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Abstract

In this paper, we evaluate the gaussian process (GP) as a powerful toolkit for nonpara-
metric classification, and regression. Unlike traditional parametric methods, GPs provide a
distribution over functional spaces to model the uncertainty in predictions. The relationship
between GP and input correlation kernel functions are illustrated, and some different ker-
nels are introduced. Moreover, practical applications of GP for large scale problems using
the Nystrom approximation have been studied, and several numerical examples have been
provided to verify the validity and efficiency of the proposed method. The implementation
codes have been executed in Python using Scikit — learn library.
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1 Introduction

The GPs have piqued the interest of many machine learning researchers due to their
flexibility and ability to handle uncertain predictions, [30]. In the core concept of GPs,
certain distributions on predicted functions are favored for use as non-parametric toolkits
over Neural Networks (NN)s, and classical regression methods, as well, [21]. Also, GP is a
standard choice model in Bayesian Optimization (BO) in which uncertainty about gathering
data is required, [2, f]. Despite the wide application of GPs, understanding their concepts
involving multivariate normal distributions, covariance (kernels), and nonparametric models
can be challenging due to their complexities, [L6]. A multivariate normal distribution (MND)
is a generalization of the univariate Gaussian distribution to multiple dimensions and is
fully specified by a mean vector and a covariance matrix. This distribution forms the
mathematical foundation of GPs, as any finite collection of function values in a GP follows
a joint MND.

The GP methods rely on suitable mean and kernel functions, leads to an efficient al-
gorithm implementation with cubic run-time complexity. To reduce the implementation
complexity, four main approaches are commonly used including the “induced point” [27],
“stochastic gradient descent” (SGD) [15], Nystrom approximation [29], and preconditioning
[, 28], to inverse kernel functions. The induced point method employs a subset of data
points instead of the whole data and would be merged by Nystrém approximation and sin-
gular value decomposition (SV D) methods. The induced points may be selected randomly
or through some more sophisticated methods that consider the distribution of data, [8]. The
SGD method also works on a subset of given training data, but it updates the necessary
parameter of the GP by considering the gradient of the subset selected data, see [, 1L9].
The SGD particularly is useful when data exhibit some correlation, [f]. This capability is
useful in real application where the data points are often interrelated, and such traditional
methods as gradient descent (GD) or lagrange relaxation may struggle with this scenario,
18, 25].

The other limitation is quadratic memory requirement which makes GPs impractical
for large-scale problems, [[13]. In this cases, sparse gaussian process (SGP) is a favorable
alternative where utilizes a set of induced points to approximate the posterior distribution.
In this paper, we explore the fundamental concepts of GPs, covering essential topics such as
prediction functions and updating weights to align with approximation methods. Addition-
ally, we introduce a hybrid induced point method and Nystréom approximation to reduce
the run time complexity as well as necessary memory requirement. Also, the SVD method

is introduced as alternative matrix approximation method.
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The GPs have piqued the interest of many machine learning researchers due to their
flexibility and ability to handle uncertain predictions, [30]. In the core concept of GPs,
certain distributions on predicted functions are favored for use as non-parametric toolkits
over Neural Networks (NN)s, and classical regression methods, as well, [21]]. Also, GP is a
standard choice model in Bayesian Optimization (BO) in which uncertainty about gathering
data is required, [2, §]. Despite the wide application of GPs, understanding their concepts
involving multivariate normal distributions, covariance (kernels), and nonparametric models

can be challenging due to their complexities, [16].

The GP methods rely on suitable mean and kernel functions, leads to an efficient al-
gorithm implementation with cubic run-time complexity. To reduce the implementation
complexity, four main approaches are commonly used including the “induced point” [27],
“stochastic gradient descent” (SGD) [15], Nystrom approximation [29], and preconditioning
[, 28], to inverse kernel functions. The induced point method employs a subset of data
points instead of the whole data and would be merged by Nystrom approximation and sin-
gular value decomposition (SV D) methods. The induced points may be selected randomly
or through some more sophisticated methods that consider the distribution of data, [§]. The
SGD method also works on a subset of given training data, but it updates the necessary
parameter of the GP by considering the gradient of the subset selected data, see [[, [19].
The SGD particularly is useful when data exhibit some correlation, [§]. This capability is
useful in real application where the data points are often interrelated, and such traditional
methods as gradient descent (GD) or lagrange relaxation may struggle with this scenario,
[18, 25].

The other limitation is quadratic memory requirement which makes GPs impractical
for large-scale problems, [[13]. In this cases, sparse gaussian process (SGP) is a favorable
alternative where utilizes a set of induced points to approximate the posterior distribution.
In this paper, we explore the fundamental concepts of GPs, covering essential topics such as
prediction functions and updating weights to align with approximation methods. Addition-
ally, we introduce a hybrid induced point method and Nystrém approximation to reduce
the run time complexity as well as necessary memory requirement. Also, the SVD method

is introduced as alternative matrix approximation method.

2 Multivariate Normal Distribution

A multivariate Normal Distribution (MND) has been defined by a mean vector, and a
covariance matrix. The covariance matrix of some given data is symmetric and semi-positive

definite. If & is a stochastic variable, then the joint probability density function is given as:

Cexp(— 2@ - TS (@ - ) (2.1)

P(#|j1,%) = ———
B = e
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where /i is the mean vector from dimension n, and ¥ is a n X n covariance matrix. Next,
we propose the regression function as a linear combination of some basis function. Let
y = f(&) + ¢, where f(£) = ZTW and & is an input of features for real-valued function f(.)

2

and ¢ is random noise variable, with a mean equal zero and variance o2. Here, 02 is the

variance of given train data. By this assumption, the conditional probability of ¢|Z, & is
given by relation (@)

ST 9
y\T, W i n Yi — T; W
DU, ) = L pluil,w) = T —— exp(~ L 50, (2.2)
2no2 207
1 1 . o
T (2102)% exp(—5 5 [I7 ~ #T)|?) = N(@Tw, 021)

In relation (@), all random variables are considered to be independent. Next, for predicting

the objective function at the point z* using class D of training data, we have
E(WT7*|D, 7%) = #* E(&| D) = 2" Ty, (2.3)
where E(w|D) is considered to be . The variance of @w! z*|D, z* is given by relation (@)

var(w £ D, 2*) = E((wT2* —wo” #)2|D, o) (2.4)

(
= 2*T E((@ — i) (@ — )T | D)a* = 2T cov(w| D)z

Therefore, expected value and variance for a new point z* are associated to the mean value
of vector weight w and its covariance with respect to the train data, denoted by class D.
In relations (@) and (@), we must examine w|D to obtain the expected mean value and
variance of the test data.

3 Prior and Posterior Distributions

Using Bayes’ theorem, one can verify the probability of a hypothesis using training data,

as discussed in [11]. Tts mathematical formulation is given by relation (@)

R f( ) (@6 ) likelihood X prior
r)

f(01%) = @ = posterior = (3.1)

marginal likelihood

Here, d is the vector of unknown parameters to be estimated, f (5) is the prior distribution
over 0, f(i]f) is the likelihood function of the observed data #, and f(Z) is the marginal
distribution of the training data, given in continuous form as:
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f(@) = / F(#8)g(8) b, (3.2)

plwiy,xr) = — = 3.3
( o) )
1 > > 1 o
X exp fﬂ(gjf XTw)T (7 — XTID)) exp (2117T2p116)
1 1 5= - —
X exp (—(w—w)T <2XXT—|—ZP1) (117—117)) . (3.4)
2 o2

In relation (@), the term p(¢]@) is independent of & and is omitted. The last term

indicates a multivariate normal distribution with mean:

1 /1 =4 - N\t
b= <02 XXT+ Epl) Xy, (3.5)
and covariance matrix:
. 1 e = N\ 0
A1 = ((72XXT + 2;1> (3.6)

A%y g—l) . (37)

Next, we proceed to more advanced cases where the input and output data are related
via nonlinear functions.

3.1 Projecting Inputs to the Feature Spaces

Linear regression (LR) has some limitations in recognizing nonlinear interactions between
inputs and their corresponding outputs within an acceptable error range. Hence, utilizing
basis functions to lift the input data to a higher-dimensional space is beneficial; see [23].

As an example, consider a function ¢ : R — R” defined as ¢(z) = (1,z,a2,...,2").

Then, the prediction function—similar to the linear case—is given by relation (.§) to handle
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nonlinear scenarios:

(3.8)
and

(3.9)

where A = U%ééT and ® = &(X). If we define K = ®73,& as a kernel trick, where %, is
a positive diagonal matrix, then the following relations hold:

1 - = " 1 -
U—2<I>(K +02Lkn) = —

o (3.10)
L g Q&R 27 -1
= A8 = L, 8(K + 07 xn)
By substituting result () into expression (@), we obtain:
PIPCEE T 1 - TS &I T —1-
¢_;*Ep _? - (;*Tip(ﬁ(ﬁ +on _;zxn)il(I;Tip _‘*)7

where ¢, = ¢(z*). In relation ()7 if we define k(z,2') = ¢(z)T qu_;(x’), then the predic-

5
tive distribution at a new point =* is given by:

p(.f*|x*a)?’ g) = N(E*nf(};,%g’, E** - _‘*n[_(i;nl];;‘n*)

(3.12)
Therefore, the parameters of the normal distribution, p(z*) and o?(z*), are:
w(x) = kb K17, 3.13)
02 (2") = Kuw — Kan B K, (3.14)

Next, we provide a discussion about kernel tricks and their various applications.

3.2 A Brief Discussion in Kernel Classification

The main reason to use kernels in learning systems is to improve the computational power
of linear machines and extend linear hypotheses to nonlinear ones. The main property of

interest for kernels is that for all ¥ and 2 in the input space X C RY, we have x(Z,7) =



62

M. Zaferanieh, A. Shafiee-Fard, M. Jafarzadeh, H. Hasanpoor

g(f)Tg(Z), where &() is a nonlinear map from the input space X to the feature space ®.

Typically, there are three classes of kernels: stationary, non-stationary, and locally sta-

tionary kernels; see [9].

**Stationary kernels™* imply that the correlation between data points depends only on
their relative distances, and not on their absolute positions. The Radial Basis Function

(RBF) and Matérn kernels are examples of stationary kernels.

In contrast, **non-stationary kernels** depend on the individual values of Z and Z, not
just on their relative distance. An example of a non-stationary kernel is the polynomial
kernel [20].

The **Matérn kernel** is defined as follows:

w7 5) = 2 (*@"f . ”) K, (ﬁ”x‘”> , (3.15)

I'(v) p p

where v, p > 0 are tuning parameters, K, is the modified Bessel function of the second kind,
and I'(v) is the Gamma function [3]. When v = %, the Matérn kernel reduces to the RBF

kernel.

Smaller values of v are suitable for modeling non-smooth or less smooth functions, while

larger values—especially v > 2—are suitable for smooth functions [[14].

The general form of the **polynomial kernel** is:
k(% 2) = (ZTZ+ ¢)?, (3.16)

where ¢ is a constant and d is the degree of the kernel. Both are hyperparameters that

control the complexity of the model. Common choices are d < 5 and ¢ =1 [26].

**Locally stationary kernels** are not discussed in detail here, but they depend on the

average locations of the input data [20].

4 Gaussian process with global approximation

As it is mentioned in Section (m), The GP in classical implementation applied for n given
data has complexity O(n?®) with memory storage requirement of O(n?) [12]. To enhance the
performance of GP, several inferring matrix methods have been proposed to be combined
with GP, and enhance its performance. Next we describe, hybrid methods of Nystréom

approximation and SVD with GPs.
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4.1 Nystrom Approximation

One common strategy to reduce the number of evaluated data points when constructing
the kernel matrix is to remove uncorrelated entries, leading to an approximate kernel matrix

K, with many zero entries [10, 24].

Another efficient strategy is to choose a subset of the data, called **induced points**,
to approximate the kernel matrix in dimension m < n, where m is the number of induced
points and n is the number of training points [4]. The Nystrom approximation is expressed

as:
Kon ~ Kpm KL Ko, (4.1)

where K, nm and I?mn are kernel matrices between the induced and training data points, and

—

K.m is the kernel matrix among the induced points.

Here, the m pairs of induced data are denoted by ()?m, fm), where the latent variables
fm depend on the full latent function vector f According to the GP prior, we have:

—

p(fm) = N(Gv Rmm)a
and the joint distribution of f and f; is:
PFF) = [ 0lFF ) o Fo) 4. @2)
= [ 1) o o) o) (43)

Relations (@) and (@) are equivalent when f and f, are conditionally independent given
fm. The conditional distributions are:

p(flfm) = N(F | Knm By fons Knn = Knim K o, K, (4.4)
P(felfm) = N | Fam B, frns B — B K b o). (4.5)

In (Q), the induced points are used to approximate the full latent vector f Notably,

Tk

only m < n points are needed to infer the predictive mean u(#*) and variance o2 (Z*).

Comparing the following predictive equations:

to their full-GP counterparts () and (), highlights the approximation role played by

the induced points.
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4.2 Principal Component Analysis

Another approach is to consider the eigen-decomposition of the positive semi-definite
kernel matrix Knn = ﬁnninn(j T

nn’

where [j,m is the matrix of eigenvectors and im is the

diagonal matrix of eigenvalues. The approximate inference of I?,m can then be given by:

— —

Knn ~ [jnm E'rnm [jT

mn?

(4.8)

where m corresponds to the number of the largest m eigenvalues of the kernel matrix Ko

retained for the approximation.

If the approximate kernel matrix in (@) does not retain the positive semi-definiteness
property, an augmented kernel matrix [?fm = Kpn + afl_;m can be used. By applying the

Sherman-Morrison-Woodbury formula [[L7], the inverse of K < can be approximated as:
- - - - . -1,
(Kh) "t = o2 L + 02U (U?Z;ﬁn + Uannm) Upn- (4.9)

In relation (@), the key idea is that the inverse of the full kernel matrix I_{fm can be
efficiently computed using only l?mm—the kernel corresponding to m selected components—
and the low-rank decomposition components Uy, and ﬁ;n obtained from the singular value

decomposition (SVD).

5 Numerical Examples

In this section, we have provided some numerical examples to assess the validity of the
proposed GP solution methodology. Specially, we employed SVD and Nystrém approxima-
tion technique to reduce both the running time and required memory of the implemented GP.
The SVD and Nystrom approximation focus on finding a suitable approximation of kernel
inverse by using the induced points. We choose the induced points randomly from the allow-
able domain of dataset. All codes have been implemented in Python using Scikit — learn

library, and is available at the Github repository [22].

Example 5.1. To illustrate the application of the equation (28), we implemented a python
example, by utilizing a two dimension input random generated data. The code generates
dataset and report the approximation of the inverse of kernel matrix K7,,. Dataset consists
of 1000 random samples taken from the interval [—200, 200] x [-200, 200]. The approximation
have been performed for six different values of m = 10, 20, 30, 40, 50, 60 and, five values of
oe = 0.2,0.5,1,1.5,2. The results are represented in Table @)7 show the accuracy of the
approximation of the inverse of kernel matrix K, for different values of m and o.. The
obtained results in Table (m) reveal, when the number of m increases, the loss function value
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m o [[Kpy —Knn 'y [m oe Ky =Ko ', [ m 0e [[Kun — K 'l
10 0.2 50.003 20 0.2 50.004 30 0.2 50.008
10 0.5 8.003 20 0.5 8.004 30 0.5 8.008
10 1.0 2.033 20 1.0 2.049 30 1.0 2.074
10 1.5 1.509 20 1.5 1.512 30 1.5 1.516
10 2.0 1.430 20 2.0 1.431 30 2.0 1.432
40 0.2 50.010 50 0.2 50.012 60 0.2 50.141
40 0.5 8.010 50 0.5 8.012 60 0.5 8.145
40 1.0 2.086 50 1.0 2.107 60 1.0 2.166
40 1.5 1.518 50 1.5 1.522 60 1.5 1.524
40 2.0 1.432 50 2.0 1.434 60 2.0 1.434

Table 1: The obtained results by implementing the SVD on a 1000 x 1000 matrix

increases. In addition to, when m is selected, by increasing the value of o, loss function
error decreases. That is, o, decreases the loss function value, since K, tends to a dominate

diagonal matrices, which is semi-positive or positive definite matrix.

Example 5.2. A GP illustration example, for exploring and predicting the necessity re-

quested region

To illustrate the application of the GP method we implemented a Python example utilizing
the scikit — learn library. The code generates training and test data sets, fits a GP model,
and the validity of GP is verified by comparing the predicted results to the true values.
The full implementation can be found on the Git Hub repository [22]. The training data set
consists of 50 random samples taken from the interval [—1, 1] x [—1, 1], and the corresponding
outputs are generated, using the function y(x1,x2) = sin(27wz1) + cos(2wzy) with added
Gaussian noise. For testing, 20 new samples were used to assess the model’s predictions.
The kernel employed is a combination of the Radial Basis Function (RBF) and a white

noise kernel. The main steps of the implementation include:

1. Data Generation: First, a two dimensional training and test data sets are generated,
by using the nonlinear function y(x1,x2) = sin(2wz1) + cos(2mxs).

2. Model Fitting: The GP model is taught by utilizing training points, and their
corresponding objective values.

3. Prediction and Evaluation: The mean and variance of the trained GP model is
returned as the output to evaluate the test data where the values of loss function are
reported.

4. Visualization: The obtained results are depicted in both two and three dimensional
spaces to illustrate the validity of the proposed GP model and its implementation.
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The average absolute and squared errors were computed, and the model’s predictions
have been illustrated in Figure (m) These plots highlight the capability of GP regression
to model nonlinear relationships effectively. Figure (@) provides a view of the model’s
performance in three dimension space where training data, real test values, and their pre-
dicted values are compared. Next, in Figure (@) the real and predicted values are depicted
in sorted and scatter formats. Additionally, in Figure (@), the chart of real values has
been compared with the obtained predicted values. Finally, to evaluate the uncertainty of
predicted values, the bar charts of variances for test points are illustrated in Figure (E)
All results show the predicted values are in high accuracy, although the training set points

consists of 50 and test data points consists of 20 which are not so large value. However, the

absolute average error is 0.150, and squared average error is 0.033.

Gaussian Process Regression with sklearn

» Training Data
o Predicted Values
s Real Values

(a) 3D visualization of training data, pre-
dicted values, and real test data

Real vs Predicted Values

5 » 0 »
rest Data pois (110 20)

(c) Real vs predicted values (sorted by real
values)

Real Values vs Predicted Values

@ Predicted vs Real Y
= Perfect prediction (y = x) g

Predicted Values (mu_star)

-2 -1 1 2

0
Real Values (y_real)

(b) Scatter plot of real vs predicted values

Predicted Variance for Test Points

(d) Variance plot illustrating predictive un-
certainty

Figure 1: Visualization of the GP regression performance, including 2 and 3 dimension plots

Example 5.3. Additional GP illustration examples, exploring different nonlinear functions
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To further evaluate the versatility of the GP model, we tested it on two additional nonlinear

functions:

Polynomial Function: fi(zy, ) = 327 — 223,

Exponential-Logarithmic Function:  fa(z1,z2) = €™ + log(|za| + 1072).
The same training and testing procedure as in the previous example was used:

1. Data Generation: For each function, 50 training points were sampled uniformly
from [—1,1] x [—1,1] and perturbed with Gaussian noise (¢ = 0.1). 20 test points
were sampled independently.

2. Model Fitting: A Gaussian Process model was trained using an RBF kernel with an
added white noise term.

3. Prediction and Evaluation: Mean predictions and predictive variances were ob-
tained for the test points, and the absolute and squared errors were computed.

4. Visualization: The training data, predictions, and real test values were visualized in
3D, along with real-predicted comparisons in sorted and scatter formats, and predic-

tive variance plots.

The results are summarized in Figures B and E For the polynomial function, the GP
achieved an absolute average error of 0.134 and squared average error of 0.029. For the
exponential-logarithmic function, the errors were 0.148 and 0.035, respectively, showing the

GP’s robustness across both polynomial and non-polynomial nonlinearities.
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Polynomial Function
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(a) 3D view: Polynomial function
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(d) Variance plot (polynomial)

Figure 2: GP performance on the polynomial test function
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Exp + Log Function
f(x) = e + log(|x| + 1072)
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(a) 3D view: Exponential-logarithmic func- (b) Real vs predicted (exp-+log)
tion
Exp + Log Function
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(c) Sorted values comparison (exp+log) (d) Variance plot (exp+log)

Figure 3: GP performance on the exponential-logarithmic test function

Example 5.4. Nystréom Approximation for reducing time complexity

To further illustrate the application of the Nystrom approximation method described in
this paper, we implemented a Python code utilizing synthetic data. The approximation
was performed for four different induced points, with sizes m = 10,15, 20,25, where the
number of training data is m = 200. The noisy data was generated from the function
y = 10sin(4z) + 10sin(7z) + €, where € is Gaussian noise with mean zero and standard

deviation 0.2. The primary steps of the implementation are as follows:

1. Data Generation: Here, we generate training data points with function y(z) =
10sin(4x) + 10sin(7x) + € where {x;}7_, are taken randomly from the interval [-3,3]
and n = 200.

2. Nystrom Approximation: We apply the approximation with four different subsets
of induced points with cardinalities m = 10, 15, 20, 25.
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3. Visualization: We plot the results to compare predictions and real data, by using

the inducing points to constitute the kernel matrices.

The results are displayed in Figure (H), and illustrate the Nystrom approximation for
different values of induced points, including m = 10,15, 20,25. Each subplot includes the
noisy training data, predicted values, and inducing points. As the value of m (number of

induced points) increases, also the accuracy of predicted points increases, see figures (@),

(), () ana (d).

(¢) Nystrom approximation with m = 20 (d) Nystrom approximation with m = 25

Figure 4: Visualization of Nystrom approximation predictions with varying subset sizes m.
As m increases, the model’s predictions improve in accuracy.

These results highlight the impact of the subset size m on the approximation’s perfor-

mance, and demonstrate the trade-off between computational efficiency and accuracy.
Example 5.5. Nystrom approximation for three dimension

To further illustrate the application of Nystrom approximation, we implemented a Python
example, by utilizing a nonlinear two dimension input random generated data. The approx-
imation was performed for four different induced points of sizes m = 10, 15, 20, 25, where
number of training data is m = 200. The noisy data was generated from the function
y = 10sin(421) + 5 cos(3z2) + €, where € is Gaussian noise with mean 0 and standard devi-
ation 0.2. The primary steps of the implementation are as Example (@) The results are
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displayed in Figure (E), show the accuracy of Nystrom approximation for different number
of induced points m = 10, 15, 20, 25.

Gaussian Process Regression with Nystrém Approximation (2D Input) Gaussian Process Regression with Nystrém Approximation (2D Input)

o Noisy Training Data
Inducing Points

o Noisy Training Data
Inducing Points

(a) Nystrom approximation with m = 10 (b) Nystrém approximation with m =15
Gaussian Process Regression with Nystrom Approximation (2D Input) Gaussian Process Regression with Nystrom Approximation (2D Input)
s Noisy Training Data o Noisy Training Data

Inducing Points Inducing Points

(¢) Nystrom approximation with m = 20 (d) Nystrom approximation with m = 25

Figure 5: Visualization of Nystréom approximation predictions in 3D for varying subset sizes
m. As m increases, the model’s predictions improve in accuracy.

6 Summary and conclusion

In this paper, the GP has been studied in details. By using the conditional MND,
general GP mathematical formulation has been given, incorporating both a surrogate for
recognizing latent function and its uncertainty. Then, nonlinear GPs are addressed using

the concept of kernel functions. Various kinds of kernel functions are addressed and their
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effectiveness on smooth and non-smooth problems are compared. The main shortage and

disadvantage of the GP is its limitation on large-scale problems, due to its cubic run time

and quadratic memory requirement. To tackle these shortages, we focused on some numer-

ical matrix approximations, among the others Nystrom and SVD has been selected, and a

hybrid Nystrom approximation with GP is given. Also, some numerical examples have been

provided to verify the efficiency of GP and hybrid Nystrém GP solution approaches. Some

corresponding Python codes have been written, and embedded in GitHub repository [@]
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