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Abstract

Using the fixed point method, we prove the generalized Hyers-Ulam(or Hyers-Ulam-Rassias)

stability of the following generalized Cauchy-Jensen functional equation
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)
=

p∑
i=1

f(xi) +

q∑
j=1

f(yj) + 2
d∑

k=1

f(zk)

where p, q and d are positive natural numbers greater than 1, in fuzzy Banach spaces. The

concept of Hyers-Ulam-Rassias stability originated from Th. M. Rassias stability theorem

that appeared in his paper: On the stability of the linear mapping in Banach spaces, Proc.

Amer. Math. Soc. 72 (1978), 297-300.
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1 Introduction and Preliminaries

The stability problem of functional equations originated from a question of Ulam [39]

concerning the stability of group homomorphisms. Hyers [21] gave a first affirmative partial

answer to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Th.

M. Rassias [30] for linear mappings by considering an unbounded Cauchy difference.

The functional equation f(x+ y)+ f(x− y) = 2f(x)+2f(y) is called a quadratic functional

equation. In particular, every solution of the quadratic functional equation is said to be

a quadratic mapping. The Hyers-Ulam stability of the quadratic functional equation was

proved by Skof [38] for mappings f : X → Y , where X is a normed space and Y is a Banach

space. Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain X is

replaced by an Abelian group. Czerwik [9] proved the Hyers-Ulam stability of the quadratic

functional equation.

In this paper, we consider the following generalized Cauchy-Jensen functional equation

2f

(∑p
i=1 xi +

∑q
j=1 y

2
+

d∑
k=1

zk

)
=

p∑
i=1

f(xi) +

q∑
j=1

f(yj) + 2
d∑

k=1

f(zk) (1.1)

and prove the generalized Hyers-Ulam stability of the functional equation (1.1) in fuzzy

Banach spaces. The stability problems of several functional equations have been extensively

investigated by a number of authors, and there are many interesting results concerning this

problem (see [1]–[3], [6]– [18],[28]–[35]).

Katsaras [22] defined a fuzzy norm on a vector space to construct a fuzzy vector topolog-

ical structure on the space. Some mathematicians have defined fuzzy norms a vector space

from various points of view (see [19, 24, 28]). In particular, Bag and Samanta [4], following

Cheng and Mordeson [7], gave an idea of fuzzy norm in such a manner that the correspond-

ing fuzzy metric is of Karmosil and Michalek type [23]. They established a decomposition

theorem of a fuzzy norm into a family of crisp norms and investigated some properties of

fuzzy normed spaces [5].

Definition 1.1. (Bag and Samanta [4]) Let X be a real vector space. A function N :

X × R → [0, 1] is called a fuzzy norm on X if for all x, y ∈ X and all s, t ∈ R,
(N1) N(x, t) = 0 for t ≤ 0;

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0;

(N3) N(cx, t) = N
(
x, t

|c|

)
if c ̸= 0;

(N4) N(x+ y, c+ t) ≥ min{N(x, s), N(y, t)};
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(N5) N(x, .) is a non-decreasing function of R and limt→∞ N(x, t) = 1;

(N6) for x ̸= 0, N(x, .) is continuous on R.

The pair (X,N) is called a fuzzy normed vector space.

Example 1.1. Let (X, ∥.∥) be a normed linear space and α, β > 0. Then

N(x, t) =

{
αt

αt+β∥x∥ t > 0, x ∈ X

0 t ≤ 0, x ∈ X

is a fuzzy norm on X.

Definition 1.2. (Bag and Samanta [4]) Let (X,N) be a fuzzy normed vector space. A

sequence {xn} in X is said to be convergent or converge if there exists an x ∈ X such that

limt→∞ N(xn−x, t) = 1 for all t > 0. In this case, x is called the limit of the sequence {xn}
in X and we denote it by N − limt→∞ xn = x.

Definition 1.3. (Bag and Samanta [4]) Let (X,N) be a fuzzy normed vector space. A

sequence {xn} in X is called Cauchy if for each ϵ > 0 and each t > 0 there exists an n0 ∈ N
such that for all n ≥ n0 and all p > 0, we have N(xn+p − xn, t) > 1− ϵ.

It is well known that every convergent sequence in a fuzzy normed vector space is Cauchy.

If each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the

fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X → Y between fuzzy normed vector spaces X and Y is

continuous at a point x ∈ X if for each sequence {xn} converging to x0 ∈ X, then the

sequence {f(xn)} converges to f(x0). If f : X → Y is continuous at each x ∈ X, then

f : X → Y is said to be continuous on X (see [5]).

Throughout this paper, assume that X is a vector space and that (Y,N) is a fuzzy Banach

space.

Definition 1.4. Let X be a set. A function d : X × X → [0,∞] is called a generalized

metric on X if d satisfies the following conditions:

(1) d(x, y) = 0 if and only if x = y for all x, y ∈ X;

(2) d(x, y) = d(y, x) for all x, y ∈ X;

(3) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

Theorem 1.1. ([6, 10]) Let (X, d) be a complete generalized metric space and J : X → X

be a strictly contractive mapping with Lipschitz constant L < 1. Then, for all x ∈ X, either

d(Jnx, Jn+1x) = ∞ for all nonnegative integers n or there exists a positive integer n0 such
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that

(1) d(Jnx, Jn+1x) < ∞ for all n0 ≥ n0 and all x ∈ X;

(2) the sequence {Jnx} converges to a fixed point y∗ of J ;

(3) y∗ is the unique fixed point of J in the set Y = {y ∈ X : d(Jn0x, y) < ∞};
(4) d(y, y∗) ≤ 1

1−Ld(y, Jy) for all y ∈ Y .

2 Fuzzy stability of the functional equation (1.1)

Throughout this paper, assume that X is a vector space and that (Y,N) is a fuzzy

Banach space.

Theorem 2.1. Let φ : Xp+q+d → [0,∞) be a function such that there exists an α < 1 with

φ

(
2xi

p+ q + 2d
,

2yj
p+ q + 2d

,
2zk

p+ q + 2d

)
≤ 2α

p+ q + 2d
φ(xi, yj , zk) (2.1)

for all xi, yj , zk ∈ X. Let f : X → Y be a mapping satisfying f(0) = 0 and

N

2f

(∑p
i=1 xi +

∑q
j=1 y

2
+

d∑
k=1

zk

)
−

p∑
i=1

f(xi)−
q∑

j=1

f(yj)− 2
d∑

k=1

f(zk), t


≥ t

t+ φ(xi, yj , zk)
(2.2)

for all xi, yj , zk ∈ X and all t > 0. Then the limit L(x) := N - limn→∞
(p+q+2d)n

2n f
(

2nx
(p+q+2d)n

)
exists for each x ∈ X and defines a unique generalized Cauchy-Jensen mapping L : X → Y

such that

N(f(x)− L(x), t) ≥ (p+ q + 2d)(1− α)t

(p+ q + 2d)(1− α)t+ αφ(x, x, · · · , x)
. (2.3)

Proof . Putting xi = yj = zk = x in (2.2), we have

N

(
2f

(
(p+ q + 2d)x

2

)
− (p+ q + 2d)f(x), t

)
≥ t

t+ φ( x, x, · · · , x︸ ︷︷ ︸
(p+q+d)−times

)
(2.4)

for all x ∈ X and t > 0. Replacing x by 2x
p+q+2d in (2.4), we obtain

N

(
f(x)− p+ q + 2d

2
f

(
2x

p+ q + 2d

)
,
t

2

)
≥ t

t+ φ
(

2x
p+q+2d ,

2x
p+q+2d , · · · ,

2x
p+q+2d

)
≥ t

t+ 2α
p+q+2dφ(x, x, · · · , x)

. (2.5)
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for all x ∈ X and t > 0. So

N

(
f(x)− p+ q + 2d

2
f

(
2x

p+ q + 2d

)
,

αt

p+ q + 2d

)
≥ t

t+ φ( x, x, · · · , x︸ ︷︷ ︸
(p+q+d)−times

)
(2.6)

Consider the set S := {g : X → Y, g(0) = 0} and the generalized metric d in S defined by

d(f, g) = inf
{
µ ∈ R+ : N(g(x)− h(x), µt) ≥ t

t+ φ(x, x, · · · , x)
, ∀x ∈ X, t > 0

}
,

where inf ∅ = +∞. It is easy to show that (S, d) is complete (see [25, Lemma 2.1]).

Now, we consider a linear mapping J : S → S such that Jg(x) := p+q+2d
2 g

(
2x

p+q+2d

)
for

all x ∈ X. Let g, h ∈ S satisfy d(g, h) = ϵ. Then

N(g(x)− h(x), ϵt) ≥ t

t+ φ(x, x, · · · , x)

for all x ∈ X and t > 0. Hence

N(Jg(x)− Jh(x), αϵt) = N

(
p+ q + 2d

2
g

(
2x

p+ q + 2d

)
− p+ q + 2d

2
h

(
2x

p+ q + 2d

)
, αϵt

)
= N

(
g

(
2x

p+ q + 2d

)
− h

(
2x

p+ q + 2d

)
,

2αϵt

p+ q + 2d

)
≥

2αt
p+q+2d

2αt
p+q+2d + φ

(
2x

p+q+2d ,
2x

p+q+2d , · · · ,
2x

p+q+2d

)
≥

2αt
p+q+2d

2αt
p+q+2d + 2α

p+q+2dφ(x, x, · · · , x)
=

t

t+ φ(x, x, · · · , x)

for all x ∈ X and t > 0. Thus d(g, h) = ϵ implies that d(Jg, Jh) ≤ αϵ. This means that

d(Jg, Jh) ≤ αd(g, h) for all g, h ∈ S. It follows from (2.6) that d(f, Jf) ≤ α
p+q+2d . By

Theorem 1.1, there exists a mapping L : X → Y satisfying the following:

(1) L is a fixed point of J , that is,

L

(
2x

p+ q + 2d

)
=

2

p+ q + 2d
L(x) (2.7)

for all x ∈ X. The mapping L is a unique fixed point of J in the set Ω = {h ∈ S :

d(g, h) < ∞}. This implies that L is a unique mapping satisfying (2.7) such that there exists

µ ∈ (0,∞) satisfying N(f(x)− L(x), µt) ≥ t
t+φ(x,x,··· ,x) for all x ∈ X and t > 0.

(2) d(Jnf, L) → 0 as n → ∞. This implies the equality limn→∞ N - limn→∞
(p+q+2d)n

2n f
(

2nx
(p+q+2d)n

)
=

L(x) for all x ∈ X.

(3) d(f, L) ≤ d(f,Jf)
1−α with f ∈ Ω, which implies the inequality d(f, L) ≤ α

(p+q+2d)(1−α) . This

implies that the inequality (2.3) holds.
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Replacing xi, yj and zk by 2nxi

(p+q+2d)n ,
2nyj

(p+q+2d)n and 2nzk
(p+q+2d)n , respectively, in (2.2), we

get

N

(
(p+ q + 2d)n

2n

[
2f

∑p
i=1

2nxi

(p+q+2d)n +
∑q

j=1
2nyj

(p+q+2d)n

2
+

d∑
k=1

2nzk
(p+ q + 2d)n


−

p∑
i=1

f

(
2nxi

(p+ q + 2d)n

)
−

q∑
j=1

f

(
2nyj

(p+ q + 2d)n

)
(2.8)

−
d∑

k=1

f

(
2nzk

(p+ q + 2d)n

)]
,
(p+ q + 2d)nt

2n

)
≥ t

t+ φ
(

2nxi

(p+q+2d)n ,
2nyj

(p+q+2d)n ,
2nzk

(p+q+2d)n

)
for all xi, yj , zk ∈ X, t > 0 and all n ∈ N. So by (2.1) and (2.8), we have

N

(
(p+ q + 2d)n

2n

[
2f

∑p
i=1

2nxi

(p+q+2d)n +
∑q

j=1
2nyj

(p+q+2d)n

2
+

d∑
k=1

2nzk
(p+ q + 2d)n


−

p∑
i=1

f

(
2nxi

(p+ q + 2d)n

)
−

q∑
j=1

f

(
2nyj

(p+ q + 2d)n

)

−
d∑

k=1

f

(
2nzk

(p+ q + 2d)n

)]
, t

)
≥

2nt
(p+q+2d)n

2nt
(p+q+2d)n + 2nαnt

(p+q+2d)nφ(xi, yj , zk)
.

Since

lim
n→∞

2nt
(p+q+2d)n

2nt
(p+q+2d)n + 2nαnt

(p+q+2d)nφ(xi, yj , zk)
= 1

for all xi, yj , zk ∈ X and all t > 0, we deduce that

N

2L

(∑p
i=1 xi +

∑q
j=1 y

2
+

d∑
k=1

zk

)
−

p∑
i=1

L(xi)−
q∑

j=1

L(yj)− 2

d∑
k=1

L(zk), t

 = 1

for all xi, yj , zk ∈ X and all t > 0. Thus the mapping L : X → Y satisfying (1.1), as desired.

This completes the proof. □

Corollary 2.1. Let θ ≥ 0 and let r be a real number with r > 1. Let X be a normed vector

space with norm ∥ · ∥. Let f : X → Y be a mapping satisfying f(0) = 0 and

N

2f

(∑p
i=1 xi +

∑q
j=1 y

2
+

d∑
k=1

zk

)
−

p∑
i=1

f(xi)−
q∑

j=1

f(yj)− 2
d∑

k=1

f(zk), t


≥ t

t+ θ
(∑p

i=1 ∥xi∥r +
∑q

j=1 ∥yj∥r +
∑d

k=1 ∥zk∥r
) (2.9)
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for all xi, yj , zk ∈ X and all t > 0. Then L(x) := N - limn→∞
(p+q+2d)n

2n f
(

2nx
(p+q+2d)n

)
exists

for each x ∈ X and defines a generalized Cauchy-Jensen mapping L : X → Y such that

N(f(x)−L(x), t) ≥ ((p+ q + 2d)− 2r−1(p+ q + 2d)2−r)t

((p+ q + 2d)− 2r−1(p+ q + 2d)2−r)t+ 2r−1(p+ q + d)(p+ q + 2d)1−rθ∥x∥r

for all x ∈ X and all t > 0.

Proof . The proof follows from Theorem 2.1 by taking

φ(xi, yj , zk) := θ

 p∑
i=1

∥xi∥r +
q∑

j=1

∥yj∥r +
d∑

k=1

∥zk∥r


for all xi, yj , zk ∈ X. Then we can choose α =
(

p+q+2d
2

)1−r

and we get the desired result.

□

Theorem 2.2. Let φ : Xp+q+d → [0,∞) be a function such that there exists an α < 1 with

φ

(
(p+ q + 2d)xi

2
,
(p+ q + 2d)yj

2
,
(p+ q + 2d)zk

2

)
≤ (p+ q + 2d)α

2
φ(xi, yj , zk) (2.10)

for all xi, yj , zk ∈ X. Let f : X → Y be a mapping satisfying f(0) = 0 and (2.2). Then the

limit

R(x) := N - lim
n→∞

2n

(p+ q + 2d)n
f

(
(p+ q + 2d)nx

2n

)
exists for each x ∈ X and defines a generalized Cauchy-Jensen mapping R : X → Y such

that

N(f(x)−R(x), t) ≥ (p+ q + 2d)(1− α)t

(p+ q + 2d)(1− α)t+ φ(x, x, · · · , x)
(2.11)

Proof . Let (S, d) be the generalized metric space defined as in the proof of Theorem 2.1.

Consider the linear mapping J : S → S such that Jg(x) := 2
p+q+2dg

(
(p+q+2d)x

2

)
for all

x ∈ X. Let g, h ∈ S be such that d(g, h) = ϵ. Then

N(g(x)− h(x), ϵt) ≥ t

t+ φ(x, x, · · · , x)
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for all x ∈ X and t > 0 . Hence

N(Jg(x)− Jh(x), αϵt)

= N

(
2

p+ q + 2d
g

(
(p+ q + 2d)x

2

)
− 2

p+ q + 2d
h

(
(p+ q + 2d)x

2

)
, αϵt

)
= N

(
g

(
(p+ q + 2d)x

2

)
− h

(
(p+ q + 2d)x

2

)
,
(p+ q + 2d)αϵt

2

)
≥

(p+q+2d)αt
2

(p+q+2d)αt
2 + φ

(
(p+q+2d)x

2 , (p+q+2d)x
2 , · · · , (p+q+2d)x

2

)
≥

(p+q+2d)αt
2

(p+q+2d)αt
2 + (p+q+2d)α

2 φ(x, x, · · · , x)
=

t

t+ φ(x, x, · · · , x)

for all x ∈ X and t > 0. Thus d(g, h) = ϵ implies that d(Jg, Jh) ≤ αϵ. This means that

d(Jg, Jh) ≤ αd(g, h) for all g, h ∈ S. It follows from (2.4) that

N

(
2

p+ q + 2d
f

(
(p+ q + 2d)x

2

)
− f(x),

t

p+ q + 2d

)
≥ t

t+ φ( x, x, · · · , x︸ ︷︷ ︸
(p+q+d)−times

)

for all x ∈ X and t > 0. So d(f, Jf) ≤ 1
p+q+2d . By Theorem 1.1, there exists a mapping

R : X → Y satisfying the following:

(1) R is a fixed point of J , that is,

p+ q + 2d

2
R(x) = R

(
(p+ q + 2d)x

2

)
(2.12)

for all x ∈ X. The mapping R is a unique fixed point of J in the set Ω = {h ∈ S :

d(g, h) < ∞}. This implies that R is a unique mapping satisfying (2.12) such that there

exists µ ∈ (0,∞) satisfying N(f(x)−R(x), µt) ≥ t
t+φ(x,x,··· ,x) for all x ∈ X and t > 0.

(2) d(Jnf,R) → 0 as n → ∞. This implies the equality

lim
n→∞

N - lim
n→∞

2n

(p+ q + 2d)n
f

(
(p+ q + 2d)nx

2n

)
= R(x)

for all x ∈ X.

(3) d(f,R) ≤ d(f,Jf)
1−α with f ∈ Ω, which implies the inequality d(f,R) ≤ 1

(p+q+2d)(1−α) . This

implies that the inequality (2.11) holds.

The rest of the proof is similar to that of the proof of Theorem 2.1. □

Corollary 2.2. Let θ ≥ 0 and let r be a real number with 0 < r < 1. Let X be a normed

vector space with norm ∥ · ∥. Let f : X → Y be a mapping satisfying f(0) = 0 and (2.9).
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Then the limit R(x) := N - limn→∞
2n

(p+q+2d)n f
(

(p+q+2d)nx
2n

)
exists for each x ∈ X and

defines a generalized Cauchy-Jensen mapping R : X → Y such that

N(f(x)−R(x), t) ≥ ((p+ q + 2d)− 2r(p+ q + 2d)1−r)t

((p+ q + 2d)− 2r(p+ q + 2d)1−r)t+ (p+ q + d)θ∥x∥r
.

for all x ∈ X and all t > 0.

Proof . The proof follows from Theorem 2.2 by taking

φ(xi, yj , zk) := θ

 p∑
i=1

∥xi∥r +
q∑

j=1

∥yj∥r +
d∑

k=1

∥zk∥r


for all xi, yj , zk ∈ X. Then we can choose α =
(

2
p+q+2d

)r
and we get the desired result. □

3 Conclusion

We linked here three different disciplines, namely, the fuzzy Banach spaces, functional

equations and fixed point theory. We established the Hyers-Ulam-Rassias stability of the

functional equation (1.1) in fuzzy Banach spaces.
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[6] L. Cădariu and V. Radu, Fixed points and the stability of Jensen’s functional equation,

JIPAM, J. Inequal. Pure Appl. Math., 4 (2003) 7. zbl MR EuDML

[7] S.C. Cheng and J.N. Mordeson, Fuzzy linear operators and fuzzy normed linear spaces,

Bull. Calcutta Math. Soc., 86 (1994) 429–436. zbl MR

https://zbmath.org/1281.39018
https://zbmath.org/1231.39010
https://mathscinet.ams.org/mathscinet/relay-station?mr=2825690
https://doi.org/10.1007/s12215-011-0027-5
https://zbmath.org/1207.39029
https://doi.org/10.22436/jnsa.004.01.08
https://zbmath.org/1045.46048
https://mathscinet.ams.org/mathscinet/relay-station?mr=2005663
https://zbmath.org/1077.46059
https://mathscinet.ams.org/mathscinet/relay-station?mr=2126172
https://doi.org/10.1016/j.fss.2004.05.004
https://zbmath.org/1043.39010
https://mathscinet.ams.org/mathscinet/relay-station?mr=1965984
https://eudml.org/doc/123714
https://zbmath.org/0829.47063
https://mathscinet.ams.org/mathscinet/relay-station?mr=1351812


Fuzzy HUR-stability of an GCJ functional equation: A fixed point alternative approach 53

[8] P.W. Cholewa, Remarks on the stability of functional equations, Aequationes Math.,

27 (1984) 76–86. zbl MR doi

[9] St. Czerwik, On the stability of the quadratic mapping in normed spaces, Abh. Math.

Sem. Univ. Hambourg, 62 (1992) 59–64. zbl MR doi

[10] J. Diaz and B. Margolis, A fixed point theorem of the alternative for contractions on a

generalized complete metric space, Bull. Amer. Math. Soc., 74 (1968) 305–309. zbl

MR doi

[11] M. Eshaghi-Gordji, S. Abbaszadeh, and C. Park, On the stability of a generalized

quadratic and quartic type functional equation in quasi-Banach spaces, J. Inequal. Appl.,

2009 (2009) 26. zbl MR doi

[12] M. Eshaghi-Gordji, S. Kaboli-Gharetapeh, C. Park, and S. Zolfaghri, Stability of an

additive-cubic-quartic functional equation, Adv. Difference Equ., 2009 (2009) 20. zbl

MR doi

[13] M. Eshaghi Gordji, H. Khodaei and J.M. Rassias, Fixed point methods for the stability

of general quadratic functional equation, Fixed Point Theory, 12 (2011) 71–82. zbl

MR Link

[14] M. Eshaghi Gordji, Choonkil Park and M.B. Savadkouhi, The stability of quartic func-

tional equation with the fixed point alternative, Fixed Point Theory, 11 (2010) 265–272.

zbl MR Link

[15] M. Eshaghi Gordji and M. Bavand Savadkouhi, Stability of mixed type cubic and quartic

functional equations in random normed spaces, J. Ineq. Appl., 2009 (2009) 9. zbl

MR doi

[16] M. Eshaghi Gordji and M. Bavand Savadkouhi and Choonkil Park, Quadratic-quartic

functional equations in RN-spaces, J. Ineq. Appl., 2009 (2009) 14. zbl MR doi

[17] M. Eshaghi Gordji and H. Khodaei, Stability of functional equations, Lap Lambert

Academic Publishing, 2010.

[18] M. Eshaghi Gordji, S. Zolfaghari, J.M. Rassias and M.B. Savadkouhi, Solution and

stability of a mixed type cubic and quartic functional equation in quasi-Banach spaces,

Abst. Appl. Anal., 2009 (2009) 14. zbl MR doi

[19] C. Felbin, Finite-dimensional fuzzy normed linear space, Fuzzy Sets and Systems, 48

(1992) 239–248. zbl MR doi
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