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1 Introduction

The study of stochastic processes and probability theory is one of the most interesting
applications in the theory of vector lattices (Riesz spaces). There is a correspondence
between arguments in the classical setting of probability theory and the probability theory
of Riesz spaces. In fact, measure-theoretic concepts can be replaced by order-theoretic
concepts. Events are traditionally defined as measurable sets and they are associated with
band projections. Hence, the o-algebra of measurable sets is associated with a Boolean
algebra of band projections. Furthermore, random variables are traditionally defined in
terms of measurable functions; hence, it is a natural assumption to consider them as
members of a Riesz space. The general theory of stochastic processes in Riesz spaces
has been considered by [R, 9, 10, 173, I3, Ia, 21, 22, 23]. It has also been studied in
[2, B, T4, [7]. In the probability theory of Riesz spaces, the role of the probability measure
is played by a conditional expectation operator, which was defined by Kuo, Labuschagne,
and Watson as a strictly positive order-continuous projection mapping weak order units
to weak order units and having a Dedekind complete range. A more detailed explanation
is given in [I5, T6]. The concept of conditional independence was generalized from the
classical setting of probability theory to the framework of Riesz spaces in [I"Z]. This issue
has also been explored by other authors in [I8, T9]. Some important inequalities, such
as Chebyshev’s inequality, Jensen’s inequality, Doob’s martingale inequalities, Héjek-
Rényi-Chow maximal inequality, Kolmogorov’s inequality, Lévy’s inequality, Etemadi’s
inequality, etc., have been studied in the probability theory of Riesz spaces setting (see
[6, 11, T2, 20]). Probability inequalities play an important role in probability theory,
since estimating the probabilities of an event or the sum of random variables helps us
to understand the behavior of the elements. In this paper, we extend several classical
probability inequalities to the Riesz space setting. We provide Marshalls inequality in
Riesz spaces, which is stronger than Kolmogorovs inequality. It gives a bound on the
probability for the partial sums of a sequence of independent random variables. Also,
we state an inequality of maximal increment in Riesz spaces, which is known as Shao’s
inequality. In addition, we find a better estimate for Etemadis inequality in vector lattices.
Furthermore, we establish weak symmetrization inequalities and strong symmetrization
inequalities in a measure-free framework. In the weak symmetrization inequalities, we
state the relation between tail probabilities of random variables and tail probabilities of
their symmetrizations. In the strong symmetrization inequalities, we extend the weak
symmetrization inequalities to maximal inequalities.

2 Preliminaries

We assume the reader to be familiar with the basic notations of Riesz spaces and we
refer the reader to [, 25]. For the convenience of the reader, we recall some of the main
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concepts.

Let & be a Riesz space and E € &, E > 0. We say that E is a weak order unit for & if the
band generated by E is &. The Riesz space & is called a Dedekind complete Riesz space
whenever every nonempty subset that is order bounded above has a supremum.

Let & be a Riesz space with a weak order unit E. A strictly positive order-continuous
projection F on & mapping weak order units to weak order units and having a Dedekind
complete range is called a conditional expectation operator on &. The Riesz space &
is called F-universally complete if for each increasing net (X,) in &, with (FX,) order
bounded in &%, we have that (X, ) is order convergent in & to X. It is known that &, the
principal ideal generated by E, is lattice isomorphic to a space C(K) with K a compact
Hausdorff space, such that E corresponds to the constant random variable 1 (see [1]). Note
that & can be endowed with an f-algebra structure which coincides with the f-algebra
structure of C(K). This multiplication can be uniquely extended to &*, in which E is both
a multiplicative unit and a weak order unit. This multiplication is constructed by setting

(PE).(QE) = PQE = (QE).(PE),

for two band projections P and Q. For more details about f-algebras, one can see [25, 4, §].
Let X and Y be two elements of &. The band generated by (Y —X)™ is denoted by B(X < Y)
and Py_x)+ is called its corresponding band projection. Furthermore, B(Y < X), with
corresponding band projection P(y_x)-, is the disjoint complement of the band B(X < Y).
Let F be a conditional expectation on & with the range &. Two band projections P and Q in
the Boolean algebra B of all band projections of & are called F-conditionally independent
whenever

FPFQE = FPQE = FQFPE. 2.1)

By [I2], in (2-1)) the second equality follows from the first equality. Equivalently, P and Q
are F-conditionally independent whenever

FPFQl5 = FPQl5 = FQFP);.

In addition, two elements X and Y in & are called F-conditionally independent if and only
if the two order-closed Riesz subspaces (X, R(F)) and (Y, R(F)) generated by X and R(F)
and by Y and R(F) are F-conditionally independent. By the Radon-Nikodym-Douglas-
Ando type theorem, established in [24], a subset G of an F-universally Dedekind complete
Riesz space & is a closed Riesz subspace of & with R(F) c G if and only if there is a
unique conditional expectation Fg on & with R(Fg) = G and FGF = F = FF;. As a
consequence of this theorem, two closed Riesz subspaces &1 and & with R(F) C &1 N &
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are F-conditionally independent if and only if

FiF, =F = F)F,. (2.2)
The equality (Z7) is equivalent to

F; X = FX, forall X e &5_;, i=12. 2.3)

For more information about independence, see [23, 17]. The domain of a conditional
expectation F can be extended to the natural domain LY (F), which is an F-universally
Dedekind complete ideal of the universal completion &*. This extension, ', is a con-
ditional expectation on £!(F). We shall always identify F and F’ in this paper without
further mention. Note that £ (F)* = &*. Since &* has an f-algebra structure, the multi-
plication of elements of & is defined, but it is not necessarily an element of &. This led
Labuschagne and Watson to define

LXF) ={XeL'(F) | X*e L'F).

If X,Y € L2(F), then 0 < (X +Y)? = X? + 2XY + Y. Therefore, +2XY < X? + Y2 and
2|1XY| < X*+Y? e L1(F). Hence, XY € L1 (F) (see [21]).

Let F be a conditional expectation on the Riesz space & with weak order unit E. By
Cantelli’s inequality in Divandar and Sadeghi (2023), if X € &, then for every 4 > 0,

F(1X %)

FP(x|-apy+E £ —5—=.

This inequality overcomes the rough upper bound which can be obtained by Chebyshev’s
inequality as follows:

F(IX1*)

FP(|X|_/1E)+E < 12

b

when ]F“ALZ'Z) > 1 (see [12]).

Kolmogorov’s inequality was generalized from classical probability to Riesz spaces in
[6]. Indeed, if Xi, Xo, ..., X, € L*(F) are F-independent and FX; = O for every k, then
for A > 0, the following inequality holds:

n
APFPsup, -, 1811-aE)- E < ZFXkZ- 24)
k=1

A generalization of Kolmogorov’s inequality, called the Hdjek-Rényi inequality, was ex-
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pressed in [6] as follows.
Let X1, Xa,...,X, € L*F) be F-independent with FX; = 0 for every k, and let
{rr | 0 < k < n} be positive, non-increasing scalars. Then for 4 > 0,

n
/leP(SuplskSn IreSel-aE)+ E < Z r,%FX,%. (2.5)
k=1

If rp = 1 for all k, then the H4jek-Rényi inequality reduces to Kolmogorov’s inequality.
In this paper, we aim to state some probability inequalities, such as Marshall’s inequality,
Shao’s inequality, etc., in the framework of Riesz spaces.

3 Maximal Inequalities

In this section, some probability inequalities are established in the framework of
Riesz spaces. We assume throughout that F is a conditional expectation on the Dedekind
complete Riesz space & with a weak order unit E, such that F(E) = E. By considering
L1(F), we will also assume that the space & is F-universally complete. To simplify, we
write F-conditionally independent simply as F-independent. Furthermore, for 1 < k < n,
we set S; = Zf‘zl X;. We provide Marshall’s inequality, which gives a bound on the
probability for the partial sums of a sequence of independent random variables. Note that
Marshall’s inequality is stronger than Kolmogorov’s inequality.

Theorem 3.1. (Marshall’s inequality)
Let X1, X, ..., X, € L*(F) be F-independent with FX; = O for every k. Then for 4 > 0,

2
ZZ=1 IFXk
A2+ Y0 FX2

FPsup, < ISk I-2E) E <
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Proof . Let S := sup; ., |Sk|. Define

By := B(|S;| > AE) = B[S FXi AE FXi
= > = + — > + — ,
1 (1811 = AE) [S1] 1E 1E
B, := B(|S{| < AE. S| = AE S —PXZ AE =X Xi S —FXz AE —FXZZ
= ,182] > + < AE + + > AE +
2 (1511 < |52 ) = B[Sl E 1 s 152 1E 1E
B, := B(IS|| < AE,...,|S,_1| < AE,|S,| > AE)
_3lis FX? B IF'XIZ g FX?2 E FX?2
= + — < S|+ < + —==
Y el g AE
2 2
FX? B FX? |
AE

with corresponding band projections ngk, for 1 < k < n. If P denotes the projection onto

n 2
the band B(S > AE) = B( ¢ 2= E Zk;lka), we have that P = 37_ Pg,.

Therefore, we get that

FP(sup, ., -, 15c|-1E)+ E = FP iy
(Supl_k_nl kl ) (Sup1<k<n(|Sk|+Zkl—) (AE %))
" X Z FXk 2
Do F{ Xk + =57
<

o FX2)2

(/lE+ A5

’ FX} FX?
S FXE+ 3y, 25 (0 )

2722+ 3} FX})?

Since FX; = 0, it implies that

1 FEXZAT2(A% + X FXD)
A72(A% + ¥} FX})?

Sioi FXZ

T 243 FxZ

FP(SuplskSn | Sk |_/1E)+E <

In the following theorem, we state an inequality of maximal increment.

Theorem 3.2. (Shao’s inequality)
Let {X,} € L*(F) be F-independent, and let there exist e > 0,0 < @ < 1, and m > 1 such
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that for a certain 4 > 0,

B =FPup, ., 1Sc1-eaE) E < aE.

Then

m
E
FZ P(Suplgng |Sn+k_Sn|_/1E)_E S E _ FP(SuplgksN |Sk|_(1+€)/lE)_E'

a
n=0

Proof . Let B, = B(AE - S,,), where S,, = sup|<;<y |Sm+k — Spul. Fori =m —1,m —
2,...,0, we set
Bi= (| B(S"=AE)NBUE - ),

i<n<m
where §* = supy iy |Sp+k — Sul, and ST = sup; o, oy 1Si+k — Si|. Take
A=B( sup |Sx|—(1+€)AE)=B( sup |Sk|—(1+¢€)AE)

1<k<N 1<k<n

UB( sup Skl —(1+€)AE)
n<k<N

= A; UA;.

Then,
m m m
Be= (B ah (| B 4)
n=0 n=0 n=0
cAdU(LmJBnmAl)U(LmJBnmAz). (3.1)
n=0 n=0

Now let C = B(|S,| — €AE); then Ay C C. If D = B(sup;<;<, |Sk| — €AE), then A; C D.
Therefore, by (B1l), we obtain

UBncAdu(OBnmAl)u(OBnmC)
n=0 n=0 n=0

m
c A’ (| JB.nD).
n=0
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Now, by F-independence, we get that

m
F Z Psup) e 1Snsk=Sul-2Ey-E = FPym g E

n=0
S FPAdU(U?:O Ban)E
= FPsup, o oy 1Sk I-(1+€)AE)-E
m
+F Z Pisupy i cn 18nsk=Sul-AE)-E - FPsup, _, . 1Sc1-eaEy+ E
n=0
m
< FP(supy oy ISk1-(1+)AE)-E + QFZ Psup) <t e 1Snax=Sul-2E)-E-
n=0
Therefore,
m
(E-a)F Z Pisup, oy en 1Sk =Snl-1E)E < FPsup, v 1c1-(1+e)aE)-E,
n=0
and
= E
FZOP(Suplgng |Sn+k_Sn|_/1E)7E S E _ QPP(SuplSkSN |Sk|_(1+€)/lE)7E'
n=
O
In Etemadi’s inequality, which is stated in [6], it is proven that if Xy, X5, ..., X}, are

F-independent elements of an F-universally Dedekind complete Riesz space & with a
weak order unit £, thenfor 4 >0and 1 < k < n,

PP(Suplgkgn |Sk|_3/1E)+E <3 sup IFIP(|Sk|—/lE)+E‘- (32)

1<k<n

In the following theorem, we find a better upper bound for Etemadi’s inequality.

Theorem 3.3. Let X1, Xo,..., X, € L2(F) be F-independent with FX; = 0O for every k.
Then for A > 0,
FP(sup, <y <, 151-3E) E <2 sup FP(s,-ap)+E.

1<k<n
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Proof . Let v, 4 > 0 be arbitrary positive vectors and define

Bi := B(IS, = Sueil > (v + DE),
By := B(ISy — Sucil < (v + DE ISy = Sual > (v + DE),

By :=B(S = Su-1l S v+ DE, ..., [ — S < (v + DE, IS, = Si| > (v + DE),
By :=B(Sy = Sp-1l < (v+ DE, ..., ISy = Sil < (v + DE, IS, — Sol > (v + DE),

with corresponding band projections Pp, , for 1 < k < n. Note that

sup |S, — Sp—kl = sup [S, — Skl,

1<k<n 0<k<n

thus
B( sup |S, = Sy—x| > (v+ AD)E) =B(sup |S, = Sk| > (v+ DE).

1<k<n 0<k<n
If P denotes the projection onto the band B(sup; s, |Sp — Sp—k| > (v + A)E), then
P= Z’,:Zl Pp,, and we obtain

n
FP (supg<x <, 10 =St 1=+ DEY* 8IS, 1-2E)+ E = F Z Pg.Ps(s,1-16)+ E
k=1

n
= Z FPp Pg(s,1-16)+ E.
k=1

Now suppose that |S, — S,—x| > (v + 1)E and |S,| < AE; then we get that |S,_¢| > VE,
hence

B(ISy — Spi| > (v + DE) N B(|Sy| < AE) C B(|Syu_t| > VE). (3.3)

Therefore, we obtain

n
FP (0P cn S0k -0+ 0B 185,126y E < D FPBFP(s, vy E
k=1

< FP(supyeg -y 1S0=Sk -+ DEYHE
- sup FPg(s, 4|-vEy E.

1<k<n
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Thus, we get that

FP (supyy - 1S =Sk |-+ ) E) nB(1S,1-AE)* E < sup FPg(s, |-vE)+ E
0<k<n

“FP(supyor - 1Sn—Sk|-(v+ ) E)* E. (3.4
Note that

B( sup |Sk| > (v + 20)E) CB(IS,| > AE) U (B( sup |S, — Sk| > (v + DE)

1<k<n 0<k<n

N B(|S,| < AE)). 3.5)
Thus, by (B-4) and (B3), we obtain

FP(sup, o < 1ScI-(v+20) )t E < FPg(js,|-aE)+ E
+ FP(supy i 1S0=Sc I+ D E) E - FPg(j5,1-1E)- E
< FPB(|SH|—/1E)+E + sup FPB(ISk|—VE)+E

0<k<n

“FP(supycs < 1Sa=Sk -+ ) EY E.-

Since FP(SUPngq |Sn—Sk|—(v+/l)E)+E < FE = E, it implies that

FP(sup, s o, 1Sc -2 E) E < FPg(is,1-16)+E + sup FPg(s,|-ve)+E.

0<k<n

Putting v = 1, we get

FP(sup, o -, 1Sk 1-34E)* E < 2 sup FPg(s,1-16)+E.

1<k<n

By [6], we recall that two random variables X and Y are called F-identically distributed
whenever

fx(@) = fr(®) (¢ eR),
in which the F-distribution function fx : R — [0, E] is defined by [3] as follows:
fx(t) =F - PP(X—),‘E)*E-

A random variable X € & is called F-symmetric if X and —X are F-identically distributed.
The median, med(X), of a random variable X is a real number satisfying

1
FP(x-medx)E)+E = EE’ (3.6)
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and
1
FP(X—med(X)E)‘E > EE 3.7

In fact, a median is a type of center of the distribution. It means that (at least) half of
the probability mass lies to the left of it and (at least) half of it to the right. Sometimes,
to prove certain theorems, we need the condition of symmetrization for random variables
even when they are not symmetric. In these cases, we use the concept of a symmetrized
random variable.

Definition 3.4. Let X and Y be F-independent and F-identically distributed elements of
&. We call Z = X —Y the symmetrized random variable.

In the following results, we state the relation between the tail probabilities of random
variables and the tail probabilities of their symmetrizations.

Theorem 3.5 (Weak symmetrization inequalities). Let X and Y be F-independent and
F-identically distributed elements of &’. For every positive A and g,

PP(X—med(X)E—/lE)+E < ZFP(Z_AE)JrE, (3.8)
and

PP(|X—med(X)E|—/1E)+E < FP(|Z|_/1E)+E < 2FP 3.9

(1x-uEl-41E)"E-
Proof . Since X and Y are F-identically distributed, we have

fx@®) = fr(t) (teR).

Hence, by (B6) and (B77), we get that med(X) = med(Y). For the symmetrized random
variable Z, we have

Z=X-Y=(X-med(X)E) = (Y —med(Y)E).
We claim that
B(X —med(X)E - AE)" N B(med(Y)E - Y)" C B(Z - 1E)". (3.10)
To prove the claim, suppose that

WeBX-med(X)E—-AE)" N B(med(Y)E -Y)™.
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Hence,

[W| =sup |W|An|X —med(X)E - AE| and |W|=sup|W|Anmed(Y)E -Y].
n n

Therefore,
[W| =sup |W|An|X —med(X)E — AE| A njmed(Y)E - Y|
n
<sup|W|AnX -med(X)E — AE + med(Y)E - Y|
n

=sup |W| An|Z - AE]|.
n

Thus, W € B(Z — AE)*. By (B10), we get that

FPz-1e)y+E 2 FP(x—med(x)E-1E)* E - FP(med(v)E-y)+ E.

By the definition of med(Y), we obtain that

1
FPz-apy+E > EFP(X—med(X)E—/lE)’fE’

which proves the inequality (B=8). The first inequality in (B9) is proved in a similar way by
replacing X with —X. Now, we prove the second inequality in (B9) as follows. Suppose
that A and u are positive; then we get that

P P
|Z| - AE = (|X—ﬂE|—§E)+ (lY—,uEl—EE).

It means that

FPgz1-aey E <FP(\x_ypapy E+FPy g apy E.

Since X and Y are F-identically distributed, we have

FP(lX—#El—%E)+E = PP(lY—/JEl—%E)*—E'

Therefore,

PP(|Z|—/1E)+E < ZFP(lx—uEl—%E)+E'

O
Remark 3.6. In Theorem B, if X and Y are F-independent and F-symmetric, then

FP(lX—med(X)E|—/1E)+E < FP(|Z|_/1E)+E < 2FP (3.11)

(|X—med(X)E|—§E)+E'
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To prove it, it is sufficient to replace y with med(X) in inequality (B39).

In the following theorem, we extend the weak symmetrization inequalities to maximal
inequalities.

Theorem 3.7. (Strong symmetrization inequalities)

Let X, Xs,...,X,and 1}, 1s, . . ., Y, be F-independent elements of an F-universally Dedekind
complete Riesz space & in which X; and Y are F-identically distributed for 1 < k < n.
Take Z; = Xy — Y; then for 4 > 0 and positive sequences {u; | 1 < k < n},

FP(sup, - o, (X —med(X) E)-AE) E < 2FP(sup, _, . z—2E)+ E. (3.12)

Proof . Suppose that

B :=B(X; —med(X))E > AE),
By = B(X| —med(X))E < AE, X —med(Xp)E > AE),

B, =B(X; —med(X))E < AE, ..., X1 —med(X,,_1)E < AE,
X, —med(X,)E > AE),
with corresponding band projections Pg,, for 1 < k < n. If P denotes the projection
onto the band B(sup; 4, (Xx — med(Xy)E) — AE)*, we have that P = 2y Pg,. For
1 <k < n,put Ay := BY, — med(Y;)E)~. Furthermore, define

C1:=8(Z > AE),
C, =8B(Z, < AE,Zy > AE),

C,:=B(Z, < AE,...,Zy1 < AE, Z, > AE),
with corresponding band projections P¢, , for 1 < k < n. If P’ denotes the projection onto
the band B(sup; <, Zx — AE)", we have that P’ = 37| Pc,.

Now we get that Ay N By C Ci for 1 < k < n since
Zy =Xy - Y — med(Xk)E + med(Xk)E

= Xy —med(Xp)E + med(Y})E — Y3
> AE.
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Therefore, we obtain Pg, ~g, E < P, E, hence

n
FP(SuplskSn Zk—/lE)+E = Z FPc E
=1

n
> ) F(PaPs) E
k=1

= Zn: (Pp.ﬂkE) ) (FPBkE)
=1

SR

1

2 (sup1<k<,,(Xk —med(Xg)E)— /lE) (3.13)

O

Corollary 3.8. Let X1, X5,...,X,, and I, 1>, ..., Y, be F-independent elements of an F-
universally Dedekind complete Riesz space & in which X; and Y, are F-identically dis-
tributed for 1 < k < n. Take Zy = Xy — Y;; then for 4 > 0 and positive sequences
{ue |1 <k < nj,

FP(sup, oy o, 1Xe-med(X0) El-AE) E < FPesup, _, 124 |-aE)+ E

= 2PP(Suplgk5n IXk—,ukE|—§E)+E (3.14)
In particular, for symmetric cases, we get that
PP(SUP'SkS" X, —med (X E|-AE)* E < PP(SUplskSn 1Zi|-1E)+ E
= 2PP(SUP1S/¢5" IXk—med(Xk)E|—§E)+E (3.15)
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