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ABSTRACT

Let R; be commutative rings, S; multiplicatively closed subsets
of R;, and M; unitary R;-modules (i = 1,2). We study the
localization of the product ring R X R, and the product module
M X M; at S| X .S,. We describe the localization map, its kernel
and saturation, and establish the natural isomorphisms with the
products of the factor localizations. We then examine extension
and contraction of ideals and submodules, exactness, quotient
and colon formulas, and preservation of multiplication modules.
Finally, using contraction and saturation, we define the induced
notion of ¢-primality and prove transfer and converse results
for ideals and submodules. Examples clarify the role of the
hypotheses, including finite generation in the colon formula and

the properness condition in the transfer theorem.

Introduction

Localization is a basic tool in commutative algebra; it records the part of a ring or
module that remains after a multiplicatively closed set is inverted. We consider this
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construction for a product ring R; X Ry and its product module M| X M,, localized at
S1 X 82, where each S; is a multiplicatively closed subset of R;.

The general theory of localization applies to this setting (see, in particular, [, 5§, 9, 4,
[(]). The product structure nevertheless permits explicit descriptions of the localization
map, its kernel and saturation, and the interaction of extension and contraction with the
two factors. We also investigate how localization affects module-theoretic properties and
generalized primality.

The paper has two main themes. First, we establish structural results for the localized
product ring and module, including exactness, quotient and colon formulas, and preser-
vation of multiplication modules. Second, we define the induced ¢-operation through
contraction and saturation and prove transfer results for ¢-prime ideals and submodules,
together with a converse under suitable hypotheses. Examples indicate where the assump-
tions are needed.

The organization is as follows. Section [ fixes notation. Section [ studies the localized
product ring, its saturation, and extension ideals. Section 3 treats the localized product
module and its interaction with submodules. Section @ establishes the results on ¢-
primality. The final section records conclusions and questions.

1 Preliminaries

Throughout, rings are commutative with non-zero identity and modules are unitary.
Let R; be rings, let M; be R;-modules, and let S; € R; be multiplicatively closed subsets
with 1 € S;and 0 ¢ S; (i = 1,2). We use the standard construction of ring and module
localization; see [10, Section 10.9], [2, Chapter 3], [§, Chapter 2], or [4].

For a multiplicatively closed subset S of a ring R and an R-module M, two pairs
(r,s),(r',s") € Rx S (respectively, (m,s), (m’,s") € M x §) define the same fraction if
and only if there is u € S such that

u(rs’—r's) =0 (respectively, u(s'm — sm’) = 0).

The usual operations make S™'R a ring and S™'M an S~! R-module. In particular,

ror rs’ +r's rr’  rr m m ms' +m's
—+—:—, - = —_— =
ss’ s s’ ss’

We apply this construction to Ry X Ry, M| X M, and S| X S, and use the notation

(S1x$)NR xRy, (81 x8$)" (M x M)
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for the resulting localization ring and module. Fractions are written coordinatewise, for

example
(r1,72) (m1, my)
(s1,52) (s1,52)

The natural maps send (ry,r7) and (my, m>) to the corresponding fractions with denomi-
nator (1, 1). All further notation concerning extension, contraction, saturation, and colon
submodules will be specified when it is used.

2 Properties of the ring (51 X S2)"1(Ry x R»)

In this section, S; € R; and S C R, are multiplicatively closed subsets with 0 ¢ S;
fori = 1,2. We keep the notation of Section [Il. In particular,

(rl’rZ)

LRy X Ry — (51X $2)7 (R X Ry), Wri.rz) = (L)’

denotes the natural ring homomorphism, and
-1 ri
ti:Ri — S 'R;, ti(r;) = T
fori =1,2.

Relation to the general theory. The universal property and the characterization of local-
ization maps used below are standard; see [I{], Proposition 10.9.3] and [4, Theorems 3.1
and 4.1]. We state them in product notation but omit routine proofs. The product-specific
content of this section is the coordinatewise isomorphism in Theorem P73, the saturation
formula in Proposition 26, and the explicit extension descriptions in Proposition 7 and
Corollary 8.

Proposition 2.1 (Universal property). Let R’ be a commutative ring and let
g Ri X Ry — R

be a ring homomorphism such that g(sy, s2) is a unit in R’ for every (s, s2) € S; X S».
Then there exists a unique ring homomorphism

(S x8) (R xRy — R

suchthat hot = g.
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Proof . This is the universal property of localization; see [[I0, Proposition 10.9.3]. O

For later use, we record the kernel of «. We have

_ ) (l"],r2) _ (O,O)
ker: = {(n,m SRRy = (1,1>}

={(r;,r2) € Ry X Ry : du; € Sy, Jup € S such that u;r; =0, uyrp, = 0}

={(ry,r) € Ry X Ry : ri € kervy, rp € ker iy}

= ker¢; X ker 1.

Proposition 2.2. Let R’ be a commutative ring and let g : R X Ry — R’ be a ring
homomorphism such that:

(1) g(sy, s2) is a unitin R’ for every (sq, s2) € S| X S2;

(2) kerg = ker;

(3) every element of R’ is of the form g(aj, az)g (s, s2)~! for some (aj, az) € Ry X Ry
and (Sl, S2) € 51 X 5.

Then the unique ring homomorphism £ : (S; X $) " (Ry X R)) — R’ with ho( = g,
whose existence is guaranteed by Proposition 2T, is an isomorphism.

Proof . This is the standard characterization of a full localization homomorphism; see [4,
Theorem 4.1]. The hypotheses above are precisely its specialization to S1 X S,. O

Remark. In the terminology of [4], conditions (1)—(3) of Proposition state precisely
that g is a full localization homomorphism at the localizable set S| X S;. Proposition
is therefore the specialization, to the product setting, of the general characterization of
localization maps in [4].

Theorem 2.3 (Localization of a product). Let R; be commutative rings and let S; C R;
be multiplicatively closed subsets with 0 ¢ S;, for i = 1,2. Then the map

D : (S) X S) (R x Ry) — ST Ry x S; 'Ry, (r1, r2) — (r_l, r_Z),
(851, 52) S1 82

is a ring isomorphism.

Proof . The coordinatewise equivalence relation defining the localization shows that @ is
well-defined. The formulas for addition and multiplication show that it is a ring homomor-
phism. It is surjective because every pair (r1/s1, r2/s2) is the image of (r1,r2)/(s1, s2). If
O((r1,72)/(s1,52)) = (0,0), then there are u; € S; such that u;7; = 0 fori = 1,2. Hence
(ur, u2)(r1,r2) = (0,0), so (r1,r2)/(s1, s2) = 0 in the source. Thus @ is injective. O
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Definition 2.4. A multiplicatively closed subset T of a ring R is said to be saturated if
abeT < acTandbeT.

Let 77 and T3 be saturated multiplicatively closed subsets of R; and R», respectively. Then
T\ X T, is a saturated multiplicatively closed subset of Ry X R,. There exists a unique
smallest saturated multiplicatively closed subset T containing 7', called the saturation of
T. The saturation of S; X §; is denoted by S %X S5. In particular,

S1 X8 = ﬂ (Tl X TZ),
S1X$H T XT»

where T X T, runs over all saturated multiplicatively closed subsets of R} X R, containing
S1 X 8. Moreover, if P; € Spec(R;) and P, € Spec(R»), then (R; — P;) X R, and
Ry X (Ry — P,) are saturated subsets of R; X R,. Finally, for any multiplicatively closed
subset S of aring R, S = R — Jpns—p P, Where P € Spec(R).

Lemma 2.5. Let S| X > be a multiplicatively closed subset of Ry X R, let P; € Spec(Ry),
and let P, € Spec(R3). Then:

(1) (P1 X Ry)N(S1 X8) =wifand only if (P; X Ry) N (51 X $) = @.
(2) (R X Py)N (81 xX8) =wifandonly if (R X P2) N (51 X $) = @.

Proof . (1) If (P; X Ry) N (81 X 82) = @, then the equality (P; X Ry) N (S; X $) = @
follows immediately from S; X S> € S1 X $3.

Conversely, assume that (P; X Ry) N (81 X $2) = @. Then
SIX$H S (R XRy)—(P1XR)=(R1—P1)XRa.
Since (R; — P;) X R is a saturated multiplicatively closed subset of R; X R,, we obtain
S1 xS C (R —P)XRy.
Hence
(P1X R) N (S1X$) = 2.

(2) The proof is entirely analogous to that of (1). O
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Proposition 2.6. Let S| X S, be a multiplicatively closed subset of R; X R,. Then

S XSZZS_1XS_2

= (R X Rp) \ U (P1 X Ry) U U (R X P) .
P1eSpec(Ry) PreSpec(Ry)
PiNS =2 PNS=2

Proof . It is known that for any multiplicatively closed subset S of a ring R,

S=r- | P
PeSpec(R)
PNS=02

Applying this formula to the product ring R; X R», and using the description of prime
ideals of a product ring,

Spec(R; X Ry) = {P1 X Ry : Py € Spec(Ry)} U{Ry X P, : P, € Spec(R»)},
we obtain

SixS=@®ixk)\| | (Pxr)yu | ] ®ixPyl

PieSpec(Ry) PreSpec(Ry)
PiNS1=02 PyNS$H=02

Taking complements and using the definitions of S; and S,, this becomes

S1 X8 = S_1 X S_z
This completes the proof. O

Proposition 2.7. Let S| X S, be a multiplicatively closed subset of R; X R;, and let

L: R X Ry — (81 X 8) (R X Ry)

be the natural homomorphism defined by ¢(r, ) = ((rig) If I X I is an ideal of R; X R»,

then its extension (I; X )¢ in (S; X $2)"1(R| X Ry) is given by (51 X $)~N1I x I), and

(I X D) = {(A1, A2) € ($1 X $2) ™" (R X Ry) :
(a1, az)
(51,52

(A1, A2) = for some (aj,ar) € I; X I, and (s1, 52) € S; X Sz}.
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Proof. Forany ideal / of aring R, its extension to S IRis S7'I; see [, Proposition 3.11(i)]
or [, Lemma 10.9.16]. Applying this standard fact to R; X Ry and 1 X I gives the asserted
description. The displayed fraction description follows directly from the definition of
S (Ii x ). O

Corollary 2.8. Let the situation be as in Proposition 7. Then the following conditions
are equivalent:

(1) (I X 1) = (51 X $2) 1 (R X Ry);
2) (hxhLh)N(S; x8$) + 2.

Proof . (2) = (1) Suppose that (I} X I,) N (S; X $2) # @. Then there exists
(ar,az) € (It X I) N (81 X 82).

By Proposition 22, EZI Zi; € (I; x I)¢, and hence 8 }; € (I} x I)¢. Therefore

(I X 1) = (81 X $2) "' (R X Ry).

(1) = (2) Assume that (I} X )¢ = (S] X )~ (R1 X Ry). Then (1 1) € (I X h)°.
By Proposition 274, there exist (aj, az) € I} X I, and (s1, s2) € S1 X S> such that

(la 1) — (al’aZ)
(15 1) (SI’SZ) .

Thus there exists (i1, uz) € S; X S» such that

(u1, u2) ((s1, 82) = (a1, a2)) = (0,0).
This means that
uis1 = uaq, UrS2 = uzaj.

Since a; € 1 and ap € I, we have uia) € I and urap € Ir. Also uis) € 9 and Ursy € 5.
Consequently,

(u1s1,u282) = (uyag, uxaz) € (Iy X L) N (81 X $).
Hence (I1 X ) N (8] X $) # @. O

Remark 2.9. Let I} X I, and J; X J; be ideals of Ry X R,. Then the following properties
hold:
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(1) (I X L) + (J1 X )¢ = [(I; + Jy) X (I + })]°.
(2) (I X B)*(J1 x L)¢ = [(IJ1) x (L))]°
(3) (Wh x L) =N, X L)e.

Proof . The proof is routine and is therefore omitted. O

Proposition 2.10. Let the situation be as in Proposition 72, and let P; X R, and R X P,
be prime ideals of R; X R, such that

(P1 X Ry) N (81 X $) =9, (R X P2) N (81 X8) =2.
Then (P; X R»)¢ and (R; X P,)¢ are prime ideals of (S; X $2)"1(R; x R»).

Proof . We prove the assertion for (P; X Ry)¢; the proof for (R; X P,)¢ is similar. Let

(ai,a2) (b1, b2)

€ (P1 X Ry)",
(s1,82) (f1,12)

where

(ar,a2) (b1, b)
(51,52)" (11,12)

€ (51 x ) 1Ry X Ry).

Then

(a1b1, a2b7)

€ (P] X Rz)e.
(s1t1, $212)

By Proposition 72, there exists (u1, uz) € S X S> such that
(1, uz)(a1by, azbs) € Py X R.

Since (P; X Ry) N (81 X 82) = @, we have u; ¢ P;. Hence a1b; € P;. Since P; is a prime
ideal of Ry, we obtain a; € P; or by € P;. Therefore

(al,az) € PIXxRy, or (b],bz) € PI X Ry.

Consequently,
(ay, a2) ¢ (b1, b2) ¢
Pi X R ——— e (P1 X Ry)".
(s1,52) € (PrxRo) (t1,12) & P xk)

Thus (P; X R)¢ is a prime ideal of (] X $)"N(R; X Ry). O
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Proposition 2.11. If J is an ideal of (S X $)"H(Ry X Ry), then J¢¢ = J.

(a,b) :
G € J. Since

Proof . It is well known that J°° C J. To prove the reverse inclusion, let

G0 € (81 % 52)7 (Ry x Ry), we have

(a,b) _ (a,b) (s,1)
(LD (s,0) (L1

Thus «(a, b) € J, where

eJ.

L: R X Ry — (81 X 8) ' (R X Ry)

is the natural homomorphism defined by ¢(rq, ) = (H?)) This means that

(a,b) € J° = 1.

Consequently,
(@b (@b (L) (LD
Go D Gon  deb iy el

This proves that J C J¢, and hence J¢ = J. O

Remark 2.12. Let R and R, be Noetherian (resp. Artinian) rings. Then
(S1 % $2)7 (R X Ry)

is a Noetherian (resp. Artinian) ring.

3 Results on (S; X S2)"1(M; x M) as an (S; X S2)~1 (R x R;)-module

The module (S} X S>)~'(M; x M) is the standard localization of the R; X R>-module
M; x M,. Its universal property, functoriality, and exactness are standard; see [10,
Section 10.9] and [, Section 6]. We record only the consequences needed for the product-
specific results below.

Proposition 3.1. The set (S; X $2)~' (M) x M) forms an (S} X $2)~'(R; x R,)-module.

Proof . This is the standard module structure on a localization, applied to the ring R X R,
its multiplicative subset S; X S, and the module M| X M>; see [[[U, Definition 10.9.6]. O
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Remark 3.2. Let

(r,1)

iR X Ry — (S1x$) R XRy),  urt) = LD

be the natural ring homomorphism, so that (S; X $>) "1 (R; X R») is an R; X R,-module via
¢. Similarly, let

_ m
fi: My — S M, fl(ml):Tl,

_ m
2 My — S5 M, Sfa(my) = TZ

be the natural R;- and R;-module homomorphisms, respectively. Define

(my, my)

fiM XMy — (51X S) " (My x M), f(my,ma) = i

Then f is an R; X Ry-module homomorphism. If "Elv—;’;Z) = 0in (S X $2) N (M x M>),

then (u1,uz)(my,my) = (0,0) for some (uy,up) € Sy X Sz, so uym; = 0 and upm, = 0.
Hence =! = 0 and =2 = 0. Consequently,

(mla m2) _

ker f = {(ml,mz) €M XM, : D 0} = ker f x ker f5.

Proposition 3.3. Let M;, N; be R;-modules and M,, N, be Ry-modules. Assume that
h: M x My, — Ni X N,

is an Ry X Ry-module homomorphism. Then the mapping
2 (81 % $2) 7 (Mg x Ma) — (81 % $2)7 (N1 X N2)

defined by

b ((ml,mz)) _ h(my,my)
(s,8) | (s,0)

is an (5] X $»)"'(R; x R,)-module homomorphism.

Proof . The map is the standard map induced by a module homomorphism under lo-
calization, m/s +— h(m)/s; its well-definedness and linearity follow from the defining
equivalence relation. See [[[0, Section 10.9]. O
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Remark 3.4. In Proposition B3, the mapping 4* is also denoted by (S X S>)~! (), and
its kernel is

: . h(my,
ker(S; x $2)7' (h) = {M € (Sy % )" (My x My) : T2 _ o}
(s1,52) (51, 52)
= {M : A(ur, u2) € $ XS such that (1, u) h(my, ma) = (0, 0)}
(S1,52)
= {(ml—mZ) : I(ur,up) € S) X Sy such that (umy, uymy) € ker h}.
(s1,52)

Proposition 3.5. Let M|, N, P; be Ri-modules and M;, N,, P, be Ry-modules. Let
f i My X My, — Ni X N, g: N XNy, — P XP,

be two R; X Ry-module homomorphisms. Then the composition
gof: M XMy— P XP,

is an Ry X Ry-module homomorphism, and
(S1x52)7 (g o f) = (S1x$)7(g) o (S1 xSV,

Proof . This is the functoriality of localization; see [I{], Section 10.9]. O

Proposition 3.6. Let

O—)LIXLzLMIXMzi)N]XNQ—}O
be an exact sequence of R| X Ry-modules and homomorphisms. Then the sequence

($1x82)7'(f)
_—

0 — (81 X S) (L1 x Ly) (S1 x $2)~H(My x My)

SixS8y)~!
CE T, (5% 527 (W) X Np) — 0

is an exact sequence of (S X S>)~'(R; X R,)-modules and homomorphisms.

Proof . Localization is an exact functor on modules; see [10, Proposition 10.9.12] or [4,
Theorem 6.2]. O

Remark 3.7. The exactness of the localization functor established in Proposition B-@ has
the following consequences:
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(1) It preserves kernels, images, cokernels, and short exact sequences.
(2) For any submodule N; X N> < M X M>, the natural isomorphism

S1x82) " (M1 X M)/ (S1x82) " (N1 X Np) = (81 x82) ™ (M X My) | (N1 X N»))

holds (see Proposition B-T® below).
(3) The functor is additive, commutes with finite direct sums and finite products, and
preserves finite limits and finite colimits.

Corollary 3.8. Let M; X M; be an R; X Ry-module and let /; X I; be an ideal of R; X R».
Assume that

(r1i,r2)

iR X Ry — (Si xSRI XRy),  uri,r) = D

is the natural homomorphism. Then
(S1x 87 (I X D) (My X Mp)) = (I X 1)° (S1 X $2)™' (M) X M).

Corollary 3.9. Let Ny X N, and L X L; be two submodules of M| X M;. Then:

(1) (S1x8$2) N (L1 X La) + (N1 X N2)) = (S1 X $2) 7 (L1 X La) + (81 X S2) 1Ny X Vo).
(2) (S1x82)7H(L1 X La) N (N1 X N2)) = (S1 X 8$2) (L1 X La) N (S1 X S2) 1Ny X N2).

Proof . Both assertions follow from the exactness of localization and the fact that

(L1 X Ly) + (N1 X N2) = (L1 + Ny) X (L2 + N7),
(L1 X Ly) N (N1 X N2) = (L1 N Np) X (L2 N N2),

together with the coordinatewise description of localization of product modules. O

In the following proposition, the structure of submodules of (S X S,)! (M X M>) is
described.

Proposition 3.10. Let 7 be a submodule of (S; X $»)~"'(M; x M,). Then there are
submodules N; < M; such that T = (S; X $2) "1 (N] x No).

Proof . Let N = T¢ be the inverse image of T under the natural map M; X M, —
(81 % Sz)‘l(Ml X M>). The standard submodule correspondence for localization gives
T = (51 x $5)"'N; see [0, Lemma 10.9.15]. Moreover, every submodule of M; X M, is
of the form N; X N;: indeed, the idempotents (1,0) and (0, 1) split each of its elements
into its two coordinate components. Thus N = N; X N, for suitable submodules N; < M;.
O
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Proposition 3.11. Let Sl_lMl be an Rj-module and S5 'M, be an Ry-module. Assume
that

_ ny
fi: My — ST M, fl(m1)=g,
1

is an Rj-module homomorphism and

_ m
fri My — Sy M, fz(mz)zl—z,
Ry

is an Ry-module homomorphism. Then the mapping
fiMixMy— STIMyx Sy Mo, f(mi,mo) = (fi(m), f2(m2)),

is an Ry X Ry-module homomorphism with ker f = ker f X ker f5.
Proof . The proof is routine and is therefore omitted. O

Remark 3.12. Let the situation be as in Proposition BT, and assume that S; X S, acts
regularly on M X M, that is, for every (s1, s2) € S1 X Sz and every (my, my) € M| X M»,

(s1,52)(my,ma) = (Opr, Opg,) = (my,mp) = (Opg,, Opgy).

Since ker f = (0ps,, 0pr,), the Ry X Ry-module M X M, embeds into the Ry X Ry-module
ST My x ;M.

Theorem 3.13 (Localization of a product module). Let M| be an Rj-module and M, an
Ry-module. The mapping

P (S x $2) "My x My) — STIMy x S; My
defined by
\P((ml,mz)) _ (@@)
(s1,52) s1 82

is an isomorphism of (S X $2)""(R; X Ry)-modules.
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Proof . Well-definedness. Let £1:m2) — () Then

(51,52) (s7.55)
7 ’ 4 ’
(u1symy, upsymy) = (uysymy, uzsanm,)

for some (uy,uy) € S§1 X §5. Consequently,

4 4 4 ’
M]Slml = ulslml, u2s2m2 = I/t2S2m2,
which imply
’ ’
mp M my My
A e T T
S1 S1 52 52

Thus V¥ is well-defined.

Additivity and linearity. The computation

(my, ms) (m’l,m’z)) _ ((s’lml +symy, symy + szm’z))
(s1,82) (59 5) (5157, 525%)
’ ’
m m, m m
_ (_1 LMom _2)

- ’7 ’

S1 s 82 55

shows that ¥ preserves addition; linearity over (S; X $2)"H(R| x Ry) follows similarly.

Surjectivity. For any (my/s1,ma/s2) € S;' M x S;' M>, we have

(my/s1,ma/s2) =W ((m1,mp)/(s1,52)).

Injectivity. Assume W ((my, my)/(s1,52)) = (0,0). Then m;/s; = 0 in Sl_lMl and
my/s> = 0in SZ_IMZ, so there exist u; € S; and up € S, with uym; = 0 and upymy = 0.
Hence (uy, us)(my, my) = (0,0), and therefore (m,m;)/(s1,s2) = 0 in the localization.
Thus Y is injective, and consequently an isomorphism. O

Remark 3.14. As part of the proof of Theorem B13, the kernel of the natural Ry X R»-
module homomorphism

My X My — S7'My x S, My, (my, mp) = (m1/1,my/1),
is ker fi xker f,, where f;: M; — Sl.‘lM,- are the natural maps. Equivalently, it is precisely

the set of S| X S,-torsion elements of M; X M,. In particular, if S| X §; acts regularly on
M X M>, then M| X M, embeds into Sl_lMl X S2_1M2.
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Remark 3.15. We shall need the structure of submodules of the Ry X Ry-module M X M,.
Let N be a submodule of M| X M>, and consider

p1 My X My — M, X0, p1(my, my) = (my,0),
P2 My X My — 0 X My, p2(my, my) = (0, my).
Clearly, p; and p; are Ry X Ry-module homomorphisms. Define
Ny ={n1 € My | (m,0) € p1(N)}, Ny ={ny € My | (0,n2) € p2(N)}.

Since p(N) and py(N) are submodules of M| x 0 and 0 X M, respectively, N; and N,
are submodules of M| and M,, respectively. We claim that N = Nj X Nj.

If (n,np) € N, then

p1(ny,n2) = (n1,0), p2(ny,n2) = (0, ny),

son; € Ny and ny € N,. Hence (n1,ny) € Ni X N;.

Conversely, let (n1,n3) € Ni X N>. Then
p1(n1, ny) = (n1,0), pa(n, n) = (0,n)
for some (n;, n’z), (n’l, ny) € N. Since N is a submodule of M; x M, we have
(1r,,0)(n1,m3) € N, (0, 1g,)(n}, n2) € N,
which imply (n,0) € N and (0, n) € N. Therefore,
(n1,n2) = (n1,0) + (0,m2) € N,

so Ny X No € N. Thus N = N; X N, for some submodules N; < M; and N, < M,.

Corollary 3.16. Let T be a submodule of the Sl_lRl X 85 I R,-module Sl_lMl X 85 'Ms,.
ThenT = Sy TN x Sy N, for some submodule N; of M; and some submodule N, of M,.

Proof . By Remark B13, every submodule 7' < S My % S5 UM, is of the form T = Ty X T,
where Ty < S;'Mj and T> < S;'M,. Fori = 1,2, define

Ni={mi € M;: { e Ty).

1
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It is routine to show that 7; = Sl._lNi for i = 1,2. Therefore, T = Sl_lNl X SZ_INZ, as
required. O

M XM,
NiXN;p >

In the following, we review the R; X Rp-module which is called the quotient

of M| X M» by N1 X N».

Remark 3.17. Let M| X M5 be an R; X Ry-module and N; X N, < M; X M, a submodule.

%ii%j inherits an R; X Ry-module structure from M; X M,, where

The abelian group

M X M,

= , + N XN , € My X M>}.
N XN, {(m1, my) 1 > | (my, my) 1 2}

Scalar multiplication is defined in the natural way:
(r1,r2) - ((my,mp) + Ny X Na) = (rimy, ramp) + Ny X Na.

M XM, . .
Then W is an Ry X Ry-module. Moreover, the mapping

MM M M )+ Ny X No) = (my + Ni,m + No)
. —_—> — 7 mp, m =m »m ’
NIXNZ Nl N2 1 2 1 2 1 1 2 2

is an isomorphism, and hence

M1XM2~M1 M,

_— = X .
Ni X N» Ni Ny
Now endow

€ (Slxsz)*(MlxMz)}

(x5! (MlXMz)

(my,my)+ N1 XNy (my, mp)
N XN

(s1,52) - (51,52)
with an (S; X S2)"'(R; x R;)-module structure by

(my,my) + N1 X N> (m/l,m/z)"'Nl X N

(51, 52) (57 85)
_ (symy + sym), simy + som)) + Ni X Np

b

(s157, 525%)

and

(ri,r2)  (mi,mp) + Ny X N _ (rimy,ramp) + N1 X N

(57 85) (s1, 52) (5151, 8552)
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Proposition 3.18. Let N; X N, be a submodule of M X M,. Then

M X Mz) L Six $2) 7N (M x M>)

(S1x $)7! ( = :
N1 X N, (81 X $2)"H(Ni X N2)

Proof . This is the standard compatibility of localization with quotient modules; see [,
Lemma 10.9.13]. Applying it to R; X Ry, S| X Sp, and Ny X N, < M| X M, yields the
stated isomorphism. O

Corollary 3.19. Let N; X N, be a submodule of M| X M,. Then

My X Mz) ST My x ST M,

N X N -

(51 % 85)™"! ( =~ .
Sl_lNl X Sz_lNz

Proof . Combine Proposition B-T8 with Theorem (applied to both M; x M, and
Ni X Nz). O

Proposition 3.20. Let N;, L; be submodules of M; and N,, L, be submodules of M,.
Then

(L1XLo:rpg, N1XN2)° € ((S1 X $2)"ML1X L) t(sp5,)- 1 Rixiy) (S1%82) HN1XN,)).
Proof . Suppose that 1 € (L; X Ly :g,xr, N1 X N2)¢,s0 1 = % with
(ri,r2) € (L1 X Ly :g,xr, N1 X N2).

Then (r1, 72)(Ny X No) © Ly X Ly. Now, let 82 ¢ (S, x 8,)" (N; x N,). Since rin; € Ly

(s7,57)
and rony € Ly, we have (ryny,ran2) € L1 X Ly, and hence

(riny, ranz)

2= e (81 % 8$) 7Ly x Ly).
(5157, 525%)

Therefore,

(r1,r2)  (n1,m2)

€ (81 xS (L x Ly),
s (s (81 xX82)" (L1 X Ly)

and so
A(S1 X S) 7NNy x Np) € (81 x $2) MLy x L),
Equivalently,

A€ ((S1 X $2) (L1 X La) 2(5,x50)1 (RixRy) (51X 82) ™ (N1 X Np)).
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Corollary 3.21. Assume that L; X L, = 0 in Proposition B20. Then
Anng,xr, (N1 X N2)® C Anng 5,)-1(R,xR,) ((S1 X $) "Ny X N2)).

Corollary 3.22. Let the assumptions be as in Proposition 320, and let N| X N, be a finitely
generated submodule of M| x M;. Then

(LiX Lo Rk, N1 X N2) = (S1%82) TNL1X L2) (5,51 (Rxiy) (S1%52) /(N1 X N2)).
Proof . By Proposition B21, it is enough to prove that

(S1%52)TML1XL2) *(sp5y) 1 (Roxka) (S1XS2) T (N1XN2)) € (L1 X L2 iRy, NiXN)°.
Let

A€ ((S1 X $2) (L1 X L2) t(5,x5,)1 (Rixky) (51X 82) ™ (N1 X Np)),

sod = % with (r;,72) € Ry X Ry and (s1,52) € S1 X 83. Since Nj X N, is finitely

generated, each of Ny and N is finitely generated. Write
Ni X Ny = {(x1,x}), ..., (xn, x7,))

where (x;, x7) € Ny X Np for 1 <i < n. Since
A(S1 % S$2) ™ (N1 X N2) € (81 % $2)™ (L1 X L),

we have

(xi, x7)

(1,1)

foreveryi = 1,...,n. Now, for every i, write

A € (5] x Sz)_l(Ll X Ly)

(rixirax) (1)
(s1,52) (i, 1))

with (/;, ll’) € Ly X Ly and (¢;, Z‘I’) € §1 X 5. Then
(ui, ;) (15, 17) (r1x4, 12X7) = (wi, u) (51, 52) (13, 1)
for some (u;, u;) € $1 X $3, s0

1974 ’ ’ ’
(uitir1x;, uil‘il’le-) = (u;s1l;, u Szli) € Ly X L.

i



Localization of product rings and modules 55

Let

S =uty---upt, €Sy, s"=uit) - unt, € 5).

Since S; and §; are multiplicatively closed, the finite products s and s” indeed belong to
S1 and $,, respectively. Then

(s,8")(r1,r2)(xi, x;) € L1 X L
foreveryi =1,...,n. Hence

(s,5")(r1,r2) € (L1 X Ly :g,xr, N1 X N2).
Finally,

_ () _ (s, s")(r1,12)
(s1,82)  (s,8)(s1,52)

€ (L] X Lo ‘RIXR, Ny X Nz)e.
This completes the proof. O

Remark 3.23 (Necessity of the finite generation hypothesis). The finite generation hy-
pothesis in Corollary is essential and cannot be removed. We illustrate this with an
explicit example.

Let

R=7,  S=Z\{0), M=} zjpz, L=0.

p prime

The module M is not finitely generated. We have (0 :x M) = 0, because every nonzero
integer n fails to annihilate infinitely many components Z/pZ with p ¥ n. Hence (0 :g
M)¢ =0 in Q. On the other hand, Mg = M ®z Q = 0, since every component Z/pZ is
torsion and hence vanishes upon tensoring with Q. Therefore, (05 :o Ms) = (0 :g 0) = Q.
Consequently, (0 :g M)* = 0 # Q = (0Og :9 Ms), which shows that the equality of
Corollary fails without the finite generation hypothesis.

Remark 3.24. Suppose that L X L = 0 in Corollary B22. Then

Anansz(Nl X Nz)e = Ann(Slxsz)q(Rlsz) ((Sl X Sz)_l(Nl X Nz))
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Definition 3.25. An R-module M is called a multiplication R-module if for every sub-
module N < M there exists an ideal / < R such that N = IM. One easily verifies that if
N is a submodule of a multiplication module M, then N = (N :x M)M.

Suppose that N and K are submodules of a multiplication R-module M, with N = IM
and K = JM for some ideals I, J < R. Then the product of N and K, denoted by NK, is
defined by NK = IJM. We recall that the power N is defined by N = (N :g M)"M
(see [3, A)).

Following the above definition, we discuss the Cartesian product of multiplication
modules.

Remark 3.26. Let N; X N, be a submodule of the Ry X R;-module M; X M,. We have
(N1 X Ny :gixry My X Mp) = (Ny g, My) X (N i, M>).

Now, assume that M is a multiplication R;-module and M, is a multiplication R;-module.
Then

Ny = (N1 g, M1)M,, Ny = (Na g, M) M,
50

Ny X Ny = ((Ny g, Mi)My) X ((N2 :g, Ma)Ma).
We claim that

((N1 :ry Mi)My) X (N2 iR, M2)M) = (N1 g, My) X (N2 g, Ma)) (M) X Mp).
Indeed, let

(x,¥) € ((Ny :g, Mi)My) X ((N2 :g, Ma)Ma).

Then x € (Ny g, M1)M; and y € (N> :g, Mp)M,. Without loss of generality, we may
write

n

n

— — 7 7

X = rim;, y = rim,
i=1

i=1

where r; € (N :g, M1), rlf € (N2 :g, M>), m; € My, and m: € M>. Then

(ri, ) (my, m),
1

(x,y) =

n
1=
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where

(ri,r}) € (Ni :g, M1) X (N :g, M>), (mj,m;) € My X M.
Hence

(x,y) € (N1 :g; M) X (N2 :g, Ma)) (M X Mp).
The reverse inclusion is immediate. Consequently,

N1 X Ny = (N1 X Ny igyxr, M1 X Mp)(My X M).

This shows that M| X M, is a multiplication R; X R,-module.

Proposition 3.27. Let M; be a multiplication R;-module and M; a multiplication R;-
module. Then (S; X $,)~'(M; x M>) is a multiplication (S7 X $2)""(R; x Ry)-module.

Proof. Let T < (S; x $»)~!(M; x M>) be a submodule. By Proposition BI1, there exists
a submodule Ny X N, < M; x M, such that T = (S; X $)~'(N; X N,). Since M; is a
multiplication R;-module, we have N; = (N; :g, M;)M,; fori = 1,2. Set

I = (N; :r, M), L xL =1
Then
Ny X Ny = (I) X L)(My X Mp) = I(My X M>),

where in the last step we used Remark B2A. Applying the exact functor (S; X S»)~' (=)
and using Corollary B8, we get

T = (S) X S) "' (N x Na)
= (51 X $) 7 (I(My x Mb))
= 1°(S; X $) "N (M x Mp).

Thus T is the product of an ideal of (S} X $5)~1(R} x Ry) with the whole localized module,
which proves that (S; x S>)~1 (M) x M>) is a multiplication module. O
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4 Transfer of ¢-primality under localization

D. D. Anderson and M. Bataineh introduced generalizations of prime ideals in [1],
where they defined the concept of a ¢-prime ideal. Let 7 (R) denote the set of ideals of
aring R, and let ¢ : 7(R) — I (R) U {@} be a function satisfying ¢(I) C I for every
nonempty ¢(I). A proper ideal I of R is called a ¢-prime ideal if for a, b € R,

abel\¢(I) = aclorbel.

Subsequently, Zamani [IT] extended this notion to ¢-prime submodules. Let S(M) be the
set of all submodules of an R-module M, and let ¢ : S(M) — S(M) U {@} be a function
satisfying ¢(N) C N for every nonempty ¢(N). A proper submodule N of M is called a
¢-prime submodule if forr €e Randm € M,

rmeN\dp(N) = meNorre(N:gM).

Several properties of ¢-prime ideals and ¢-prime submodules were investigated in [[] and
[I1].

We state the following lemma, which will be needed in the sequel.

Lemma 4.1 (Classification of ¢-prime ideals). Let
¢i : T(R) — I(R) V{2, i=12

and let
¢ I(Ri X Ry) — I (R X Rp) U {2}

be the function defined by ¢ = ¢ X ¢,. Then the ¢-prime ideals of R; X R, are of exactly
one of the following three types:

(1) I} X I, where [; is a proper ideal of R; with ¢;([;) = I; fori = 1,2;
(2) I X Ry, where [ is a ¢-prime ideal of R; which must be prime if ¢»(R>) # Ry;
(3) Ry X I, where I, is a ¢,-prime ideal of R, which must be prime if ¢1(R;) # R;.

Proof . See [, Theorem 16]. O
Let

¢i : T(R;) — I(R) VU {2}, i=12,
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and define ¢ = ¢; X ¢, coordinatewise on ideals of Ry X R, with the convention that
¢(I; X I) = @ if either factor is empty. We assume throughout that ¢(/) C I for every
nonempty ¢(I). For an ideal J of the localized ring, write

J ={(ri,r) € Ry xRy : (r;,r2)/(1,1) € J}

for its contraction. Every ideal of R; X R, is a product ideal, and extension—contraction
gives J = (J)¢. We therefore define the induced operation by

bs,x5,(J) = (81 X S2) " ($(J)),

where the localization of the empty set is understood to be empty. Since ¢(J¢) C J¢, we
have

$sixs:(J) € (S1x $)7H () = J.
This definition is independent of a presentation of J, since J¢ is uniquely determined by

J.

We say that a proper ideal (I} X )¢ of (S; X $2)"'(R; X Ry) is a &s,x8,-prime ideal if
whenever

(x1,y1) (x2,¥2)

-1
L) oy & B1X52) (RixXRy)

satisfy

(x1,y1) (x2, y2)
(s1,11) (82,12)

€ (I) X D)° \ ¢s,xs, ((I1 X [)°),

it follows that

(x1,y1) € (I X L)* (x2,y2)

(s1,11) (s2,12) € (ixh)

By Lemma BT, the ¢-prime ideals of R; X R, fall into three types. If I} X I, is a
¢-prime ideal of Type (1) with ¢;(1;) = I;, then

bsixs, (I X 1)) = (S1 x S2) 7M1 x ) = (I X b))%,

and hence the set (11 X 12)¢\ ¢s,xs, (11 X 2)¢) is empty. Thus, in what follows, we examine
the remaining two types of ¢-prime ideals from Lemma ET.
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Proposition 4.2. Let ¢ = ¢ X ¢, be the coordinatewise operation defined above, and let
&s,xs, be its induced operation via contraction. Let /1 X R, be a ¢-prime ideal of R; X R;.
Suppose that S; X §; is a multiplicatively closed subset of R; X R, such that

(LIXR)N(S1 X$H) =0
and
(81 % 82)7™ ($1(11) X R2) € bsyxs, (I X R)).
Then (11 X R2)¢ is a ¢, xs,-prime ideal of (57 X $)"N(R; X Ry).

Proof . Let

(x1,¥1) (x2,y2)

’ S1x8) 7' (Ri X R
(s1,11) " (52,12) € (81X 82) (R X Ry)

such that

(x1,y1) (X2, y2)
(s1,11) (82,12)

€ (It X R2)° \ ¢s,xs, (11 X R2)°).

Then
(x1x2, y1y2) € (I X Ry)*
(5152, t112)

and
(x1x2, ¥1y2)

I X Ry)%).
G152, 1112) ¢ ds,xs, (11 X Rp)¢)

Hence, there exist (z1,z2) € I} X Ry and (s, ") € S; X S, such that

(x1x2, y1y2) _ (z1,22)
(5152, t112) (s,8)°

and moreover

(x1x2, y1y2)

-1
(s152, t1t2) ¢ (S1x8)7 (¢1(11) X Ry).

It follows that there exists (u1, u2) € S; X S, such that

’
UISX1Xxy = u1815221 € 1, UrS' y1y2 = upt1122p € Ry,
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with wx1xp € ¢1(I;) forall w € S;. Setting w = uys € Sy and w’ = ups” € S, we obtain
wxixp € It \ ¢1(11), w'yi1y2 € Ry.

Hence
(wx1, w'y1)(x2,¥2) = (Wx1x2,w'y1y2) € (It X R) \ (¢1(11) X R2).

Since I} X R; is a ¢-prime ideal of R; X R,, we obtain

(wx,wy1) €1 X Ry or (x2,y2) € [} X Ry.

Consequently,
(X1, 1) (x2, y2)
e (I; X Ry)* € (It X R,
(s1,71) : (s2,12) :

which completes the proof. O

Corollary 4.3. Let ¢ = ¢ X ¢, be the coordinatewise operation defined above, and let
&s,xs, be its induced operation via contraction. Let Ry X I, be a ¢-prime ideal of Ry X R;.
Suppose that S X S, is a multiplicatively closed subset of Ry X R, with

(RixXLh)N(S1x$) =0
and
(S1 X 82) 7 (R X ¢2(12)) € ¢syxs, (R1 X D)°).
Then (R; X 1) is a ¢, xs,-prime ideal of (57 X Sz)‘l(Rl X Rp).

Proof . The proof is completely analogous to that of Proposition 2. O

Next, we study ¢s,xs,-prime submodules of (S; X S;)~'(M; x M,). We begin with
the saturation and contraction constructions, which are needed to make the definition of
&s,xs, well-defined.

module M, and let S € R be a multiplicatively closed subset. The saturation of N with

Definition 4.4 (Saturation of a submodule). Let N < M be a submodule of an R-

respect to S is the submodule
NS)={meM:ds €S, sme N}.

Clearly, N € N(S) < M, and N(S) is the largest submodule of M whose localization at
S equals S'N.
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For a submodule Ny X N, < M| X M;, we have
(N1 X N2)(S1 X $2) = N1(81) X Na2($2).
It is easy to see that
STTNI(SD) = TN S (Na(S) = 851N,
and

(S1 % $2) (N1 X N2)(S1 X 82)) = (81 % $2)"H(Ny x V).

Definition 4.5 (Contraction of a submodule). Let 7 < (S; x S2)~'(M; x M>) be a sub-
module. The contraction of T is the submodule

Tc:{(m],m2)€M1XM2:%ET}.

Lemma 4.6. Let T < (S X $2)"1(M; x M,) be a submodule. Then:
(1) T¢ is a submodule of M| X M>;
(2) T = (81 x $) 1 (T°);
(3) (TH(S1x$) =T°.

Proof . (1) If (my, my), (m}, m}) € T¢, then both fractions (r?t’]")z) and ("(1;:'1")2) belong to 7.
Since T is a submodule, we have

(mi,ma) | (m}, m}) _ Gm+ my, my + mj)

eT,
(1, 1) (1, 1) (1, 1)

and for (l”],l’z) € R X Ry,

(my,my) — (rimy, romy)

(1,1) (1,1)

(”1,”2)

Hence T°¢ is a submodule of M; X M,.

(2) Let (my,my) € T and (s1, 52) € S1 X S5. Then

(my,my) _ (my,mp) (1, 1)

-1 c
G (LD Gy O
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Conversely, let 1 = 0n.m) e T Then
(51,82)

(my, my) _ (my, ma) (s1,52) i
(17 1) (Sb S2) (1’ 1) ’

so (my,my) € T¢, and hence A € (S] X $2)~1(T°).

(3) Let (m,my) € (T°)(S; X S2). Then there exists (s, s2) € S1 X S, with

(s1,82)(my,my) € TC,

SO
(s1my, s2my) cT.
(LD
Since (glz) € (81 X $)"1(R; X Ry) and T is a submodule of (S} X S2)"1(M; x M>),

(my, my) _ (1, 1) (simy, samy)
(1, 1) (s1,52) (L, 1)

Hence (m, my) € T¢, which proves (T¢)(S; X S) € T¢. The reverse inclusion is trivial.
O

eT.

Now let S(M; X M,) and S(M;), i = 1,2, denote the sets of all submodules of M| x M,
and M;, respectively. Let

¢ : S(My x My) — S(M x M) U {@}
and
¢i : S(M;) — S(M;) U {2}, i=12,

be functions with ¢ = ¢; X ¢, and assume ¢(N) C N for every nonempty ¢(N). We
define

Psixs,  S((S1 X $2) 7 (M) x Ma)) — S((S1 % S2)~H (M) x My)) U {2}
by
bs,x5,(T) = (S1 % $2)~H(p(T))

for every submodule T < (S; x S»)"'(M; x M), where T¢ is the contraction from
Definition 3. By Lemma B8, T¢ is uniquely determined by 7, and T = (S1 X S») ™' (T°).
Hence ¢g, s, is well-defined. Since ¢(7) C T¢, we have

B5,x5,(T) = (S1 X $2) " (S(T)) € (51 x $) ' (T) =T,



64 M. H. Moslemi Koopaei

Definition 4.7. A proper submodule 7' = (S; X S3)~' (N1 X N2) of (S x $2)~ (M x M)
is called a ¢, «s,-prime submodule if whenever

(r1,72) € (51 % $2)" (R X Ry). (my, my)

- = -1
(51, 52) ) © (S1 X 82)™ (M X M>)

satisfy

(r1,r2) (my, my)
(s1,82) (f1,12)

€T \ ¢SlXS2 (T)’

it follows that

(r1,72)
(51, 52)

€ (T :(5,x8,) (RixRy) (S1 X $2)7H (M x M)

(my,my)
or ) eT.

The following lemma is the submodule analogue of Lemma BTl.

Lemma 4.8 (Classification of ¢-prime submodules). Let
¢i : S(M;) — S(M;) U {2}, i=12,

and let
¢ S(My X M) — S(M; X M) U {2}

be the function defined by ¢ = ¢ X ¢», with ¢;(N;) € N;. Then the ¢-prime submodules
of M; x M, are of exactly one of the following three types:

(1) Nj X N,, where N; is a proper submodule of M; with ¢;(N;) = N; fori = 1,2;

(2) N1 XM, where Nj is a ¢1-prime submodule of M| which must be prime if ¢, (M) #
Mp;

(3) My x N,, where N; is a ¢,-prime submodule of M, which must be prime if ¢;(M;) #
M.

Proof . We adapt the argument of [IT1, Theorem 2.13] to the product setting. Let
N = Nj X N; be a proper ¢-prime submodule of M| X M;, where ¢ = ¢; X ¢o. We
distinguish three cases according to the behaviour of N under the projections pi, p2 of
Remark BT3.
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Type (1): Ny # M, and N, # M,. We claim that in this case ¢;(N;) = N; fori = 1,2.
Suppose, for instance, that ¢;(Ny) # Nj. Choose x; € Ny \ ¢1(Ny) and x, € My \ N».
Then

(1r,,0)(x1, x2) = (x1,0) € Ny X N, = N.
Since x| ¢ ¢1(N1), we have

(x1,0) € ¢1(N1) X $2(N2) = ¢(N).

Thus

(IRI,O)()CI, X2) EN \ ¢(N)

But (1g,,0) ¢ (N :g,xk, Mi X M), because Ny # M, and (xj,x2) ¢ N, because
xy ¢ N;. This contradicts the ¢-primality of N. Hence ¢1(N;) = Nj, and symmetrically
@2(N2) = N,. This gives Type (1).

Type (2): Ny = My and N1 # M;. We first show that N is a ¢1-prime submodule of M.
Letr; € Ry and my € M; satisfy rim; € Ny \¢1(N1) Then

(r1, 1gy)(m1,my) = (rymy,my) € Ny Xx My = N

for every my € M,. Moreover, (rimy,my) ¢ ¢1(N1) X ¢p2(M>) = ¢(N), because rim; ¢
¢1(Np). By the ¢-primality of N, either (r1, 1g,) € (N :g,xr, M1 X Mp) or (mj,mp) € N.
The first alternative gives r; € (N; :g, M), while the second gives m; € N;. Hence N;
is ¢1-prime.

Now suppose in addition that ¢, (M>) # M,. We must show that N is actually prime.
Let ri,m; € Ry, My with rym € Ny. If rym; ¢ ¢1(Ny), then ry € (Ny : My) or m; € N
by ¢-primality. If rim; € ¢1(Ny), choose y, € My \ ¢p2(M>). Then

(r1, 1g,)(my, y2) = (rimy, y2) € Ny X My = N.
Since rim; € ¢1(Ny) but y, ¢ ¢po(M;), we have
(rimi, y2) € ¢1(N1) X ¢2(Ma) = ¢(N).

By the ¢-primality of N, either (r1, 1r,) € (N :g,xr, M1 X M) or (my,y2) € N. The first
gives r1 € (Ny :g, M1), and the second gives m; € Nj. Thus N; is prime. This gives
Type (2).
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Type (3): Ny = My and N> # M,. The argument is symmetric to the previous case and
yields that N, is ¢,-prime, and prime if ¢ (M) # M.

Conversely, it is straightforward to verify that submodules of the three listed forms are
¢-prime: for Type (1), the condition ¢;(N;) = N; makes the set N \ ¢(N) empty, so the
defining implication holds vacuously; for Types (2) and (3), the verification reduces to the
¢;-primality of N; together with the stated primeness condition. This completes the proof.
O

The one-factor localization criterion for ¢-prime submodules is already available in
Zamani [T, Theorem 2.12(ii)]. The next theorem records the corresponding coordinate-
wise statement for product modules. In contrast to an earlier formulation, the properness
of the localized factor is stated explicitly; this hypothesis is essential, as Example E10
below shows.

Theorem 4.9 (Transfer of ¢-prime submodules). Let S; be a multiplicatively closed
subset of R;, let N| be a ¢;-prime submodule of M;, and put K = N;(S;). Assume
that

S;'Ny ¢ S, 4.1)

;g1 (N1 < ST 1(K), 4.2)
and

Sy 9 (Ma(Sh)) = S5 M. (4.3)

Then T = S7'N; X Sz_1M2 is a ¢, xs,-prime submodule of S7'M; x S M,.

Symmetrically, if N, is a ¢p-prime submodule of M>, Ky = N»(S$>),
$;' N2 C Sy Mo, S762(N2) € S5 9o (Ka), ST e1(Mi(S1) = 7'My,
then Sl‘lMl X Sz‘lNz is ¢g,xs,-prime.
Proof . We prove the first assertion. By (E), 7 is a proper submodule of § I_IM 1 X85 "M,

Since K = N;(S}), the contraction of T = Sl‘lNl X S2‘1M2 is K X M>(S,). Hence, by the
definition of the induced operation,

Bsix5,(T) = ST d1(K) X S5 o (Ma(S2)) = ST ¢1(K) x S5 M,
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where the last equality follows from (&3). Thus
T\ ¢s,x5,(T) = (S7'Ni \ ST ¢1(K)) x ;' M.

Take a; € S7'R; and x; € S7'M; such that (a1, a2)(x1,x2) € T\ ¢s,xs,(T). Write

a; =r1/syand x; = my/ty, withr; € Ry, m; € My, and s,¢; € S1. Then
rim _ rim _
TlesyINy and =L ¢ S7lg0(K).
S1t S111

The first membership gives some u € S; such that urym; € N;. Moreover, by (&2),

rym

—— ¢ ST g (Ny),
s ¢S] ¢1(Ny)

so in particular urym; ¢ ¢1(Ny1). Therefore urym; € Ni \ ¢1(Ny). Since N is ¢-prime,
either ury € (N7 :g, My) or my € Nj. In the first case, r1/s1 = (ury)/(us1) belongs to
Sl‘l(Nl :r, M1), and hence a; acts on S1‘1M1 with image in Sl‘lNl. Consequently

(a1, a2) € (T i5p ysip, Sy M1 X Sy My).

In the second case, x| = my/t] € Sl“Nl, so (x1,x2) € T. This proves that T is ¢g,«s,-
prime.

The second assertion follows by interchanging the indices 1 and 2. O

Example 4.10 (Properness cannot be omitted). Let

Ri=Z M= Z/pz, $i=Z\{0), N =0 ¢ =0

p prime

and let
Ry =M, =2, S = {1}, $2(Mp) = M.

Then Nj is ¢1-prime, since N; \ ¢1(N;) = @, and (N; :g, M;) = Annz(M;) =0, so
S1 N (Ny g, My) = 2.

The compatibility condition (22) holds because both sides are zero, and the fullness
condition (£3) holds because S, Lpr (M1 (S,)) = S5 "M, = M.

However, S7'M; = M; ® Q = 0, hence S;'N; = S;'M; = 0. Thus the properness
condition (E) fails. In this case, 7 = S; ' Ny x S;' M, = 0 x Z equals the whole localized
module Sl_lMl X 85 M, = 0xZ, so T is not proper and cannot be ¢ s,xS,-prime. This
shows that the properness condition (1)) is essential and cannot be removed.
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Example 4.11 (The fullness condition cannot be omitted). Let Ry = M; = Z/6Z and
Ry, = M, = Z, and take S| = S, = {1}. Define ¢;(L) = 0 for every submodule L of M;,
and put N1 = 0. Then N; is ¢1-prime, since N1 \ ¢1(N1) = @, and S1 N (N; g, M1) = .
The compatibility condition (B2) also holds, and S;'Ny = 0 ¢ M; = S;'M;. However,

Sy a(Ma(S2)) =0 # Z = S5 My,

so the fullness condition fails. In this case T = 0 X Z and ¢(T) = 0 X 0. The elements
a= (Z 1)and x = (§, 1) satistfy ax = (6, 1) e T\ ¢(T), whereas a & (T :g,xr, M1 X M)
and x ¢ T. Thus T is not ¢-prime. This shows that a condition forcing the induced
¢-operation to be full on the complementary factor is necessary for the stated transfer
conclusion.

The fullness assumption (E3) is essential to this argument: without it, non-membership
in the induced ¢-part may be caused solely by the second coordinate and gives no infor-
mation about the first coordinate.

The following theorem provides a converse to Theorem B9 in terms of the saturation
N1(81), rather than Nj itself. As Example BE13 below shows, the direct converse (i.e.,
without saturation) fails in general.

Theorem 4.12 (Converse via saturation). Let T = (S; X S5)"'(N; X M) be a ¢s,xs,-
prime submodule of (S; X $)"H (M x M>), and put K = Ni(S1). Assume that ¢(K) is
Sp-saturated, in the sense that

{m € M] :ds € S], sm € ¢1(K)} = ¢1(K),

where the equality is also understood when ¢{(K) = @. Then K = N;(S;) is a ¢-prime
submodule of M. Indeed, since T¢ = K X M>(S,), the definition of the induced operation
automatically gives

Bsix5, (T) = (S1 X $2) 7 (¢1(K) X ¢p2(Ma(52))).

No additional compatibility assumption is needed.

Proof . The contraction of 7' is T = K X M>(S,). Suppose, to the contrary, that K is not
¢1-prime. Then there are r| € Ry and m; € M; such that

rimp € K\¢1(K), r1 ¢ (K ‘R, M]), m ¢ K.
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1
Set x = % and y = % Then xy = (’ETI")O) € T, because rym; € K. Moreover, the

S)-saturation assumption on ¢ (K) implies “ ¢ Sl_lgb 1(K). Consequently,

xy ¢ (S1 X 82) 7 ($1(K) X $2(M2(82))) = b5,x5,(T),
soxy € T\ ¢s,xs,(T). By the ¢g,«s,-primality of T, either
X € (T :(s,x8) - (RixRy) (51X $2) ' (My x Mp)) or yeT.

The latter implies (m,0) € T¢ = K X M>(S,), hence m; € K, a contradiction.

If the former holds, then for every m’l € M,

(m},0) B (rym},0)
Ty T

Thus (rym},0) € T° = K X Mx(S2), so rym; € K for every m; € M;. This means

r1 € (K :g, M), again a contradiction. Therefore K is ¢;-prime. O

Example 4.13 (The direct converse fails). Let Ry = R, =Z and S| = S, = Z \ {0}. Let
M, = Z and M, = Z/67Z. Consider the submodule N = Ny XN, = 0x0 of M; X M,. Then
N is not a prime (and hence not a ¢-prime for ¢ = 0) submodule of M| X M;, because
(2.3)(0,2) = (0,0) € N,
but
(2,3) & (N :g,xr, M{ X My) and (0,2) ¢ N.
However, the localization

(S1xS) "M x M) =Qx0=0Q

is a field, and (S; X $2)"'(N) =0isa prime (hence ¢-prime) submodule of Q.

On the other hand, the saturation of N with respect to S; X S, is
(N1 X N2)(S1 X 82) = N1(S81) X N2(82) = 0 X Z/6Z.

Then My x M,/(0 X Z/62) = Z, which is a domain, implying that 0 X Z/6Z is indeed a
prime (hence ¢-prime) submodule of M| X M,. Thus, it is the saturation of N, rather than
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N itself, that is preserved as a prime submodule under localization. This is consistent with
Theorem BT

The mechanism behind this example is that the S,-torsion part of M, is killed by the
localization, whereas the S;-torsion part of M| is zero; consequently, the localized product
module collapses to Q, in which the localized submodule O is automatically prime. The
saturation N1(S7) X N»(S$2) records precisely the information that survives this collapse.

Example 4.14. Let P = (p) and Q = (g) be two prime ideals of Z, where p and g are
distinct prime numbers. Consider the multiplicatively closed sets

Sp =2\ (p), So =7\ (g).
The corresponding localizations are denoted by
Zp =Ly, Lo =1ZL)-

Thus,

m

Zip) = {;: mneZ p{n}, Zig) = {é LieZ qn}.
Since (p)Z(,) € Spec(Zy)) and (q)Zy) € Spec(Zy)), it follows that
(P)Zp) X Z(g) and  Zp) X (q)Z(g)
are prime ideals of Z,) X Z(g).
Example 4.15. Let
Si={1,22%...}, S ={1,33%...)

be multiplicatively closed subsets of Z. Consider the localized modules

[
M1:Sl_IZ:{%:m€Z,n20}, M2=SZ_IZ:{§:IEZ,IZO}.

The submodules

3 51
PI:{—m:mGZ,nZO}, P2:{§:IEZ,IZO}

are prime submodules of M| and M,, respectively. Therefore,
Pi1xS;'2 and S7'Zx Py

are prime submodules of the localized product module SI‘IZ X8 1Z.
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5 Conclusion and future work

We studied localization of product rings and modules at S; X S,. The main structural
results describe the localization map, saturation and extension ideals, and identify the
localized product ring with S 'R x S5 'R;. For modules, we established exactness
and compatibility with quotients and colons, and proved preservation of multiplication
modules. We also introduced the induced ¢-operation through contraction and saturation
and obtained transfer and converse results for ¢-prime ideals and submodules. In the
transfer theorem, the properness condition on the localized factor was stated explicitly;
examples show that neither this condition nor the fullness condition on the complementary
factor can be omitted.

Several questions remain. It would be useful to determine whether the saturation in
Theorem has an optimal characterization, to identify weaker hypotheses for the colon
formula beyond finite generation, and to extend the ¢-prime results to other generalized
primality notions and to finite products. The noncommutative setting also merits further
study.

Acknowledgement
We would like to thank referees for their valuable comments and constructive suggestions,
which have helped us improve the quality of this paper.

Conlflict of interest
The author declares that they have no conflict of interest.

References

[1] D. D. Anderson and M. Bataineh, Generalizations of prime ideals, Comm. Algebra,
36 (2008) 686-696.
@ zomATH: 114013005 @ MR: 2333034 @ DOI: 10.1080/00927870701724177

[2] M. F. Atiyah and I. G. Macdonald, Introduction to Commutative Algebra, 1st ed.,
CRC Press, Boca Raton 1969.
@ zbmATH: 017503601 @MR: 02242802 @ DOI: 10.1201/9780429493638

[3] A. Barnard, Multiplication modules, J. Algebra, 71 (1981) 174-178.
@ zbmAaTH: 0246813011 @ MR 0627431 @ DOI: 10.1016/0021-8693(81)90112-5


https://zbmath.org/1140.13005
https://mathscinet.ams.org/mathscinet-getitem?mr=2388034
https://doi.org/10.1080/00927870701724177
https://zbmath.org/0175.03601
https://mathscinet.ams.org/mathscinet-getitem?mr=0242802
https://doi.org/10.1201/9780429493638
https://zbmath.org/0468.13011
https://mathscinet.ams.org/mathscinet-getitem?mr=0627431
https://doi.org/10.1016/0021-8693(81)90112-5

72

M. H. Moslemi Koopaei

[4]

[5]

[7]

[9]

[10]

[11]

[12]

V. V. Bavula, General theory of localizations of rings and modules, J. Algebra, 677
(2025) 745-797.
@ zbMATH: 8042475 @ WR: 29044298 @ DOI: 10. 1016/7.jalgebra.2025.03.059

D. Eisenbud, Commutative Algebra with a View Toward Algebraic Geometry, Grad-
uate Texts in Mathematics, Springer-Verlag, Berlin 1995.
@ zbmATH: 081913007 @ DOI: 10.1007/978-1-4612-5350-1

Z. A. El-Bast and P. F. Smith, Multiplication modules, Comm. Algebra, 16 (1988)
755-779.
@ zomATH: 064213002 @ WR: 0932633 @ DOI: 10. 1080/00927878808823601

C. P. Lu, Prime submodules of modules, Comment. Math. Univ. St. Paul., 33 (1984)
61-69.
@ Link: Rikkyo

R. L. McCasland and M. E. Moore, Prime submodules, Comm. Algebra, 20 (1992)
1803-1817.
@ DOI: 10.1080/00927879208824432

R. Y. Sharp, Steps in Commutative Algebra, 2nd ed., Cambridge University Press,
Cambridge 2000.
@ zbMATH: 096913007 @MR: 1817605 @ DOI: 10.1017/CB09780511623684

The Stacks Project Authors, The Stacks Project, Section 10.9, “Localization,” Tags
00CM and 00CS.
@ Link: Stacks Project

N. Zamani, ¢-prime submodules, Glasgow Math. J., 52 (2010) 253-259.
@ poI: 10.1017/50017089509990310

M. Zolfaghari and M. H. Moslemi Koopaei, Some remarks on generalizations of
prime submodules, Italian J. Pure Appl. Math., 43 (2020) 55-64.
@ Link: T.IPAM

How to cite this article

M. H. Moslemi Koopaei, Localization of product rings and modules: extension, con-
traction, and ¢-primality, J. Frame Matrix Theory, Vol. 3 (2025) No. 1, 37-72.
http://dx.doi.org/10.22034/1fmt.2026.564658.1032.


https://zbmath.org/8042425
https://mathscinet.ams.org/mathscinet-getitem?mr=4904428
https://doi.org/10.1016/j.jalgebra.2025.03.059
https://zbmath.org/0819.13001
https://doi.org/10.1007/978-1-4612-5350-1
https://zbmath.org/0642.13002
https://mathscinet.ams.org/mathscinet-getitem?mr=0932633
https://doi.org/10.1080/00927878808823601
https://scispace.com/pdf/prime-submodules-of-modules-3nmo1j6zxn.pdf
https://doi.org/10.1080/00927879208824432
https://zbmath.org/0969.13001
https://mathscinet.ams.org/mathscinet-getitem?mr=1817605
https://doi.org/10.1017/CBO9780511623684
https://stacks.math.columbia.edu/tag/00CM
https://doi.org/10.1017/S0017089509990310
https://www.researchgate.net/profile/Issam-Alhadid/publication/339302085_The_impact_of_organizational_and_human_factors_on_the_successful_Implementation_of_ERP_system_in_water_authority_of_Jordan/links/5e4a4fc0a6fdccd965ac458c/The-impact-of-organizational-and-human-factors-on-the-successful-Implementation-of-ERP-system-in-water-authority-of-Jordan.pdf#page=70
http://dx.doi.org/10.22034/jfmt.2026.564658.1032

	Introduction
	Preliminaries
	Properties of the ring (S1S2)-1(R1R2)
	Results on (S1 S2)-1(M1 M2) as an (S1 S2)-1(R1 R2)-module
	Transfer of -primality under localization
	Conclusion and future work

