei}i∈I,

is a (C, SCF )-controlled Riesz basis for H. Furthermore, TCFT
∗
CF̃

= I, since for every

{ai}i∈I ∈ `2(I),

TCFT
∗
CF̃
{ai}i∈I =

{〈∑
i∈I

aiCf̃i, Cfj

〉}
j∈I

=

{∑
i∈I

ai
〈
V ∗S−1CFV ei, ej

〉}
j∈I

=

{∑
i∈I

ai
〈
V ∗(V V ∗)−1V ei, ej

〉}
j∈I

=

{∑
i∈I

aiδij

}
j∈I

= {ai}i∈I.

Now, we remember the concept of multipliers for controlled Bessel sequences, which is de-

fined, of course by one controller operator, in [11].

Definition 2.8. Let m ∈ `∞(I) and F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2

controlled Bessel sequences in H, with bounds B and B′, respectively. Then, the operator

Mm,(C′G),(CF ) : H → H defined as

Mm,(C′G),(CF )f :=
∑
i∈I

mi〈f, Cfi〉C ′gi, (f ∈ H),

is called the (C,C ′)-controlled Bessel multiplier operator with symbol m. It is clear that

Mm,(C′G),(CF ) = T ∗C′GMmTCF ,

where Mm : `2(I)→ `2(I) is the mapping given by

Mm{ai} := miai, ({ai}i∈I ∈ `2(I)).

Furthermore, the operator M = Mm,(C′G),(CF ) is bounded and adjointable with ‖M‖ ≤√
BB′‖m‖∞ and M∗ = Mm,(CF ),(C′G).
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3 Main Results

In this section, we introduce the concept of generalized controlled Bessel multipliers and

investigate some properties of them.

Definition 3.1. Let U ∈ B(`2(I)) and F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2-

controlled Bessel sequences in H, respectively. Then, the operator M(C′G)U(CF ) : H → H
defined as M(C′G)U(CF ) = T ∗C′GUTCF is called the generalized (C,C ′)-controlled Bessel

multiplier.

In the first proposition, we summarize some properties of M(C′G)U(CF ).

Proposition 3.2. Let F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2-controlled Bessel se-

quences inH with upper bounds B and B′, respectively, and M(C′G)U(CF ) be the generalized

Bessel multiplier associated with F and G. Then,

(1) M(C′G)U(CF ) is a bounded and linear operator with ‖M(C′G)U(CF )‖ ≤
√
BB′‖U‖.

(2) If U ∈ Sp(`2(I)), then M(C′G)U(CF ) ∈ Sp(H). The converse is true only if F and G

are C2 and C ′2-controlled Riesz bases, respectively.

Proof . (1)

‖M(C′G)U(CF )‖ = ‖T ∗C′GUTCF ‖ ≤ ‖T ∗C′G‖‖U‖‖TCF ‖ ≤
√
BB′‖U‖.

(2) Let U ∈ Sp(H). By the fact that Sp(H) is a two sided ideal of B(H) and M(C′G)U(CF ) =

T ∗C′GUTCF , the result is obtained. For the second part, suppose that M(C′G)U(CF ) ∈ Sp(H)

and F = {fi}i∈I and G = {gi}i∈I are C2 and C ′2-controlled Riesz bases in H. Then, the

operators TCF and T ∗C′G are surjective and injective, respectively. Therefore, there are a

right inverse operator R for TCF and a left inverse operator L for T ∗C′G such that

TCFR = I, LT ∗C′G = I.

Hence, we can write

U = LM(C′G)U(CF )R. (3.1)

Now, by the fact that Sp(H) is a two sided ideal of B(H), the result is obtained. � The

following proposition provides some conditions under which the underlying controlled Bessel

sequences of a generalized (C,C ′)-controlled Bessel multiplier become controlled frames.

Proposition 3.3. Assume that F = {fi}i∈I and G = {gi}i∈I are two C2 and C ′2-controlled

Bessel sequences in H. Moreover, suppose that there exists λ > 0 such that for every f ∈ H,

λ‖f‖2 ≤
∣∣〈M(C′G)U(CF )f, f〉

∣∣. Then, F and G are C2 and C ′2-controlled frames in H,

respectively.
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Proof . Let F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2-controlled Bessel sequences in

H with bounds B and B′ ,respectively. We denote M(C′G)U(CF ) by M . By the assumption,

there exists λ > 0 such that for every f ∈ H, λ‖f‖2 ≤ |〈Mf, f〉|. Then,

λ‖f‖2 ≤ |〈Mf, f〉| ≤ ‖Mf‖‖f‖.

So, M is a bounded below operator. By the same argument, we can show that M∗ is also

bounded below. Now, we show that F is a C2-controlled frame. Since M is bounded below,

then for every f ∈ H we can find some g ∈ H such that ‖g‖ = 1 and λ‖f‖ ≤ |〈Mf, g〉|. So

λ‖f‖ ≤ |〈Mf, g〉| = |〈T ∗C′GUTCF f, g〉|

= |〈TCF f, U
∗TC′Gg〉|

≤

(∑
i∈I
|〈f, Cfi〉|2

)1

2
‖U∗‖

√
B′.

Hence, for every f ∈ H,

λ2B′−1‖U∗‖−2‖f‖2 ≤
∑
i∈I
|〈f, Cfi〉|2.

Therefore, the sequence F is a C2-controlled frame. By a similar argument and using the

fact that M∗ is also a bounded below operator, one can show that the sequence G is a

C ′2-controlled frame. �

Corollary 3.4. Assume that F = {fi}i∈I and G = {gi}i∈I are two C2 and C ′2-controlled

Bessel sequences in H. If M(C′G)U(CF ) is invertible, then F and G are C2 and C ′2-controlled

frames in H, respectively.

Proof . Since M(C′G)U(CF ) is invertible, then both M(C′G)U(CF ) and M∗(C′G)U(CF ) are

bounded below operators and so the result is obtained from Proposition 3.3. � The next

result gives a necessary and sufficient condition for the invertibility of the generalized Riesz

multiplier.

Proposition 3.5. Let F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2-controlled Riesz

bases in H. Then, the multiplier M(C′G)U(CF ) is invertible if and only if U is invertible.

Proof . Assume that U ∈ B(`2(I)) is an invertible operator. PutM−1(C′G)U(CF ) = M(CF̃ )U−1(C′G̃),

where F̃ and G̃ are the canonical controlled duals of F and G. Then, by Remark 2.7, we

have

M(C′G)U(CF )M(CF̃ )U−1(C′G̃) = (T ∗C′GUTCF )(T ∗
CF̃
U−1TC′G̃) = I.
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Similarly, we can show that M(CF̃ )U−1(C′G̃)M(C′G)U(CF ) = I. Conversely, suppose that

M(C′G)U(CF ) is invertible with the inverse M−1. Then

U
(
TCFM

−1T ∗C′G
)

= TC′G̃T
∗
C′G

(
UTCFM

−1)T ∗C′G = TC′G̃T
∗
C′G = I.

A similar argument shows that
(
TCFM

−1T ∗C′G
)
U = I. �

As we have seen in Proposition 3.5, if U ∈ B(`2(I)) is invertible, the generalized Riesz

multiplier M(C′G)U(CF ) is automatically invertible and vise versa. Moreover, M−1(C′G)U(CF ) =

M(CF̃ )U−1(C′G̃). This result motivates us to generalize this idea for controlled frames. In

more details, the following proposition shows that there are other invertible frame multipliers

M(C′G)U(CF ) whose inverses can be represented as multipliers using the inverted symbol and

suitable dual frames of F and G.

Proposition 3.6. Let F = {fi}i∈I and G = {gi}i∈I be two C2 and C ′2-controlled frames

in H and U be an invertible operator in B(`2(I)). Assume that the generalized multiplier

M(C′G)U(CF ) is invertible. If M−1(C′G)U(CF ) commutes with C, then there exists a dual frame

G† of G such that for any dual frame F d of F , we have M−1(C′G)U(CF ) = M(C′Fd)U−1(CG†).

Proof . We denote M(C′G)U(CF ) by M . Let {δi}i∈I be the standard orthonormal basis for

`2(I). Then, the sequence G† = {(UTFM−1)∗δi}i∈I is a (C,C ′)-dual frame of G, since∑
i∈I

〈
f, C(UTFM

−1)∗δi
〉
C ′gi =

∑
i∈I

〈
f, (M−1)∗CT ∗FU

∗δi
〉
C ′gi

=
∑
i∈I

〈
UTCFM

−1f, δi
〉
C ′gi

= T ∗C′G
(
UTCFM

−1) f
= MM−1f = f.

On the other hand,

(M−1)∗T ∗CFU
∗δi = (M−1)∗CT ∗FU

∗δi

= C(M−1)∗T ∗FU
∗δi

= C(UTFM
−1)∗δi

= T ∗CG†(U
−1)∗(U∗δi).

Since U is surjective, so we have

(M−1)∗T ∗CF = T ∗CG†(U
−1)∗.

Now, for every (C,C ′)-dual frame F d of F , we have

(M−1)∗ = T ∗CG†(U
−1)∗TC′Fd ,
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and therefore

M−1 = T ∗C′Fd(U−1)TCG† = M(C′Fd)U−1(CG†).

�
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