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1 Introduction

Given a compact metric space (X, dist), we say a homeomorphism # : X — X is
expansive, if there is 6 > O such thatif x,y € X, x # y, then dist(h"(x), h"*(y)) > ¢ for
some n € Z. This idea, introduced by Utz in 1950 [28] and it studied in both topological
and metric settings [[Z2, 23, 8]. It is known that expansivity can be expressed independently
of the metric. The key is to consider the action of /4 on the cover of X. In [Z], the
notion of expansivity is extended from topological dynamical systems to the setting of
automorphisms of unital commutative rings.

In this paper we give pointfree analogue of expansivity for frame isomorphisms and
ring automorphisms. Our primary contributions are as follows:

1. Uniformly Refinement Expansive Automorphisms: We introduce a pointfree
analogue of expansivity for frame isomorphisms and ring automorphisms, defined
in terms of covers and their refinements. This generalizes classical expansivity to
algebraic settings.

2. Duality and Functoriality: We establish connections between expansive frame
isomorphisms and expansive homeomorphisms on their spectra, leveraging the
spectrum functor £ and the open set functor O. This extends known results in
topological dynamics to the pointfree realm.

3. Finiteness Theorems: For positively expansive systems, we prove finiteness re-
sults for the number of maximal elements in frames and the cardinality of spectra,
generalizing analogous theorems for compact spaces [11].

4. Ring-Theoretic Expansivity: We define and characterize expansive automorphisms
of commutative rings, particularly for function rings C(X) and R(L), and explore
their relationship with z-ideals and radical ideals [25, T4].

Our work builds on foundational results in pointfree topology [3, f], dynamical sys-
tems [22], and ring theory [2], while introducing new techniques to study expansivity
algebraically. The paper is organized as follows: Section 2 reviews frames, their spectra,
and categorical preliminaries. Section 3 introduces expansive automorphisms for commu-
tative rings, and Section @ develops the analogous theory for frames. Section B establishes
the duality between these notions, and Section B proves finiteness properties for positively
expansive systems.

By bridging topological dynamics and algebraic structures, this work opens new av-
enues for exploring dynamical properties in pointfree settings and their algebraic counter-
parts. Our results also provide tools for analyzing the “chaotic” behavior of automorphisms
in algebraic contexts, extending the reach of classical dynamical concepts.
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2 Preliminary

We recall from [77] that a frame (or locale) is a complete lattice L in which the infinite
distributive law

a/\\/S:\/{a/\s:seS}

holds for all a € L and § € L. We denote by L and T the bottom and top elements of
L, respectively. A frame homomorphism (or frame map) is a map between frames that
preserves finite meets, including the top element, and arbitrary joins, including the bottom
element. An element p € L is said to be prime if p < T and a A b < p implies a < p or
b < p. The contravariant functor Z, from the category Frm of frames to the category Top
of topological spaces, assigns to each frame L its spectrum XL of prime elements, with

Yo={peXL:aftp} (acl)

as its open sets. Also, throughout this paper for every frame homomorphism 4: L — M,
we define

Sh:IM — 3L, pH\/{aGLHZ(a) <p)
According to [19, D77], £: Frm — Top does have the following properties:

* Contravariant: £(go h) =Xho Xg.
* Identity-Preserving: X(id;) = idy;.
* Prime Preservation: \/{a € L | h(a) < p} is prime in L when p is prime in M.

+ Continuity: (Zh)~'(Z,) = Zy foralla € L.

Hence, £ : Frm — Top given by L — XL and h +— Xh is a contravariant functor.

Let X be a topological space. The collection O(X) of open subsets of X forms a frame.
The open set functor O: Top — Frm is contravariant which O(f) := f~!: O(¥) —
O(X) for every continuous function f: X — Y.

Let L be a frame. The map n; : L — DXL given by 1z (a) = X, is a frame map (see
[19, 277]). We use this notation repeatedly throughout the paper.

Similar to the definition of a cover in topological spaces, we define a cover of a
complete lattice P is a subset A C P such that \/ A = T. The set of all covers of P is
denoted Cov(P). For covers A, B € Cov(P):
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e A refines B (denoted A < oy B) if:
Yae A, b e Bwitha <b

Equivalently, A C| B, where | B = {p € P | p < b for some b € B}.
¢ The refinement relation <.y iS:

— Reflexive and transitive

— Not antisymmetric (unlike lattice order <)

The set of all finite covers of P is denoted Covy(P). The set of finite covers Covg(P)
has:

e Meets: For A, B € Covp(P),
AANB={aNb|laecADbe B}

is a finite cover refining both ‘A and 8.

e Joins: AVB=AUSB.

By analogy with compact topological spaces, we consider a complete lattice P is compact
if every cover has a finite subcover:

VA € Cov(P), dAy € Covp(P)with Ay C A

Each element x in a frame L, we set x* := \/{y e L: x Ay = L}. Forx,y € L, we
say that y is rather below x (written as y < x) if x* V x = T. We have that y < x if and
only if there is v € L suchthat y Av = Land v V x = T. We call L a regular frame if
foreachxe L,x=\/{yeL:y<x}

Recall from [6] (see also [3]) that the frame of reals £(R) is obtained by taking the
ordered pairs (p, g) of rational numbers as generators and imposing the following relations:

R (pg) A(r,s) = (pVr,g As).

(R2) (p,q) Vv (r,s) = (p,s) whenever p <r < g < s.
R3) (p.q) = Vi(r,s) :p<r <s<gq}

RH T =V{pq):p.gcQ}.

For the pairs (p, q) € Q2, we let:

<p,g>={xeR:p<x<gqg}
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The set R(L) of all frame homomorphisms from £ (R) to L has been studied as an f-ring
in [A].

Corresponding to every operation ¢ : Q2 — Q (in particular +, ., A, V) we have an
operation on R(L), denoted by the same symbol o, defined by:

aoB(p,q) = \/{a/(r, YA Bu,w) :<r,s>o<uw>C<p,q >}

where < r,s > ¢ < u,w >C< p,q > means that foreachr < x < sandu <y <w we
have p < xoy < g.Forany @ € R(L) and p, q € Q, (—a)(p, q) = a(—q, —p) and for every
r € R, define the constant frame map r € R(L) by r(p,g) = T, whenever p < r < ¢, and
otherwise r(p, g) = L. An element a of R(L) is said to be bounded if there exists n € N
such that a(—n,n) = T. The set of all bounded elements of R(L) is denoted by R*(L)
which is a sub- f-ring of R(L).

The cozero map is the map coz : R(L) — L, defined by

coz(@) = \/a(p.0) v a(0.9) : p.g € Q).

A cozero element of L is an element of the form coz(a) for some @ € R(L) (see [G]). The
cozero part of L, is denoted by CozL. It is well known that L is called completely regular
if and only if coz(L) generates L. For A € R(L), we set Coz[A] := {coz(@) : @ € A} and
for A C CozL, we write Coz" [A] to designate the family maps {a € R(L) : coz(a) € A}.

Let R be a commutative ring with identity. An ideal / C R is a radical ideal if it
satisfies VI = I, where the radical of I is defined as:

Vi={reR|3Inx1r"€l)
Equivalently, 7 is radical if:
YreR (An>1,r"el) = rel.

For a commutative ring R with Id(R) and RId(R) as its ideals and radical ideals rep.

The poset (RId(R), C) forms a complete lattice with:

* Meets (infima): Given {/;};c; € RId(R),
A=
jeJ jeJ

¢ Joins (suprema): For {I;};c; C RId(R),

\/ 1= /le.
jeJ jeJ
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* Top element: T = R

* Bottom element: L = +/(0) (nilradical of R)

For any ideals /, J in a commutative ring R:
\/I_ =VinlJ= \/_
NI+ = \/\/7
* A Ideal cover is a subset A C Id(R) where: };cq ] = R

* A radical cover is a subset A C RId(R) where: \/>jcqal = R

Let
Max(R) := {M € Id(R): M is a maximal ideal of R },
and
M(a) :={M € Max(R): a € M }

for every a € R.

An ideal [ of a ring R is a z-ideal if whenever two elements of R are in the same set of
maximal ideals and / contains one of the elements, then it also contains the other. We
refer to z-ideals as defined in [?9] as “z-ideals in the sense of Mason”. We recall from [29]
that every ideal I of R is contained in a least z-ideal, in fact, this z-ideal is the intersection
of all z-ideals containing / and in the notation of Mason [25] also we denote it by /.. For
every ideal I of R(L), we have

= Coz" [Coz[I]] = {a € R(L): coza € Coz[I]}.
Anideal I of R(L) (or C(X)) is a z-ideal if and only if for any @ € R(L) (a € C(X)) and

any B € I, coz(a) = coz(p) implies a € I (for more details, see [0, 1T, 12, 14, D0]).

3 Expansive Automorphisms of commutative Rings
In this section, we introduce and study expansive automorphisms of commutative

rings, analogous to expansive homeomorphisms in topological dynamics.

Definition 3.1 (Expansive Automorphisms). Let R be a commutative ring with identity
and @ : R — R aring automorphism.
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1. «a is called uniformly refinement expansive if there exists a finite cover A €
Cov (Id(R)) such that for every cover B € Cov (Id(R)), there exists n € N U {0}
satisfying

N\ @7 (A) <cov B.
li|<n
Such A is called a uniform refinement expansive cover.
2. a is called radical uniformly refinement expansive if the above condition holds
with Id(R) replaced by RId(R).
3. «a is called z-uniformly refinement expansive if the condition holds for covers of
ZId(R).

The following lemma holds, and its proof follows directly from the definition of radical
ideals and the fact that automorphisms preserve powers of elements.

Lemma 3.2. For any ring automorphism « : R — R and ideal I C R,

a ' (VI) = \Ja~1 (D).

Proposition 3.3. Every uniformly refinement expansive automorphism is radical uni-
formly refinement expansive.

Proof . Let @ be uniformly refinement expansive with expansive cover A C Id(R). We
set VA := {\/7 | I € A} and it is a finite cover of RId(R).

For any 8 € Cov(RId(R)), there exists n > 0 such that:

N\ @7 (A) <cov B.

li|<n

Using Lemma B2, we obtain:

/\ a{(VA) = f/\ @ (A) <oy VB = B.
li|<n li|<n

Recall that for an ideal I, we define:
M) = {m € Max(R) | I € m}.
When {.# (a) | a € I} is closed under finite intersections, the z-closure is given by:

I,={aeR|3Abel, #(b) C .#(a)}.
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Proposition 3.4. Let @ : R — R be an automorphism and assume {.#(a) | a € I}
is closed under finite intersections for all ideals /. If « is radical uniformly refinement
expansive, then it is z-uniformly refinement expansive.

Proof . Let A be aradical expansive cover. Then A, := {I, | I € A} isacover of ZId(R).
For any cover B8 C ZId(R), there exists n > 0 such that:

/\ @A) <eon B.

li|<n

The key observation is:

( A a"(ﬂ)) =\ oA,
lil<n z li|<n
Thus, Ajij<p @ (A;) <cov B. O

The assumption {.# (a) | a € I} on closure under finite intersections is essential in
above proposition; its satisfied in completely regular spaces/frames. This proposition
essentially shows that radical expansivity implies z-expansivity, which is important for
function rings.

Corollary 3.5. 1. For X a completely regular space, if @ : C(X) — C(X) is radical
uniformly refinement expansive, then it is z-uniformly refinement expansive.
2. For L a completely regular frame, if @ : R(L) — R(L) is radical uniformly
refinement expansive, then it is z-uniformly refinement expansive.

Proof . Both results follow from Proposition B4 since:

e In C(X), f2 + g2 € M implies f, g € M for maximal ideals M (see [24, 2D]).

* The analogous property holds for R(L) by complete regularity.

This ensures the finite intersection condition on .Z (a) sets is satisfied. O

4 Uniformly Refinement Expansive Frame Isomorphisms

In this section, we investigate expansive properties of frame isomorphisms, drawing
parallels with expansive homeomorphisms in topological dynamics.

For any topological space X, we denote by O(X) the frame of open subsets of X. Recall
that for a continuous function f: X; — X», the map f‘lz O(X7) — O(X)) is a frame
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homomorphism. Dowker and Papert [J] established that when X; is Hausdorff, every
frame homomorphism ¢: O(X;) — O(X)) arises in this way from a unique continuous
function.

Definition 4.1. Let L be a frame and @: L — L a frame isomorphism.

1. «a is called uniformly refinement expansive if there exists a finite cover A of L
such that for every cover 8 of L, there exists n € N U {0} satisfying:

N\ @7(A) <cov B.
li|<n
Such A is called a uniform refinement expansive cover.

2. a is called positively uniformly refinement expansive if there exists a finite cover
A of L such that for every cover B of L, there exists n € N U {0} satisfying:

A @™ (A) <cov B.

i=0

For notational convenience, given a frame isomorphism a: L — L and a finite cover
A of L, we define:

Ay, = /\ a'(A) and

li|<n

AL, = A a”(A)
i=0

for every n € N U {0}.

The two notions - uniform refinement expansivity and positive uniform refinement
expansivity - are analogues of two-sided and one-sided expansivity in classical dynamical
systems. The distinction lies in the index set used in the refinement condition (|i| < n
versus 0 < i < n). Moreover, A*a, n always refines A* a, n, whereas the converse does
not necessarily hold.

The following results establish connections between expansive frame isomorphisms
and expansive homeomorphisms of topological spaces.

Lemma 4.2. Let @: L — L be a frame isomorphism. Then:

1. Forevery (n,a) € Zx L,n(a"(a)) = Za)™"(n(a)).
2. If A is a cover of L, then for every n € N U {0}:

(1(A)) zan = 1(AG )
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We recall from [77, 1.6] that a frame homomorphism 4: M — L is co-dense if
ha)=T=a=T.

In order to make the reader more familiar with frame map 7, we recall from [19] that if
h: L — M is a frame map and a € L, then

(OZh)(nL)(a) = (DTA)(Za) = (Zh) ™' (Za) = Zia) = 1 (h(a)).

Therefore, the following diagram is commutative.

nL
L —» OXL

M ——» OIM
nm

Proposition 4.3. Let o: L — L be a frame isomorphism with 7 co-dense.

1. If « is uniformly refinement expansive with expansive cover A, then X« is an
expansive homeomorphism with expansive open cover 17 (A).
2. If Za is an expansive homeomorphism with expansive open cover {Z,,}"" | and

is injective, then « is uniformly refinement expansive with expansive cover {a;}", .

Proof. (1) Let B := {Z,},cv be an open cover of XL. Since 7, is co-dense, V is a cover of
L. By expansiveness of @, there exists n € N U {0} such that ﬂj’n <cov V. Consequently:

(7(A)) a0 = 1(AZY) <cov 1(V) = B.

(2) Let H = {Z4;}2, be an expansive open cover of Xa. Since . is co-dense,
A :={a;}!”, is a cover of L. For any cover B of L, K = {Zp}pes is an open cover of Za,
so there exists n € N U {0} such that:

ﬂ(ﬂ:‘;n) = (ﬂ(ﬂ))éa,n <cov U(B)

Injectivity of n implies Ay, <cov B. O

The following proposition is a characterization of finiteness of L via the identity maps
expansivity.

Proposition 4.4. Let L be a frame and o: L — L a frame isomorphism.
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1. Every positively uniformly refinement expansive isomorphism is uniformly refine-
ment expansive.
2. If a is (positively) uniformly refinement expansive, then L is compact.

3. The identity isomorphism is positively uniformly refinement expansive if and only
if L is finite.

Proof . (1) Immediate from the definitions.

(2) Let A be an expansive cover. For any cover B, there exists n such that ﬂ;{n <cov B.
Since A7, is finite, B has a finite subcover.

(3) The identity is positively expansive precisely when there exists a finite cover A
that refines every cover of L, which occurs exactly when L is finite. O

Proposition 4.5. A frame isomorphism a: L — L is uniformly refinement expansive if
and only if @" is uniformly refinement expansive for every n € Z \ {0}.

Proof . (=) Let A be an expansive cover for a. For fixed n € N, set C := A,. For any
cover B, there exists ng such that ﬂj’no <cov B. Choose t € N with nt > ng. Then:

+ + +
Ca”,z <cov ﬂa/,m‘ <cov ﬂa,no <cov B.

The case for negative powers follows similarly.

(=) Taken =1. O

Proposition 4.6. A frame isomorphism «: L — L is positively uniformly refinement
expansive if and only if there exists a finite cover A such that for every cover 8B, there
exists n € N U {0} with a™*(A) <cov B.

Proof . (=) Let A be a positively expansive cover. There exists n such that ﬂ;n <cov
a(A), hence a™' (AY,) <cov A. By induction, @ ¥(AY,) <coy AT forall k € N.

For any cover 8, there exists m > n with A7, <cov B. Taking k = m — n gives:
-k
a (ﬂ:;,n) <cov ﬂ;;,m <cov B.

(&) If A satisfies the given condition, then for any B, there exists n with ﬂj;’n <cov
a "(A) <oy B. O
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5 Expansive Automorphisms of R(L)

In this section, we establish connections between expansive frame isomorphisms and
expansive automorphisms of the ring R(L) of real-valued continuous functions on a frame
L.

For any element a € L, define the ideal:
M, :={a € R(L) | coz(a) < a}.
For a subset A C L, let:
My :={M,|acA}.

The following proposition captures a precise correspondence between covers in the
frame L and covers in the z-ideal lattice of R(L).

Proposition 5.1. Let L be a compact completely regular frame and a: L — L a frame
isomorphism. Then:

1. If A is a cover of L, then M is a cover of ZId(R(L)).

2. If U € Cov (ZId(R(L))), then:

(a) {coz(a) | @ € | U} is acover of L.
(b) {Vyercoz(a) | I € U} is acover of L.
3. The correspondence preserves refinements:
(a) If A <coy Bin L, then Mg <oy Mg in ZIA(R(L)).
(b) f U <¢oy V in ZId(R(L)), then both:
e {coz(a) | @ € | JU} <cov {coz(a) | @ € |V}
* {Veercoz(a) | 1 € U} <cov {Vaercoz(a) | I € V).

Proof . (1) Since A = {ay, ..., a} covers L and L is compact, there exist a; ; € M,, such
that \/; j coz(a;;) = T. Thus }; ; @;; = 1, showing M# covers R(L).

(2) ForU ={1,,..., I}, there exist a; € I; with ) @; = 1. Then:

T =coz(1) = coz (Z a/i) < \/ coz(a;)

proving both cover conditions.

(3) The refinement properties follow directly from the definitions. O

Lemma 5.2. Let L be a compact completely regular frame and @: L — L a frame
isomorphism. Define 6: R(L) — R(L) by 8(y) = @ o y. Then:
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1. @is an f-isomorphism.
2. 0"(My) = Myn foralln € Zand a € L.
3. For any cover A of L, 0(M#) = My(a) is a z-cover.

Proof . (1) For B,y € R(L) and o € {+, -, A, V}:

00y o B)(p.q) = a (\/{y(r.9) A B, w) | (r,5) 0 (w,w) < (p.)})
= \/laoy(rs) Aao Buw) | (r,9) o (w) < (p,9))
= (0(y) © 0(B)) (P, @)

(2) For B € R(L):

B € Mynyy & coz(B) <a"(a)
a"(coz(B)) <a
coz(67"(B)) < a
67"(B) € M,

B e (M,).

1rnt

(3) Immediate from (2). O

The following theorem is the main duality result for this section.
Theorem 5.3. Let L be a compact completely regular frame and @: L — L a frame
isomorphism. The following are equivalent:

1. a is (positively) uniformly refinement expansive.

2. The induced automorphism 6(y) = a o vy is (positively) z-uniformly refinement
expansive for every v € R(L).

Proof . For the non-positive case: (=) Let A be an expansive cover for . Given
U € Cov (ZId(R(L))), Proposition 1 yields a cover B = {coz(a) | @ € | JU} of L.
There exists n such that A7, <cov B. Then:

(My{)in = Mﬂf,’n <ecov U.

(&) Let U be a z-expansive cover for 0 with {31, ..., Br} € U YU summing to 1. For
any cover 8 of L, Mg is a z-cover, so there exists n with ‘Llé—*n <cov Mg. Then:

{coz(B1), . .., coz(Bi)lap <cov B
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The positive case follows similarly. O

The next corollary establishes a connection between classical topological expansivity
and its algebraic analogue.

Corollary 5.4. For a compact Tychonoff space X and homeomorphism A4: X — X, the
following are equivalent:

1. his (positively) expansive.

2. The induced automorphism f o h of C(X) is (positively) z-expansive for every
f e CX).

Proof . This follows from Theorem via the isomorphism C(X) = R(D(X)) and the
fact that O(X) is a compact completely regular frame. O

6 Finiteness Properties for Expansive Systems

This section is a strong example of algebraic-topological duality in action-algebraic
finiteness criteria lead to topological finiteness results.

The next lemma provides a combinatorial bound on the number of maximal elements
in terms of covers with bounded size refining arbitrary covers after finite meets.

Lemma 6.1. Let L be a frame. If there exists r € N such that for every cover A of L,
there is a cover B with:

1. |B| <rand
2. BN < oy A for some k € N (where 8" denotes the k-fold meet of B with itself),

then L has at most » maximal elements.

Proof . Suppose for contradiction that L has r + 1 distinct maximal elements my, . . ., m,.
Foreach 1 <i < r + 1, define:

t; = /A\ m;.

J#i
1<j<r+1

Then M :={t,...,t,+1} is a cover of L with no proper subcovers, since:

\/ ti=m; # 1 foreachi.
J#i
1<j<r+1
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By hypothesis, there exists a cover 8 with |B| < r and BN < oy M for some k. For
each b € B, there exists 7, € M with b < 5, hence b < t;,. Thus {r, | b € B} is a
proper subcover of M, a contradiction. O

Theorem 6.2. Let L be a frame admitting a positively expansive isomorphism a@: L — L.
Then:

1. L has finitely many maximal elements.

2. If L is compact and completely regular, then XL is finite.

3. For a compact Tychonoff space X, if X admits a positively expansive homeomor-
phism, then X is finite.

Proof . (1) Let A be a positively expansive cover for a. Since a(A) is a cover, there
exists n > 0 such that:

AL, <cov @(A) = @ (AL, <cov A.
We prove by induction that for all m > O:
a” ((ﬂ;,n)Azm) <cov Ag pm-
The base case m = 0 is trivial. For the inductive step, applying a~! to the mth case gives:

@D (AL ") <eovw @ (AL i) <cov A

a,n+m+1

where the last refinement follows from the initial observation. The m + 1 case follows by
taking meets.

For any cover B, there exists m such that:
- A2
(a m(ﬂ;n)) <cov B.

Thus by Lemma BT, if | A} | = r, then L has at most » maximal elements.

(2) By Lemma 872, 6(y) = a o vy is a positively z-expansive automorphism of R(L).
The maximal ideals of R(L) correspond to points of XL, and by part (1) there are finitely
many.

(3) This follows from (2) via the isomorphism C(X) = R(D(X)) and the correspon-
dence between points of X and maximal ideals of C(X). O

Remark 6.3. The key technical tool is the exponential refinement property (the 2" fac-
tor), which forces any frame with a positively expansive automorphism to have finite
"topological complexity" as measured by its maximal elements.
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